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to the moon and carth are also about 3000 and 1000 miles, respectively. Because
of the higher initial velocity, the time of closest approach to the moon is teduced to
2 5 days. Since the vehicle's energy is higher, the moon does not pt‘_rturh the trajec-
tory so drastically as in the previous case, Perigee occurs at a time of. 9.9 days.
The trajectory is continued to a time of 12 days, to indicate the cllipse ‘which the
vehicle will follow. . '

The positions of the points of closest ap-
proach to the moon are shown in F!g._ 9.35.
Trajectories defined by relatively low initial
velocitirs have positions of closest approach
loeated nearly  diametrically opposite the
earth. As the initial velocity is increased,
this location moves fofward, in the direction
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typical circumlunar trajectory, defined by a velocity of 34,900 fps, is shown as
an example. L o

The time of return to the earth from a circumlunar trajectory is given in Fig. 9:36,
as & function of minimum altitude at the moon for several values of the initial \_r(-.lnmt:y.
The round-trip time is seen to have a minimum value of a.l')oul,_ﬁ.ﬁ ('Inys for trnjectories
which skim the surface of the moon, while the total return time is about one mm}l,h
for trajectories which reach maximum distances of twice the moop'.s nrbll,.al radius
before returning to the earth. The curves for the two Iowcal;t.. velocitics, w_hmh _corl;t:-
spond to figure-eight type trajectories, are relatively ms?nmtwc to \Earmtl_ons int (;
distance of closest approach to the moon. The return times for trajectories deﬁ‘ne{
by the higher velocities are quite sensitive to this anroaeh dls_tance, which de.tcn;;!nm:
the resulting apogee radius, and, thercfore, the time spent in the geocentric ellipse

© sing the moon. . . :
n";:lgﬁ?n:‘:l discussion of two-dimensional circumlunar- Lrnject.o.ricu i8 c_ontgmed in
[23]. Reference [24], which deseribes the trajectories o[ the Russian Luniks, includes
a discussion of three-dimensional circumlunar trajectories.

9.23 Interplanetary. Fllgh_i
By H. 0. Rupre
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9.231 Introduction

Only recently has a mofe than academic interest béen shown in interplanctary
(-mnl;firs. ‘ Muih simple fensibility work has been done a!remly by the pmncers-(;t.o
mention a few, Hohmann [25];" Oberth (33), and Von Pirquet [26]. nlfnt.er st(tlx tl}(]!ﬂ
(e.g., by Ehricke [29] and Mocckel [7]) have decpened ouh-.un_d:;rgta.ndmg, an b(-e:
fundamentals of precision trajectory work in contrast to the fcwr_:_fnl:!_r} -mork have be-cn
developed—e.g., by Herrick et al. [37-41]. prbblt-,_m! l)l'-optqmi:mtmnF h%lw? o
recognized, some of which have béen solved (e.g., Lawden [27]). 0 o t. ¢

Low-acceleration trajectories were thought of early (Oberth); but realistic trajec
tories were achieved only after World War II (see Sec. 9.1).
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9.282 Astronomical and Technical Model

Similar to the problem of flight in the earth-moon system, a model is assumed to
describe the structure of the solar system.  Again, a simple madel has the advantage
thal fundamental conelusions ean be reached inore casily, after employing annlytical
methods.  On the other hand, a complex model can describe reality better, and .
certainly must be utilized to investigate real interplanctary flights, but results of a
general nature may be hidden. Because of its complexity, the precision-type analysis
must be left to the large clectronic computer, and even here the development of an
ellicient and capable program is no simple matter [28,51). )

To get results which are generally good enough for coneeptual or even preliminary
design, a simple model and procedure will be deseribed in this section:

- AssumrTions CoNcerNING THE AsTRoNoMIcAL Mopen.  All planets move in
circulnr coplanar orbits around the sun. Satellites move in circular orbits around
planets; these orbits are not necessarily coplanar with the plane of planctary motion.
The gravitational field of cclestinl bodies will be as though these bodies were mass
pointa. :

- Assumprtions Concerning THE VeEnienn, The plane of motion of the vehicle is
practically identical with the plane of planctary motion unless stated otherwise.

