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are orbits, the differentinl equations of motion of the particle possess an integral linear and
homogeneous in the velocities (&, ¥).

7. The equations of motion of a free system of m particles are

dr,

—t=X, (s=1,2, ..., 3m).

If an integral exists of the form

s;. f+&,— Ct="Constant,

=1
where fi, fi, ..o fim a1 functions of Iy, Tg, ..., Ta., and C is & constant, shew that this
integral can be written

Y ki 3 an(zd -z.4,)- Ct=Constant,
=1

=1 r

where the quantities ¥, and a,, are constants. (Pennacchietti.)
8. Two particles move on a surface under. the action of different forceft dependit?g
only on their respective positions: if their differential equations of mot.:on’ have in
common an integral independent of the time, shew that the surface is applicable on

n surface of revolution. (Bertrand.)

CHAPTER XIII

THE REDUCTION OF THE PROBLEM OF THREE BODIES

164 Introduction.

The most celebrated of all dynamical problems is known as the Problem
of Three Bodies, and may be enunciated as follows:

Three particles attract each other according to the Newtonian law, so that
between each pair of particles there is an attractive force which is proportional
to the product of the masses of the particles and the inverse square of their
distance apart : they are free to move in space, and are initially supposed to be
moving in any given manner; to determine their subsequent motion.

The practical importance of this problem arises from its applications to
Celestial Mechanics: the bodies which constitute the solar system attract
each other according to the Newtonian law, and (as they have approximately
the form of spheres, whose dimensions are very small compared with the
distances which separate them) it is usual to consider the problem of deter-
mining their motion in an ideal form, in which the bodies are replaced by
particles of masses equal to the masses of the respective bodies and occupying
the positions of their centres of gravity®.

The problem of three bodies cannot be solved in finite terms by means
of any of the functions at present known to analysis. This difficulty has
stimulated research to such an extent, that since the year 1750 over 800
memoirs, many of them bearing the names of the greatest mathematicians,
have been published on the subjectt. In the present chapter, we shall discuss
the known integrals of the system and their application to the reduction of

the problem to a dynamical problem with a lesser number of degrees of
freedom.

* The motions of the bodies relative to their centres of gravity (in the consideration of which
their sizes and shapes of course cannot be negleoted) are disoussed separately, e.g. in the Theory
of Precension and Nutation. In some canes however (e.g. in the Theory of the Batellites of the
Msjor Planets) the oblat of one of the bodies exercises so great an effect, that the problem
cannot be divided in this way.

t For the history of the Problem of Three Bodier, cf. A. Gautier, Essai historique sur le
problemie des trois corps (Paris, 1817): R. Grant, History of Physical Astronomy from the earliest
ages to the middle of the nineteenth century (London, 1853): E. T. Whittaker, Report on the
progress of the solution of the Prollem of Three Hodies (Brit. Ass. Rep. 1899, p. 121): and

E. 0. Lovett, Quart. Journ. Math. xui1. (1911), p. 352, who discusses the memoirs of the period
1898-1908.
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166. The differential equations of the problem.

Let P, Q R denote the three perticles, (m,, My, M) their masses, and
(T, 'm» ') their mutual distances. Take any fixed rectangular axes Ozys,
ﬂ-ﬂd let‘ (9:- fh- QI)» (Qn QI, Qc)- ((In q-- QI)l be Fhe mﬂlﬂ]natreﬂ Qf P! Q’ R: respec'
tively. The kinetic energy of the system i8

T=4m, (¢, + Gs' + g + dm,y (48 + gs" + ¢o') + &m:(ér’ + G + ‘SN

the force of attraction between m, and m, is k*m,mgryy—*, where k’ is 'the
constant of attraction: we shall suppose the units so chosen t.hn't. k* is unity,
so that this attraction becomes mym,ry™", and the corresponding term 1in
the potential energy is — mymyri " The potential energy of the system
is therefore
MMy Wty BT

Tn T™n T
= — mygms [(qa— @ + (ga— @ + (qe— @)} -4

- m,m, {(gs — Q) +(q— )+ (gs— Q’a)’} ”i_

— mym, (@ — g+ (G — q + (9 — 90"} i

o

The equations of motion of the system are
ma, =—V/[oq, (r=1,2, ...,9),
where k denotes the integer part of }(r+ 2). This system consists of

9 differential equations, each of the 2nd order, and the system is therefore
of order 18.

Writing MyGy = Pr (r=1%,...,9),

1 1
and H=3x P-4V,
=] &M
the equations take the Hamiltonian form
d_q_"‘-'@"f{ g&-_gﬂ’ (f—l,Z,...,Q),
dt op, dt ogr
and these are a set of 18 differential equations, each of the 1st order, for the
determination of the variables (¢, Gs, «++: @5 P1rs Pas cer Dok

It was shewn by Lagrange® that this system can be reduced to a ays?am
which is only of the 6th order. That a reduction of this kind must be possible
may be seen from the following considerations.