The vehicle will be considered to move nlways as in a two-body problem, where the
central body is cither a planet (if the vehicle is within its sphere of influence) or the
sun. This means that all perturbations are neglected. The serics of two-body
problem solutions have to be generated so that they fit together. The two-body
problem (or really the one-body problem to which it can be reduced) has been treated
in Sces. 4.2 and 4.3, and low-acceleration vehicles in Sce. 9.1.  High-acceleration
vehicles operating in space will bé treated as though their burning times were infi-
nitely short in comparison to the free-flight Lime. This is approximately true for
initial accelerations higher than 5 m/sec?. It is only during the launch phase from
the surface of a celestial body that the approximation of impulsive thrusting does not
hold without further corrections (gravity loss, drag loss, cte.). For details, sce
Chap. 6 and Bec. 25.2.

Genernlly speaking, low-aceeleration systems result in high payload fractions at
long flight Limes, whereas high-neecleration systems ean lead to alow prylond fraction
and short flight duration, This indicates thal mixed systems mnay get a medium
payload fraction together with a medium flight time,* :

9.233 Types of Transfer Trajectories (Fig. 0.37)
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Fia. 9.37 Typical interplanctary trajectories: (a) Ilohmann trajectory; (b,e,d) elliptic
trnjectqriels, (e.f) parabolic and hyperbolic trajectories.
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There are a great number of possibilities for interplanctary transfer trajectories.
As all involve nothing more than the simple two-hody problem, they will not be dis-
cussed in any detail here,  Some computational details are given in See. 26.2. The
clissical Hohmannp trajectories [25] are cllipses, which are tangential both to the
launch and to the arrival orbit. The energy for transfer from the launch orbit to the
target orbit is & minimum for this trajectory,* but the tinnsfer time is isunlly quite
long. The time ean be casily found from Kepler's third law. Three main groups

' #T. N. Edelbaum, United Aireraft Corporation Research Laboratorics, drew the author's
atlention to this possibility,

t Thia is true with some restrictions (sca See. ©5.2).
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of transfer trajectories can he evolved from the Hohmann case: staying Lar![;nntu}l
to the larger orhit but intersecting the smaller one, or intersecting Ehe larger orbit
and being tangentinl to the smaller one, or intersccling both orbits. Whenever
interection occurs, there is an option for a shorter and a longer connection. Parabolic
or hyperbolic transfer trajectorics intersect the larger orbit, and may be, but do not
have to be, tangentinl to the smaller one. Counting all subcases, .t.herc are 12 posai-
bhilitics, and, since any trajectory going to a planet can be corqblped with itsell or
with any other, to perform the return flight, this resulte in 144 mission profiles, where
the mission is to transfer from one planelary orbit to another, and then Imcl:: to 'Lh.o
first orbit (or to still another one). Besides the 144 prol_ilm, the complete picture 18
even more complex, as intersecting |.rajnntorics. are not umqu.ely deﬁm.ad. . Thlcrefore,
the complete spectrum of mission possibilities is cx't.rcmely u:ldc, considering just the
transfer phase only.. At launch, or at arrival, orblta[ tec!\mque may or may no'l; be
used, and braking may be by rocket or acrodynamic (lift or ballistic) action:* A
complete survey throughout all possibilitics apparently hns not bnqn ’mn.dc so far, lgut
excellent studies are presented in [20] and (7). For a Hohmann mission profile wl'gmh
minimizes encrgy demand, e.g., for an carth-Mars-carth mission, the total flight time
is long, good launch constellations are rare, and some minor disadvantages exist.
Therefore, better mission profiles may, and in some cases do, exist, and must be found

and developed.
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Fio. 9.38 Typical planetary round trips. (The circles indicate powered maneuvers.)

9.234 Round Trips (Fig. 9.38)

Planet
(&)

Round trips have the feature that no waiting timo near a target is required in order
to return to earth. There nre several families of such trips:

a. Out of ecliptic

b. Hohmann [25]

¢. Crocceo [30]

d. Resonance or generalized Crocco
e. Straight-line trip

The out-of-ecliptic case a permits the probing of outer-space nnv@ronment far
beyond the ecliptic plane, and the probe vehicle meets the carth after six months for
the transfer of the data. ) ; j

The Hohmann round trip b is timed in such a way that the space \:cllncle returns to
carth after 114 years after touching the orbits of two planets. A minimum of three

wer maneuvers i8 required. o ;
poThe Crocco round trip ¢ lasts one year and is ln.ld out in such a way that the apsce.
vehicle meets the earth at the same place in its elliptic flight path. B cannot be sel:.c; ;
the major axis of the space-vehicle orbit is equal to the major axis of the earth orbit.

The resonance—or generalized Crocco—round trip d is characterized by the fact:

that n vehicle periods are equal to m earth periods, where m and n are integers. . f may
but does nol have to be zero.

* Aerodynamic braking to assist in establishing a satellite orbit around the target
appears to be quite promising.
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The straight-line solution to the round-frip problem e has a duration of leas than
114 year. B may but docs not.have Lo he zern. At some time 7' after lnunch, the
following conditions must be met: (1)
vehicle is at one of the apsides, (2) vehi- Earth
cle, planct, and sun are on one straight orrival
line. Another time T later, the vehicle Earth
returns to the planet, e.g., after a total lounch
mission time of 27T, )

These trajectories have large potentinl
significance for rystem testing, crew train-
ing, planetary exploration, etc. Some of
the missions—e.g., Crocco’s trip—may be
of interest for early manned interplane-
tary missions.

Mars
arrival

Mare
lug:n:h
9.286 Examples of Mars Trajectories

Only two examples will be looked at. Fra. 9.39 Typical Hohmann mission pro-
Honmann Mission ProriLg (Fig. 9.39)  file to Mars,
[32]. Bince V¢ = 32.83 km /sec, and earth
orbital speed is 20.80 km/sec, an excess of 3.03 km/sec is required. With earth
escape speed being 11.1862 km/see, a total injection speed from earth of

4/11.1862% + 3.03* = 11.5893 km /sec

results. This assumes that, in one burning period, the total encrgy required is trans-
ferred to the vehicle.

A different flight technique is as follows: In a first propulsive period, parabolic
speed is reached. The vehicle leaves earth, and, when it is far enough awny, the
excess of 3.03 km /sce is added to the vehicle epeed.  This Intter method has been
used in Hohmann's early publications. It is simple to understand and may have
some guidance advantage, but the total speed r quirement is

11.1862 4 3.03 = 14.2162 km /sec

markedly higher than in the case of combined kicks. The general advantage of
combining propulsive periods has been discovered and discussed by Oberth [33).

About 260 days after Inunch, the vehicle renches the Mars orbit. Mars moves,
during 260 days, through n eentral angle of 136°. This menns that, at Inunch, Mars
must lead earth by 44°, as scen from the sun; then, arrival of the vehicle at the Martian
orbit coincides with Mars being at the arrival spot.

At arrival, the vehicle speed is 2.565 km /sec below the orbital speed of Mars moving
around the san. As eseape speed from the Martian surface is 5.04 km/see, the
unbraked impact speed of the vehicle is V5.04 F 2.55* = 5.64 km /8ee.

Earth is now 76° ahead of Mars. To initinte n HHohmann return flight, terminating
at earth, Mars inust be ahead of earth by 76°. This can be aceomplished by waiting

near Mars for 449 days. The total mission duration is 970 days. The total velocity
requircment is:

km/sec
Launch fromearth. ........... ... e, 11.59
Gaindustoearth'srotation............oo0 vviiiiiiiiinarinenes -0.3
Oraviby Yoee: - o S i TR R R 1.42
DERE IO, oo oy ssmis s R R S e S 0.16
MANEUYErNE TeBOTVE. .. ouv et v e eiie s cn e e 0.05
Mancuering during teansfer. .. ... i 0.4
At target: maneuvering, otherwise acrodynaniic braking. ... ..... .. « 0.1
Launeh from BarmRt. . .... . oo o i i s e e 5.64
Rotatlomal gain. oo v ins s rsms i s e -0.2
L T TR 0.3
DIRRE VOB, o1 oo i o 50 R NS 0.15
Maneuvering reserve.. ... ...t 0.05
Maneuvering during tranafer. ... ...... ... .. .00 i 0.4
At earth: maneuvering, otherwise aerodynamic braking. .. ... ... .. 0.05
L -7 1 L e PG UL < Gen i e i S SN G o 19.81
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Table 9.3. Space-probe Velocity Requirements
(In kilometers per second) S