In the first place, since no forces act except the mutual attractions of the
* Recueil des pieces qui ont remporté les prix de I'Acad. de Paris, 1x. (1773). Lagrange of

course did not reduoe the system to the Hamiltonian form, Cf. Boblin, Kongl. Sv. Vet.-Handl,
xLu. (1807), No.'9, for an improved Lagrangian reduction.
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particies, the centre of gravity of the system moves in a s'traight line with
uniform velocity. This fact is expressed by the 6 integrals |

l?’l+Pl+Pr=a:-
}"+I’I+PD= all
pl+P'l+Pl'—' ay,

g, +MyQe+ MyG;— (Pr+ P+ pr) t=dy,
Ny Qg + MeQy + My Gy — (ps+ps +jJ.) t=a,,
M, Gy + Ny + My — (Py+ P+ Po) b = @,

where a,, dy, ..., @, are constants. It may be expected that the use of thesc
integrals will enable us to depress the equations of motion from the 18th to
the 12th order.

In the second place, the angular momentuin of the three bodies round
each of the coordinate axes is coastant throughout the motion. This fact
is analytically expressed by the equations

QiPs — @y + QuPe — @GP+ P — GQuPr = @y,

GsPs — GPs + GPa— GaPs + QaPo — GsPa = s,

@GP — QP+ QsPa — QuPe + GPr — §: P = g,
where @, a,, a, are constants. By use of these three integrals we may
expect to be able to depress further the equations of motion from the
12th to the 9th order. But when one of the coordinates which define the
position of the system is taken to be the azimuth ¢ of one of the bodies
with respect to some fixed axis (say the axis of z), and the other coordinates
define the position of the system relative to the plane having this azimuth.
the coordinate ¢ is an ignorable coordinate, and consequently the corre-
sponding integrul (which is one of the integrals of angular momentum
above-mentioned) can be used to depress the order of the system by two
units; the equations of motion can therefore, as a matter of fact, be reduced
in this way to the 8th order. This fact (though contained implicity in
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi® in
1843, and is generally referred to as vhe elimination of the nudes.

Lastly, it is possible again to depress the order of the cquations by
two units as in § 42, by using the integral of cnergy and climinating the

time. So finally the equations of motion may be reduced to « system of the
6th order.

* Journ. flir Math. xxvi. p, 115. From the point of view of the theory of Partinl Differential
Equations, we may express the matter by saying that the integrals of angular momentum give
rise to an involution-system, cunsisting of two functious which are in involution with each other
and with H: and hence the Hamilton-Jacobi partial differential equation with 6 indeprndent
variables can be reduced to a partial differential equation with 6 —2 or 4 independeut varinbles:
this will be the Hamilton.Jacobi partial differential equation for the reduced system.
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168. Jacob’s equation.

Jacobi*, in considering the motion of any number of free particles in space, which
attract each other according to the Newtonian law, has introduced the function

my
l‘i Tm’ o,

where m, and m, are the masses of two typical particles of the system, r;; is the distance
between them at time ¢, M is the total mass of the particles,and the summation is extended
over all pairs of particles in the aystem. This function, which has been used in researches
concerning the stability of the system, will be called Jacobi’s function and denoted by the
aymbol @.

We shall suppose the centre of gravity of the system to be at rest; let (x, v, z,) be the
coordinates of the particle m, referred to fixed rectangular axes with the centre of gravity
as origin. The kinetic energy of the system is

T=} fmn:{-‘i"’ +y2+ i),
and consequently we have
DMT=(Sm)x Im (£3 +94-+4).
But (f"‘i) x ?”‘:oﬁ' = (f”‘l fl)"’"}"‘t”‘: (£:— &),

where the summation on the right-hand side is extended over every pair of particles in the
system : and we have ¥m£,=0, in virtue of the properties of the centre of gravity.
i

Thua we have T oo 3 momy (= )"+ (= 99+ (he— &)
.“J) .

1

- E_jfj’mﬂ‘jvu"

where v,; denotes the velocity of the particle m, relative to m
In the same way we can shew that

13Im (22 +yl+10)=¢.

If now V denotes the potential energy of the system, the arbitrary constant in ¥V being
determined by the condition that ¥V is to be zero when the particles are at infinitely great
distances from each other, we have

The equations of motion of the particle m; are _
- v .. av & v
ML= oz, '“l.%"—g‘v ﬂ'-l't""a?‘-

Multiply these equations by zy, ¥, #, respectively, add them, and sum for all the
particles of the system : since V is homogeneous of degree —1 in the variables, we thus
obtain .

Im (¥ + i+ gi)=V,

or %%;mi (x2+y2+20)-2T=V,
. .
e
or det =274 V.

This is called Jucobt's equation.

* Vorlesungen tiber Dyn., p. 12.
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167. Reduction to the 12th order, by use of the integrals of motion of the
centre of grawmty.

We shall now proceed to carry out the reductions which have been
described®. It will appear that it is possible to retain the Hamiltonian form
of the equations throughout all the transformations.

Taking the equations of motion of the Problem of Three Bodies in the
form obtained in § 155,

dq, oH dp, oH

-EE apr, -d-t-—-"‘a—qr (T=1,2,..-,9),
we have first to reduce this system from the 18th to the 12th order, by use
of the integrals of motion of the centre of gravity. For this purpose we
perform on the variables the contact-transformation defined by the equations
oW oW
op,’ Pr = e
where W= P:q.' + Psq; + p.q.’ + Paqc’ + qu; + P.q.' + (Pl +pit+po) q:r’

F(Pa+patp) @'+ (Pt Pt P gy

Interpreting these equations, it is easily seen that (g/, g, ¢,) are the
coordinates of m, relative to m,, (¢., ¢/, ¢') are the coordinates of m, relative
to my, (97, ¢s’» gs') nre the coordinates of m,, (p,, p,, py) are the components
of momentum of m,, (p/, py, ps’) are the components of momentum of m,, and
(p/, ps, ps') are the components of momentum of the system.