o I 3
No recovery Tlus ml.l:urnl K
g y Simple i3
Maneuver
aneu E:‘;":{’}'" Martian | Venusian Mm;:y Hohmann (:o:ehc: .;:::rm Solar hrobé ¢
cacape | Probe probe pfn . _ probe i
E.ﬁu.r:?;?r:mm launch. . ... 1.2 | 11.589 | 11441 | 13.504 1&. ;41 |3.=u |:.:5a 13,';:;’,:.5
Rotationsl gain 0.4 0.3 0.3 0.3 i ;! 3 &
Ines Clovaz | ove | e | s 1.42 I Lu | 14
Dragtom 0 0ie | 016 | ote | o7 0.16 0.17 .18 018
Maneuvering ...._....| 0.05 | 040 [ 010 | o010 | 010 | oo, e,
At target arrival: ti P (. i
Mancuvering. ............. e 0.2 ": 02 I8 '++2‘3 : o . .-
B ROEUVEE ool soncs | venane | susen | oo 0.1 :
F‘“‘-}'itl‘f'"" et e | wis | e | s (| 160 | 1605 | 180, | 18553335

e AR |

Table 9.4. Planetary-missiont Velocity Réquirements
(In kilometers per second) o

' P
e

No recovery B i, Plus return
Finvieres v, Mam | ‘Venus | Planetold in
Mars | Venus h:n‘f:' .v;"nm Te:l?u ::e‘:;i-l! soft soft M"f ot.l‘ut.
satellite | satellite landing | landing III - ; Ianding soft €
' [N}

h: . ,
E‘I'l::l:lnt'll'i‘l:imumllunch ..... 10,539 | 10440 | 11.589 | 11, 441 11.;” I:}.;-ﬂ l:];” l;.;-ﬂ : I;;&) .
e ki Vol te | Vel Ve ta| Ve el , L4
b e : ; 96 | 0016 | 016 | 0.6 | 0.6 | 0.16 0.16

......... 016 | 016 016 | 016 | 016 | 0.6 | 1 _
:::A:-Lm:rm 0.05 | 0.05 [ 005 | 0.05 | 005 g.gs. 0o | 0.05°)" :.‘25 |
Maneuvering transfer. ... .. . 0.4 05 04 .| .05 0.4, . . ; S
At target arrival: : i o F s 2.55
tdeat mimimam....._. | zor-| 30| . |0 20| 3104) ]
loms. L e I 14 | LB T e 0.1 .u’ e —
Maneuvering............ | 0.05 .05 0.01 0.01 0.05 0.‘ 8 .
Target launch: f : b o |os 2_.”' s
Ideal minimum launch.....| ... LU R R 1'0!. 3 104 ;_l .53
Rotational gain.. .. ..., .. i e ok 38 Ly .
b S8 s -
ragloss. ............... pap ' :
Maneuvering. .. .......... 0.04 oot | o4
Maneuvering transfer. .. 0.08 0.08 0.05
Earth-landing maneuver 1980 | 2615 18.95

: i issions are 1i d in the same
it i ts for a number of typical missions are 'llste . T
mn‘::;:::“iz ';‘i({)‘;;egl.;naid 9.4 (32]. For planetary-satellite missions, clrcl!lala; oLI;:ta
in 1000 km altitude nnd rocket braking hnve l;(nct;mt;mﬂ‘i'. {; c:‘:‘rr:)c:});n:;:::l raking
is used instead, 1.5 km/sce for Mars and 2.6 km /sec or Vent Y = i
i i t instead of from theearth’s
In all cases, the flight might start from an earth orbit in of fr |

sur;lace' and at the tﬁrget, instead of landing directly, the a.xplormgt l{)&l‘_ﬁy ;?lllfih: t:;

lhrougl; an orbit, and only part of the group would land, while the others w

—

LUNAR AND INTERPLANMNTARY TRAJECTORIES 9-37

in the othit. There is n great flexibility here to pattern the detail procedure according
to the established practice, available means, cte.