The differential equations now become (§ 138)
dg, oH dp,’ oH

= (r=12,...,9),

e "op T3, r=12..9)
where, on substitution of the new variables for the old, we have

1 1 P S 1 1 i ik g
H"(m*‘m) (2" +p"+p + (rm+§n—")(}’-'+?o'+1fo')

1 ’ ’ r ’ r r r L ’ ’ *”
+E{p-p. +Pap + s + D4 Ep + i pt - o (p) 4+ p))
-pd (B + Pl'_) =p (ps’ +ps))
— mymy (q* + ¢ + ¢4} g = mym, (g, + ¢." + ¢, ~ } :
—mymy (g = ¢+ (94 — ) + (g5 — g0} L. |

* The contsct-transformation used in § 157 is due to Poincaré, C.R. cxxim. (1896); that used
in § 158 is due to the author, and was originally published in the first edition of this work (1904).
It appears worthy of note from the fact that it is an extended point-transformation, which shews
that the reduction could be performed on the equations in their Lagrangian (as opposcd to their
Hamiltonian) form, by pure point-transformations. The second transformation in the alternative
reduction (§ 160) is not an extended point-transformation. Another reduction of the Problem of
Three Bodies can be constructed from the standpoint of Lie's Theory of Involution -systems and
Distinguished Functions: of. Lie, Math. Ann. vint. p. 282. Cf.also Woronetz, Bull. Univ. Kiey,
1907, and Levi-Civita, Atti del R. Ist. Veneto, Lxxv. (1915), p. 907,
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Since ¢, q,, 9,/ are altogether absent from H, they are ignorable
coordinates: the corresponding integrals are
ps =Constant,  p,’ = Constant.

We can without loss of generality suppose these constants of integration
to be zero, as this only means thav the centre of gravity of the system is
taken to be at rest: the reduced kinetic potential obtained by ignoration of
coordinates will therefore be derived from the unreduced kinetic potential
by replacing p,’, p,, pJ/ by zero, and the new Hamiltonian function will be
derived from H in the same way. The system of the 12th order, to which the
equations of motion of the problem of three bodies have now been reduced, may
therefore be written (suppressing the accents to the letters)

dg, _oH  dp,_ _oH

p = Constant,

dt ~op,  dt T oq, (r=1,2,..,6),
where
1 1 1
e (2’":+ __) P2+ pl+pi)+ (2m Zm,) (pd + pd + pe)
+n—1'(PJP‘+p,p,+p.p.)

—mymy (qd + ¢ + ¢} T mym, {q,"+ ¢,' + ¢, 3
—mymy (g = 0. + (o — g + (s — o)) ~H.
This system possesses an integral of energy,
H = Constant,
and three integrals of angular momentum, namely
:Pr— GsPa+ GoPe— Qeps = 4,
PP = QiPs + GoPa = 4aPs = Ao
QP =GP+ 4P — Gpi= 4,
where A,, A;, A, are constants.

168. Reduction to the 8th order, by use of the integrals of angular
momentum und elimination of the nodes.

The system of the 12th order obtained in the last article must now be
rediced to the 8th order, by using the three integrals of angular momentum
and by eliminating the nodes. This may be done in the following way.

Apply to the variables the contact-transforination defined by the
equations

W
apr aqr'

gr = ; Pr = (f‘=l,2,...,6).

where
W =p, (/' cos 9" — ¢y’ cos ¢.'sin ¢,") + p, (¢)" 8in ¢’ + g4 cos g’ cos ¢,') + pygy sin g,
+p. (g, cos g’ — g,/ cos g,'sin qs) + ps(gs'sin g’ + g,/ cos g4/ co8 ¢i') + peq, sin g/

It is readily seen that the new variables can be interpreted physically as
follows :
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In addition to the fixed axes Ozyz, take a new set of moying axes Oz'y’s";
0z’ is to be the intersection or node of the plane. Ozy with|the plane of the
three bodies, Oy is to be a line perpendicular to this in the plane of the
three bodies, and 0z’ is to be normal to the plane of the three bodies. Then
(¢), g) are the coordinates of m, relative to axes drawn through m, parallel
to Ox', Oy ; (g5, q.) are the coordinates of m, relative to the same axes; g5
is the angle between Oz’ and Oz; ¢ is the angle between 0z" and Oz; p/
and p,’ are the components of momentum of m, relative to the axes Oz', Oy’;
py and p, are the components of momentum of m, relative to the same axes:
ps and p, are the angular momenta of the system relative to the axes Oz
and Oz’ respectively.

The equations of motion in terms of the new variables are (§ 138)

dg/ _oH  dp, _ 9H B
dt " At g, (r=1,2,:5::8)

where, on substitution in H of the new variables for the old, we have

1 1 . 1
= \Om T om ? s h . s tq,
H (2m,+2m,) I:Pl +py +(q 9 ?t‘} ).{{Pl 9 — P @ + Py g = pigy) g co q
+)1. q‘ cosec q. + p. q, i J
1 1 1 1 .t T o v Foot
+(2_1Taf,+2'E) [P’ +pd M PieEr ).I(Pa @ —piq + P9 — pJ9s) g cot g

+ ps g cosec g, + p.’ql'}‘jl
1
(99— 9'9.)
(p'e =pia + piq) — pi/gs) 4 cot g’ + piq) cosec g+ P}

1 r ’ r ’
"‘,;;; I:Plps +Ppe—

{(p/g — P + Pi9 — ) g5’ cot g5 + py'qy’ cosec g4+ Piqy’} ]

— mamy (g7 +9.%) Y —mym, (¢ + %) ¥ —mymy {(g) — g + (a7 — g0y}

Now g, does not occur in H, and is therefore an ignorable coordinate ; the
corresponding integral is

ps =k where k is a constant.