ParaBouic Frienr (Fig, 9.40).  The flight time to Mars jg
time, Mars moves through 37°, meaning that, at launch,
by 72° — 37° = 35°,

70 days; during this
Mars has to lead earth

Earth
arrival

Maors
arrival

Earth
launch

Mars lounch

Fia. 9.40 Typical parabolic flight profile to Mars.

After 12 days stay time near Mars,

conditions for the return flight are right; the
mission duration i only 152 days.

The required speed is shown in the following

table.
km/nec
Launch from earth: V11,1861 1238, ., . . 16.63
Gain due to earth rotation. ... ..., ... e —0,3
Qravity loss........... 00 0 e 1.42
e T O D.i6
Magauverog. .. oot : 0.05
Transfer mancuvering. . i 04
., Arrival maneuvering. .., ... e e 0.1
Launch from Mars: v/5.041 + 200, co.. 2073 ) '
Rotational gain.... ... .. . o =002 -
Qravity loss. ... .. . ° - vasy @Y
Draglos.............. .. e Y |
Maneuvering., ............ [/ 0.05
Transfer MARBUVOON®. ..oty 0.4
Earth-return maneuvering...... | 0T 0.05
e e e 39,95

By incrensing the speed requirement 102 per cent over that for the Hohmann cése,
mission duration’ hag heen reduced to about 15.7 per cent.

| ' b
?.?38 Considerations fot Optimization -

Many considerations are
trajectory:

ENeray [27,50]. Hohmann transfer orbits are
For noncoplanar orbits, a difficulty

in order for optimizing certain features of an interplanctary

practical minimum-energy transfers.
is introduced if a strict two-impulse manecuver is
required. If, on the other hand, a mid-course maneuver is allowed to take care of

the plane changg, the rensoning as derived from the coplanar model remains valid.

As such a mid-course maneuver js required any way [34), no large additional difficulty
is introduced. ¢

Minimum Launen Wertant, The weight of
port, ete.; is dependent on mission duratic:: and certain mission thatacteristics,
e.g., the distance hetween earth and target during the time the vehicle is at the target.
Therefore, in spite of a higher energy requirer ent, A somewhat faster (or otherwise

transmitters, power supply; life sup-
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different from Hohmann) trajectory ean result in lower lift-off weight.  This fact was
discussed as early as 1928 (26]. : ‘ . '

SimpriciTy. To some degree, simplicity has to do with mission time and the
number of engine starts. The Crocco round trip [30], for example, appears to be
quite favorable in these respects.

Guipance [35].  For certnin injection conditions, the sensitivity in injection angle
or in injection speed is lower than for other injection conditions. In some cnsca, thia
may be an important considerntion.

CoMMUNICATION [36].  Vor purposes of communieation, it is ndvantageous to have
earth near by when the vehicle is near the target.

Timing. The aspect of timing enters into several considerations:

. Flight duration

. Whaiting time

. Mission duration

. Optimum launch time

. Penalty for nonoptimum launch time, e.g., necessity for emergency operations

O -

Y b

9.287 High-precision Trajectories [28,37-41]

High-precision trajectory work is required before actual miession accomplishment.
It is only with modern computers that large-scale experimental work in precision
trajectory analysis hecomes practical. Iven so, there are difficultics which have to do

with:

1. Computational accuracy (round-off va. truncation errors)

2. Efficient computational procedures [41] i

3. Lack of knowledge of astronomical constants [44]

4. Complexity of a correet astronomical model

5. Lack of knowledge of environmental data (c.g., interplanctary dust and/or gas,
electric and magnetic ficlds) '

6. Vehicle dependence on some forces (e.g., radiation pressure)

9.238 Guidance Aspects [34,35,12]

There are trajectories which are cspecinlly insensitive to injection errors in speed
or in injection angle. This may not be of practical importance, because of the capa-
bility of including mid-course guidance and corrections.

For guidance intelligence, inertinl aystems governed by some means of long-time
stavility (c.g., star trackers, perhaps radio guidance from earth) look promising.
Computations could he mnde via a communication link on earth, but the trend
appears to be to perform them also by vehicle-borne computers. :

Great improvement is to be expected in reliability, ruggedness, lifetime, weight
reduction, power consumption, precision, ete.