The equation dg,'/dt =3H [0k can be integrated by a simple quadrature

when the rest of the equations of motion have been integrated ; the equations

for q," and p,” will therefore fall out of the system, which thus reduces to the
system of the 10th order

dq, oH dp, 0N .
g i (r=1,2,3,4,6),
where p,’ is to be replaced by the constant k wherever it occurs in H.
We have now made use of one of the three integrals of angular momentum

(namely p,'=k) and the elimination of the nodes: when the other two
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integrals of angular momentum are expressed in terms of the new variables,
they become

{ ( p{q.r - p,:q,: + p‘:q,' = Psq.) sin ¢/ cosec ¢, — k sin g, cot @ +plcosg’ =A,,
= (P9 P9 + P9~ pigy) cos g/ cosec g, + k cos g, ot g, + p/ sin g5 = 4.

The values of the constants 4, and 4, depend on the position of the fixed
axes Ozyz; we shall choose the axis Oz to be the line of resultant angular
moment.t!m of the system, so that (cf. §69) the constants 4, and A, are zero:
the special ay-plane thus introduced is called the tnvariable plc:ne of th(;
system. The two last equations then give

k cos = p.'q;' - p;'q.' + Pc,q; = P;‘Ic';
ps =0.
These equations determine ¢, and p,’ i

9« and p,’ in terms of the oth i
so can be regarded as replacing the equations e
A _oH  dp_ o
_ dt opSt  Tdt T ag

in the system. The system thus becomes
do OH  dp/__oH

dt “op”  Tdt T ag;

(r=1,23, 4),
where
1 1 A
H=(_—_ + ._..-_) [pl'l + S +-.___,._q_'_.__
2m, ' 2m, P (gyqs — 9:9’:)'
(P’ ~p/a’ + P9/ - p/q)) cot g/ + k cosec q"]']
1 1 4
+(~— +5— [ R . L
2m, 2’3‘13) P L (q.'q-' = ?1’?4')'
1 [ r ’
+_ P:P.r_l_ I ' ; ?sq‘
my | Pl (?: b —qq/»
(pi'ey - P'e’ + 29 — piy) cot ¢/ + k cosec %) ]

= mymy (05 + 9 " —mym, (g4 ¢ tm, e ] -
s (9~ @) + (g — gy} ~}
and where, after the derivates of H have been i ‘ :
its value found from the equation Lok e Sl

kco8 g = p'9’ — p'e/ + piay’ — p/gs.

] . ! ! P’ g‘ 2
s fl}?o:rhlet Ii’ b; the function obtained when this value of g, is substituted
» then 1t & denote i Bopd b By
o h&ve 8 any one of the Vaﬂablﬁﬂ Ui Gy Tss Gu» 2 » Po » Py y

OH' OH  oH dq,

o5 s +aq.’ o8

158, 159} Problem of Three Bodies 347
But since p, = 0, we have 0H /3¢, = p,’ =0, and therefore
OH' oH
98 o8’

in other words, we can make the substitution for ¢, in H before forming the
derivates of H; and thus (suppressing the accents) the equations of motion of
the Problem of Three Bodies are reduced to the system of the Bth order
' dg, oH  dp, oH
xr e gk N el =123, 4)
dt “op,’ dt T dg, r )
where

H=(1

1 ) S L. T, |
e é?u',) (P +ps) + (ﬁn_z,+ 2—";] (' +pd)+ ;;'(plpdp-p.)
ST 1, 1 1\ , ¢
(g~ 0190 {(éa +'2"n?.) ot (ﬂ: i é;:.) e m.}
[k = (Peg — P1Gs + Pugs — Psqu))
—mymy(¢,* +9) i mym, (' + q2°) E nymy [(g— ¢2)* + (¢ — q)') -1

Many of the quantities occurring in H have simple physical interpretations:
thus (g9 — ¢:¢.) is twice the area of the triangle formed by the bodies: and

2m, mym, 1 1 ) . 1 1 ) | }

————— — —— + P, —e —

", + me+m, (Qm, ¥ 2in, 9 (2m, % 2m, L m.q'q'
is the moment of inertia of the three bodies about the line in which the
plane of the bodies meets the invariable plane through their centre of
gravity.

It is also to be noted that this value of H differs from the value of H when £ is zero by

terms which do not involve the variables p;, p;, py, ps: these terms in k can therefore bx
regarded as part of the potential energy, and we can say that the system differs from the

dorresponding system for which k is zerv only by certain modifications in the potentia
energy. It may easily be shewn that when k is zero the motion takes place in a plane.

169. Reduction to the 6th order.

The equations of motion can now be reduced further from the 8th to th
6th order, by making use of the integral of energy

H = Constant,

and eliminating the time. The theorem of § 141 shews that in performin;
this reduction the Hamiltonian formn of the differential equations can b
conserved. As the actual reduction is not required subsequently, it will no
be given here in detail. i

The Hamiltonian system of the 6th order thus obtained is, in the presen

state of our knowledge, the ultimate reduced form of the equations of motion o
the general Problem of Three Bodies.
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160. Alternative reduction of the problem from the 18th to the 6th order.

We shall now give another reduction®
; ’ . n* of the general proble f
bodies to a Hamiltonian system of the 6th order., g : m of three
Let the original Hamiltonian system of
be transformed by the contact-transformation
;9 W ow

qr a;r} v Pr= 3“

equations of motion (§ 155)

) (r=1,92..09),

where
W— ]1( - )+ ¢ _ '
P (Qa—aq)+ p) (g, 92) + ps (9~ )

. m,q, + myq, m,q, +
+ Ol LS L) ’ 92 +m,
i (97 m, + m, s (q' - __:;ﬁfi ';1,?‘)
. T Gs + My .
+ Pa ('Il_’ ‘;‘f‘lajj) +p (mg, + My Gy + myq;)

+ (ml‘}u + m,qy + m:'h) + }’; (m, 9s + myq + myq,).
The integrals of motion of the cer

itre of gravity, when expr i
: ; essed In
of the new variables, can be written : e

W= =q =p =p =p/ =0,

and (fonseqlrently the transformed system is only of the 12th order: sup-
pressing the accents in the new variables, it is S

d. 0H dp. _oH
dt  9p," dt 9q, (r=13,....9)

where
it n g 1
H _2” (Pl'*'P!""P! )+ §;3(P4’ +p’ +pt) - mt”‘t(?l' +q,' + 9":')_é

N , . 2m, '
mymy, {‘Ic“" Gs + Qs +”-1|—+__F;; (919+ 9290 + 9s9e)

_ $ ot 2m,
mym, {q. +qs + q.' - a: ;_1?1; (19 + quqy + s9s)

* (m, “_::m‘)'(q,, +o'+ 9!’)} i.

be interpreted physically in the following way :
Then (q,, g,, ¢;) are the

© Due to Radau, dnnales de I'Ee. Norm. Sup. v. (1868), p. 811
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projections of m,m, on the fixed axes, and (g., ¢, ¢.) are the projections
of Gm, on the axes. Further

p ey, r=1,23), ad wBap (=450

The new Hamiltonian system clearly represents the equations of motion
of two particles, one of mass u at a point whose coordinates are (¢, ¢s, ¢s),
and the other of mass u’ at a point whose coordinates are (g,, ¢i, ¢i); these
particles being supposed to move freely in space under the action of forces
derivable from a potential energy represented by the terms in H which
are independent of the p's. We have therefore replaced the Problem of
Three Bodies by the problem of two bodies moving under this system of
forces. This reduction, though substantially contained in Jacobi's® paper of
1843, was first explicitly stated by Bertrandt in 1852. .

We shall suppose the axes so chosen that the plane of zy is the invariable
plane for the motion of the particles.u and ', ie. 8o that the angular
momentum of these particles about any line in the plane Ozy is zero.

Let the Hamiltonian system of the 12th order be transformed by the
contact-transformation which is defined by the equations

ow oW

L M Wi r=12..., 8),
7 ap, P ag, ( )

where

W = (p,sin g/ +p, co8 ¢/) g." co8 gy’ + 9" sin g’ [(ps cos ¢/’ — py sin ¢,') + p,7} ¥

+(pesing,' + picos ¢/) ¢/ cos ¢, + g sin g/ ((pacos g/ — pysin ¢/) + py}} .

The new variables are easily seen to have the following physical inter-
pretations: g, is the length of the radius vector from the origin to the
particle 4, g, is the radius from the origin to u', g,' is the angle between g,’
and the intersection (or node) of the invariable plane with the plane through
two consecutive positions of g," (which we shall call the plane of instantaneous
motion of x), g, is the angle between ¢, and the node of the invariable plane
on the plane of instantaneous motion of u', ¢, is the angle between Oz
and the former of these nodes, ¢, is the angle between Oz and the latter of
these nodes, p," is ug,’, py’ is u'qy, p, is the angular momentum of u round
the origin, p," is the angular momentum of u’ round the origin, p,’ is the
angular momentum of u round the normal at the origin to the invariable
plane, and p,’ is the angular momentum of x’ round the same line.

The equations of motion in their new form are (§ 138)

dee o0 o GH
dt " op,’  dt o/

(r - 1, 2, seey 8)!

* Jourmal filr Math. xxvi. p. 115, t Journal de math. xvi. p. 898,
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where H is supposed expressed in terms of the new variables. Let this
system be transformed by the contact-transformation

oW oW
r”=""_ru r’=""_; r=1, 2""’6’
B ( )

where
W= (p’ = p)+ 9" (p + P+ a0 P+ 4" P+ @ ) + 9. pJ.