9.289 Typical Results of Interplanetary Trajectory Analyses - ' ;
Some typical results pertaining mainly to earth-Mars transfers will be mention

here:
1. Velocity requirements for some typical space missions are presented in Tables

9.3 and 9.4 (31,32). ; '
2. Ehricke has investigated several mission profiles for earth-Mars-earth flights.

Figure 9.41 shows resulls for a promising profile, which is numher 12 in Ehrickc:a
nomenclature [20]. The symbols mean: e b

e

e
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Ay stay time at Mars
T = trjlrnl mission duration
dtg;z.m = flight time from point 11 via I’ to point 111
rit = speed requirement to go from %, (300-n-mi ei i i
Ay (1000-n-mi.circulnr orhit) HEPEERE o) peins 4
uprin = speed requirement from point. 11 (1000-n-mi circulnr orbit) via P; to
1

point IIT (optimum single-i
PO oo R i ngle-impulse-entry circular orbit)

A

aole==F=F= o=
i =
faY i g4 43—+
HI:i‘z*"lll"""'r‘{m«'
04 P11
A -
s - === FRp 08
E £ ——— Rp2=09
Ra = R,
2 103 a1 "z
h-—_..L-=_=___ I ""}r
A § 102 Atapamd’ |
R chsae B £ 8
i F | LT
= ”
o V. i // e
: ol
16 1.8 20 22

) Aphelion distance 74, AU
- Fra. D.41  Mission profile 12 (Ehrick:) for earth-Mars mission 120].

For comparison, some results will he given:

Parameter | Hohmann transfer | From Fig. 9.42 (for Rp = 0.9)

T 980 320 dnys
T 460 30 days
AViat 31,000 76,000 fpa

This is a good example of a fast mission,
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3. Injection speed (or hyperbolic excess apeed = residual speed of vehicle with
respect to earth, when the vehicle-earth distance is very large) is given in Fig. 9.42,

which is taken from [45].

No mid-course inclination change was assumed.

Dates

are given in Julian days, where, for example, 2134.5 equals April 18, 1963.
4. Another way of showing the influence of launch speed (or hyperbolic excess
speed) and launch dnate on transfer time is shown in Fig. 9.43. Again, no mid-course

inclination change has been assumed. The figure has been

taken from [8).
o 17 .
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Fia. 9.42 Hyperbolic excess velocity requirements for Mars mission in 1962-1063 [45].

5. Figure 9.44 shows impulsive speed requirements to go from carth surface to
Mars surface, assuming a two-impulse transfer and neglecting acrodynamic pffects [46].
6. ¥rom [35], some injection-guidance sensitivity results are shown in Figs. 0.45
and 9.46. Only the two-body problem, sun and vehicle, has heen considered. 'Ifhg

symbols mean:

A = injection vehicle speed + circular speed at one astronomical unit distance

from sun

B = injection angle, mensured against loeal vertical
r = radial distance from sun .
)

A e %
TMars 0
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where b = miss distance due to A error
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7. In [47-49), general curves are contained, assisting in the computation of the char-
act.r;rislirﬂ of i;\t.crplanniary transfer trajectories. These curves do not represent

any optimization studies.

Fia.
cm for Mars) [35].
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9.45 Burnout angle miss coefficient 8b /88 wversus A and g for Miars (r¢ = 2.27 X 10!
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Fra. 9.46 A miss cocflicient versus and B for Mars [35].

8. For mission planning, not only trajcctn'rit'.s but also the over-all sysig::i]t;!;';mg,
cost, and many other aspects have to be optimizled.'_ As examples, sce [43,40,53].