The equations of motion now become
do." oH  dp” oH
dt  9p,”" dt ag,”
But H does not involve ¢, a8 may be seen either by expressing H
in terms of the new variables, or by observing that ¢, depends on the
arbitrarily chosen position of the axis Oz, while none of the other coordinates

depend on this quantity. We have therefore
P’ =~ 0Hog" =0, % pi’ =k,

where k is a constant; this is really one of the three
momentum. Substituting k for p,” in H, the equation

Go" = OH ok

can be integrated by a quadrature when the rest of the equations have been

solved: so the equations for p,” and 9s" can be separated from the system,
which reduces to the 10th order system

dg,” 0H dp,” oH :
= 3__})r" G- 3__9:-” (r=1,2, ..., 5).
We have still to use the two remainin

these, when expressed in terms of the ne
represented by

(r=1,2,...,6).

integrals of angular

g integrals of angular momentum ;
w variables, are readily found to be

q.!f = 90°l b.fl = Psl“ e P‘"’ ;
no arbitrary constants of integration enter, owing to the fact that the plane of
«y is the invariable plane,

The system may therefore be re

placed by these two equations and the
equations

A _OH  dp’ o

at —9p,”" dt oq.”
where, in this last set, ¢s” can be replaced by 90° before the derivates of I
have been formed, and v’

: 18 to be replaced by (& —p/")/k after the
derivates of H have been formed. Let H’ denote the function derived from
H by making this substitution for Ps’, and let s denote any one of the

variables ¢,”, ", ¢,", " " p" py, P ; then we have

OH oH 9Hdp” 3H . .op" oH
T A N T R

(r=1,29,4),
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and it is therefore allowable to substitute for p,” in H before the derivates of
H have been formed. The equations of motion are thus red}lced to a system
of the 8th order. which (suppressing the accents) may be written in the form
Gge_ 98 e O
dt  op, dt  dq,
where, effecting in H the transformations which have been indicated, we have

(r=1,23,4),

e (g PL’) -1—( 2+ 25) = mmagm
H—Aﬂ(pl +91’ +2f“" P qﬁ’) i my! -4
2maq1 s _E-p-p! sing,sing, ) + ——- ——;?-'}
—mym, {q,!_m(cosq,coeq. 2paP. ) (m, + m,) -
2 2 P—p“_Pi' | 1 ) -—-'-'—mi_ y :
- g+ o8 oo SR P i qing) + R

The equations of motion may further t?e reduced to a system of the
6th order by the method of § 141, using the integral of energy
H = Constant

and eliminating the time. As the reduction is not required subsequently, it
will not be given in detail here.

161. The problem of three bodies in a plane. ‘

The motion of the three particles may be' au[fposed'to take pluce. in 9
plane, instead of in three-dimensional space; this w1.11 obviously happen if ?he
directions of the initial velocities of the bodies are in the plane of the bodies.

This case is known as the problem of three bodies in a p!c_ms: we shall
now proceed to reduce the equations of motion to a Hamiltonian system of
the lowest possible order. . )

Let (i, g;) be the coordinates of m,, (¢, .) the coordmat,es. of my, an
(gs» go) the coordinates of m,, referred to any fixed axes Oz, Oy in the pl!u_:e
of‘lt.he motion; and let p, =muq,, where k denotes the greatest integer in
} (r+1). The equations of motion are (as in § 155)

d‘]'r _ a_f_f [_iE" =— ?;H
?t S apr 4 dt aqr
where

: : g ! x 1)— e a'+ « Y _!
H=%u'(rn’+1’-’)+2—m—’(ps+p.)+§;;,(p-+p-) mymy {(gs= @) +(¢a—q4)*}

—mym, [(gs — q.)* + (g — qu)') g = mym, (g — ¢s)* + (9. — q.)} b,
These equations will now be reduced from the 12th to ph; ?-:h order,tl}?;
using the four integrals of motion of the centre of gmvrt.;,# erform on
variables the contact-transformation defined by the equations
ow ,_OW

Lty o - ] (r=1, 2-"‘:“)'
Qr apr » P aq'
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where
We=pg' + ;g + 205 + pgd + (01 + Ps +2) ¢ + (s + Pa+ Pe) 44
It is easily seen that (g, q,') are the coordinates of m, relative to axes

through m, parallel to the fixed axes, (g,, ¢.) are the coordinates of m, *

relative to the same axes, (¢s, g ) are the coordinates of m, relative to the
original axes, (p,, p,) are the components of momentum of m,, (p,, p’) are
the components of momentum of m,, and (p,, p) are the components of
momentum of the system.

As in § 157, the equations for ¢,, ¢/, ps, pi disappear from the system;
and (suppressing the accents in the new variables) the equations of motion
reduce to the system of the 8th order,

dg, _oH dp, _ _oH
dt apr. R'{ ﬁa (T- 1, 2, 3, 4'),
where

1 1 1 1 1
H= (2_??1. + ﬁ‘) (P + pa?) + (27:. * 2‘;.) (ps'+ pd) + E(P:PH‘ PP

— mymy (g1 + ¢) ™ ¥ = mam, (g + ¢ 4 mumy (- )+ (g} 1.
Next, we shall shew that this system possesses an ignorable coordinate,
which will make possible a further reduction through two units.

Perform on the system the contact-transformation defined by the equa-
tions

ow , oW
Qr=3}:. Prﬁ'é&? (r=1,234),

where
W=p,q cos ¢.'+ p,q," 8ing, '+ p, (s co8 q'— ¢,'8in q,") + P, (gs'8in ¢, + g,'cos ¢,).

The physical interpretation of this transformation is as follows: ¢, is the
distance m,m,; ¢,'and g, are the projections of mym, on, and perpendicular to,
mym,; ¢, is the angle between m,m, and the axis of z; p,’ is the component
of momentum of m, along mym,; p,’and p, are the components of momentum
of m, parallel and perpendicular to m,m, ; and p,” is the angular momentum
of the system.

The differential equations, when expressed in terms of the new variables,
become : :

“3;=%{3':,, %"% (r=1,2,3,4),
“where

1 1 # 1 o r gl P 1 l )
H=(2m'+2m’){pl'+;ﬁ(;’!ql "'P'q' -p‘)'}ﬁ-(%.__*,ﬂ‘)(p’,*_p;‘)
1 ’ ¢ o o ’ , .
+;;{P1’ _%:1(P|91 _Ihq' -P|)}—7ﬂ.’m’(q"+qls) !’

= mym,g," — mym, ((¢)" - )"+ ¢,") —t
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Since ¢, is not contained in H, it is an ignorable coordinate ; the corre-
sponding integral is p, =k, where k is a constant ; thistan be interpreted as
the integral of angular momentum of the system. The equation g/ =0H/op,
can be integrated by a quadrature when the rest of the equations havé been
integrated ; and thus the equations for p, and g, disappear from the system.

Suppressing the accents on the new variables, the equations can therefore
be written

ol dp, oH _
%=5ﬁ' RP{=—3?' (r=1,2,3),
where

H= (ﬁ + Q:—,;) {Pn’-+ ql.,- (Pss = Pags — k)‘} ® (ﬁ + Q‘}n:) (r’ +ps)

1 =
s {plp. ~P (piga — Pags — k)} — mymny (5’ + ¢5") b
3 Uf

- mamygi = mymy {(g— g2 + 91 L.
This is a system of the 6th order; it can be reduced to the 4th order by
the process of § 141, making use of the integral of energy and eliminating
the time. |

162. The restricted problem of three bodies.

Another special case of the problem of three bodies, which has occupied a
prominent place in recent researches, is the restricted problem of three bodies ;
this may be enunciated as follows:

Two bodies § and J revolve round their centre of gravity, O, in circular
orbits, under the influence of their mutual attraction. A third body P,
without mass (i.e. such that it is attracted by S and J, but does not influence
their motion), moves in the same plane as § and J; the restricted problem
of three bodies is to determine the motion of the body P, which is generally
called the planetoid.

Let m, and m, be the masses of § and J, and write
T s ]
Fegpt 55
Take any fixed rectangiilar axes OX, OY, through 0O, in the plane of the
motion ; let (X, Y) be the coordinates, and (U, V') the components of velocity,
of P. The equations of motion are

d'X _oF d'Y oF
der X’ de Y’
or in the Hamiltonian form,
dX _off  dY oH  dU__oH dV_ oH
dt U’ dt —av' dt X’ dt oY’

where H=§(U'+V")-F.

w. D. 2
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Since F is a function not only of X and ¥ but also of ¢, the equation
H = Constant is not an integral of the system.

Perform on the variables the contact-transformation which is defined by
the equations

g LW oW oW
T/ ) 4 " Ty
where W = U (« cos nt — ysin nt) + V (« sin nt + y cos nt),

and n is the angular velocity of SJ. The equations become

de 0K dy oK du_ 2K  dv__0K
dt u' dt o’ dt oz’ dt oy’
where (§ 138) K=H—ﬂ

ot
=} (w4 "+ n(uy—vz)-F,
it is at once seen that  and y are the coordinates of the planetoid referred
to the moving line OJ as axis of z, and a line perpendicular to this through
O as axis of y. F is now a function of « and y only, so K does not involve ¢
explicitly, and
K = Constant

isan integral of the system ; it is called the Jacobian integral® of the restricted
problem of three bodies.

Another form of the equations of motion is obtained by applying to the
last system the contact-transformation

sl =2 b =20
S YT PT% DT
where W =g, (ucos g, +vsing,).
The new variables imay be defined directly by the equations
4=0P, q@=P0J, p=T(0P), p,=0P%POX)

and the equations of motion become

er o aH dp,- o ?_‘E
dt  op,’ dt g,

where H=1}( ,’+;i’:)—np,—F.

(r=1, 2),

Another form+ is obtained by applying to these equations the contact-
transformation :

ow )
Pr_—"aj qf=aT},‘, (,.=1' 2),
| n "2 1)}
where We=np, +j {_B’“‘f‘—"*?} 2,
e ipi-o-peyh U W% P

* Jacobi, Comptes Rendus, w1, (1886), p. 59.
t Adopted by Poincaré in his Nouvelles méthodes de la Méc, Céleste,
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where u denotes a current variable of integration. These equations may be
written

pr 2 1y} )

o i e Coieen 1 = '

P ( Q' G Pl') =
1"3!4 n_,

q,'=arccos

1 P’ 2 9 } . 1
=\=oRt R TRl « fi=gy—areos —(L—x ’
(1_19-") ( pi* p i) 7 (1_&")

pl’! pl': .
and it is easily seen that ¢, is the mean anomaly of the planetoid in the

ellipse which it would describe about a fixed body of unit mass at O, if
projected from its instantaneous position with its instantaneous velocity ; g5’

is the longitude of the apse of this ellipse, measured from OJ; p,’ is a}, and

piis {a(l --e‘)}i, where a is the semi-major axis and e is the eccentricity of

! this ellipse. H does not involve ¢ explicitly, so H = Constant is an integral

of the equations of motion, which are now
dg; _oH  dp/__oH
dt  9p,”’ dt — oq,/
If we take the sum of the masses of S and J to be the unit of mass, and
denote these masses by 1 — u and u respectively, we have