[~ - .
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The atmospherie fiatiening may be treated as a sccund-ordt-.r effeet by the inl.rq-
duction of the perigee latitude through the ratio pe/po. Al_t.crnahvciy. if the ecphemeris
is integrated on a revolution-hy-revolution basis, the perigee height, ve the oblate
spheroid may be caleulated and used to compute py/po. .
£ 8.36 Three-body Perturbations

The perturbations ocensioned by a third bedy, e.g., the sun or moon, on a satellite
orbit arc customarily (28] treated by defining the disturbing function R, which is
annlogous to the potential function ¢. For the lunar perturbations on a closc earth

satellite, .
Rsksm_“( 'c--—u_'-s)
‘ re |r¢ -1 Te
e r M Y B AR
_.{-,*_—[(1—2—S+-——') ——s] (8.150)
£ - Tc e/ Tt . = 1
where § m ——€ = U+ Ug = o8 (1.5¢) - T Py 8.161)

rrm
mge = mass of moon in terms of carth masses
re = geocentric radius vector of moon
1 ‘= geocentric radius veetor of satellite
k, = geocentric gravitational constant
Uand Ug = unit vectors along r and rg, respectively
When a close-carth satellite of negligible mass is considered, the quantity r/r¢ is small
and the perturbative function R can be cxpressed in terms of a power series of r/re,
Thus,

i ¢ \ I s 3y
R=ksZ€ [14(Z) 085~ 39) + () g8 = 349 + - ] @2
e Te Te
The expansion of S follows from its definition (Eq. (8.161)] and the components
U, = cos u cos £ — #in usin ﬂ.codi"l ) ._.r:. ;
U, = cos usin § -+ 8in ucos § co8 i (8.163)
U, = sin u sin ¢

There are similar expressions for the components of Ug.
Thus, I

S = 34(1 — cos 1)(1 — cos ig) cos (8 — Qe —u + tfc)
+ 14(1 + cos §)(1 + cos ig) cos (8 — Q¢ +u-— ug)
4 14(1 + cos i)(1 — cos i) cos (8 — Q¢ tu+ ug)
+ 14(1 — cos §)(1 + cos i) cos (8 — Qg —u-— ue) i
+ 14 sin i sin ig[cos (u — ug) — 008 (u + ug)l (8.164)

As was done for the geopotential and atmosphgric-drag perturbations, the quantis-

ties . . S i e et b
o . o f‘=-a£:"':' T v L :.,"':...]'_
ar co ot i
oR _ aR
Y =yl = —— m — : A 1
f b= w, al N
r’ﬁ'—ﬁ-

[F—————
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ean now be evalunted and substituted into the expressions for the varintions in the
elements [Eqs. (8.102) through (8.110)). It is found that the semimajor axis, eccen-
tricity, and inclination have only periodic variations. The secular variations in the
longitude of the ascending node, argument of perigee, and mean anomaly are:

Longitude of Ascending Node

8 Bl et .
dl 1w e o gt H N — Msintd)
Argument of Perigee
LT WP PO 5
d = 4 n e \/i__—__:; (2 — 34 min?i 4 14en)(1 — 34 gin? lc)

Mean Anomaly

M 1n¢’ — ;
e me (7 + 3e?)(1 — 3§ sin?i)(1 — 34 sin? i)

It should be poi ntgd out that, for close-carth satellites, lunar and solar perturbations
are of several magnitudes smaller than perturbations due to the asphericity of the

earth. For highly eccentric geocentric ratellite orbits the periodic solar and lunar
perturbations have been found to be quit: influential.

8.88 Solar Radiation Pressure Pertuirbations

S(_)In.r radiation pressure can produce significant changes in the orhits of satellites
having Ia.rge area-to-mass ratios. The analytical expressions for the first-order
perturbations are ensily established.

By ncglecting the solar patallax, the ec uatorinl components of the force Fo acting
on a satellite due to the radiation presswe of the sun can be expressed as:

7 F:o = —APpyvcos g
Fyo = —APgyv cos esin lo
F.o = —APxyvsin ¢ 8in lg

where A = effective cross-sectional arca « [ satellite
. Pg = polar radiation pressure in vicinity of earth, 4.5 %X 10~ dynes/cm?
v = factor depending on satellile’ i reflecting characteristics
» = eclipse factor . :
.1 ... « = obliquity of ecliptic, 23°4444
lo = true longitude of sun

- The true longitude of the sun can be found at any time ¢ from

lo = (Lo)e + n(t — to) + 2esin M + 84 e 8in 2M
where M = (Lo)s + n(t — to) — 11 '

, (I.o)o = sun’s mean longitude at some epoch 4
n = 0°08565/day
e = 0.016725
T I o= 282726971

The radial, transverse, and normal com ponents of the perturbing acceleration are
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