- 2 p._') i L B

B=4 (P‘ i) """ sp ~ 7P

This is an analytic function of p,’, py, ¢,’, ¢, p, which is periodic in ¢,"and g¢,,
with the period 2w. Moreover, to find the term independent of u in H, we
suppose u to be zero}; since SP now becomes ¢,, we have

2 1 , 1 1 '
e s

Thus finally, discarding the accents, the equations of motion of the restricted
problem of three bodies may be taken in the form

dg oH  dp,_ _OH
dt "ap  dt - dq,
where H can be expanded as a power-series in u in the form
He=Hy+ pH, +uwH, +...,

(r=1,2).

(r=1,2),

1
and Hy=— EI—};-,—np,,

while H,, H,, ... are periodic in ¢, and q,, with the period 2.

The equations of this 4th order system may be reduced to a Hamiltonian
system of the second order by use of the integral H = Constant and elimina-
tion of the time, as in § 141.
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163. Extension to the problem of n bodies.

Many of the transformations which have been used in the present chapter
in the reduction of the problem of three bodies can be extended so as to
apply to the general problem of n bodies which attract each other according
to the Newtonian law. In their original form, the equations of motion of
the n bodies constitute a system of the 6nth order; this can be reduced to
the (6n — 12)th order, by using the six integrals of motion of the centre of
gravity, the three integrals of angular momentum, the integral of energy, the
elimipation of the time, and the elimination of the nodes.

The reduction hay been performed by T. L. Bennett, Mess. of Math. (2) xxx1v. (1904),
p. 113,

MiISCELLANEOUS EXAMPLES,

1. Ifin the problem of three bodies the unita are so chosen that the energy integral is

1 1 1 1
1 R WL L
ﬁ(vl + vy +F,) fﬂ+f.|+f|| r

where rjy is the distance between the bodies whose velocities are v, and vy, and if r is &
positive constant, shew that the greatest possible value of the angular momentum of the
system about its centre of gravity is 3 +/2r.

(Camb, Math. Tripoa, Part I, 1893.)

2. In the problem of three bodies, let # be Jacobi's function, let 0 be the angle
between any fixed line in the invariable plane and the node of the plane of the three bodies
on the invariable plane, let ¢ be the inclination of the plane of the three bodies to the in-
variable plane, und let n be the area of the triangle formed by the three bodies. Shew that

do &k

dt o’

1 di_ M  § }l
;in_l. dt {MIM’"’I'q" - ¢! !
where k is the angular momentum of the system round the normal to the invariable
plane. (De Gasparis.)

3. Let the problem of three bodies be replaced by the problem of two bodies p and '
as in § 160 : let ¢, and ¢, be the distances of u and u’ from the origin : let gy and ¢, be
the angles made by ¢, and g, respectively with the intersection of the plane through the
bodies and the invariable plane : let p; and py denote ug, and u'gy respectively ; and let p,
and p, be the componenta of angular momentum of u and p’ respectively, in the plane
through the bodies and the origin. Shew that the equations of notion may be wtitten

, OH dp, oH
%-E, 75—-—3;. {f"lv%s:‘)!

where H = Constant is the integral of energy. (Bour.)

'
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4. Apply the contact-transformation defined by the equations

91 = (94— 91"+ (9a = g0)* + (g — o))},

9’ ={(9r =~ q)* + (g~ g)* + (g0 - gs)"}},

g5 = (91 = 90" + (93 - 95)* + (g5 - g},

94 =by (g1 +1g9) + by (g + 19s) + b3 (g7 + iqu),
98" =c1gs+caga+cygo,

9 =my g1+ mggy +my U

g7 =myqy +maga+mygy,

g0’ =mygy+ megy+mygy,

= (91 +100) + a3 (g4 +1g5) + 3 (g: + igy)
90 = by Qi iga) + by (g4 +igs) + By (gr +ige)”

i tagl"
Pr‘“kfopl aq—' ("=0: L2 .., 8),

{*hem l Ilt-&l'ldll for J :_l HI‘Id a, “I‘ ay, bls bh bSn €y c:'v

‘ ; ¢y Are any nine constants which
utisfy the equations

aytaytay=0, b4by+by=0, ¢ +eg+ ¢y =0,

ko the Hamiltonian system of the 18th order which (8
three bodies.

a’br—a,b'w ])‘

155) determines the motion of the

Shew that the integrals of motion of the centre of gravity are
96 =97~ @' =p¢'=p;' =p, =0. |
Shew further that when the invariable plane is taken as plane of ay,

ro, and that the integral of angular momentum round the normal to th
is

the variable p,’ is
e invariable plane

5 g |
Pl =k, where F is o' constant.
Heunce shew that the equations reduce to the 8th order system
|
doi OH - dp_ oW '
de " dp,’ At T T (r=0,1,2,3),
vhere
H=3p/gn. ™3™ o Prpy g +gs% g,
L 2mgmy 22 91qy 2m,

] ’ .
ot L) A . P ’ .
+3 5:?o)+ﬂ5|}{q—‘.{aa-bﬂel—z—:.(arb:qn}—!ﬂ;,?-'-

Reduce this to a system of the 6th order, by the theorem of § 141. (Bruns.)
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