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letzten Kapitel ih( ~.genes Forschungsinstrument beschrieben, das heute miichtigsy,
Radio-Teleskop der Erde: jenes von Jodrell Bank, der nun elf Jahre alten radig.
astronomischen Forschungszentrale der Universitit- von Manchester.

Was die Radio-Astronomie ist, wird jeder aus diesem Werke mit wirklicher Be.
friedigung lernen kénnen. Es ist auch leicht lesbar und mit geringen mathematischey
Anforderungen, bei strengster Wissenschaftlichkeit, geschricben. Die Autoren diirfey
in jeder Hinsicht begliickwiinscht werden!

J. Fucnus, Universititssternwarte Innsbruck

Advinees in Geophysies. Edited by H. E. LanpssierG and J. van Miecuem, Vol 5,

Mit 55 Abb., X, 325 S. New York: Academic Press Inc. 1958. § 10.00.

In dieser Serie von Berichten iiber die Fortschritte der Geophysik bringt der
5. Band einen an unbekannten Einzelheiten erstaunlich reichen Artikel wvop
N. C. Gerson iiber die Geschichte der Idee der internationalen Polar- bzw. Geo-
physikalischen Jahre, in dem Karr WEevprecHTs Initiative erfreulich ausfiihrlich
hervorgehoben wird. Der Bericht — der in Zukunft sicher schr viel zitiert werden
wird — erfaBt auch schon Teilresultate der sieben erfolgreichen kiinstlichen Satelliten.
Hierin wird besonders hervorgehoben, daf die beobachtete groBe Hohenerstreckung
der Ionosphidre nunmehr endgiiltig auf hohe Temperaturen in ihr zuriickzufiihren ist
(wie dies der Referent bereits 1936 in Met. Z. 53, 41, durch die Auswertung von
ionosphirischen Grenzfrequenzausmessungen nachgewiesen hat). Beim abgelaufenen
Internationalen Geophysikalischen Jahr selbst sicht GErson eine Gefahr nur darin,
daB das enorme Beobachtungsmaterial vielleicht auch nach Jahrzehnten noch nicht
ausgewertet sein wird,. — B. GUTENBERG berichtet anschlieBend iiber die Fort-
schritte der Mikroseismik, die besser als Bodenunruhe zu bezeichnen wire, da sie mit
Erdbeben oder Explosionen nichts gemeinsam hat. Gurtensercs Uberblick iiber
ihren teils periodischen, teils nichtperiodischen Charakter weist in sehr klarer Weise
den — iiberwiegend meteorologischen — Ursprung der Einzelphinomene nach, —
Die modernen Methoden zur Bestimmung von GréBe und Figur der Erde (z. B.
astronomische GroBtriangulationen,  astronomische Ortsbestimmungen, Fein-
Nivellements und Schweremessungen) 1ibt in iibersichtlicher Form der Beitrag von
R. A. HirvoNEN Revue passicren. Das Geoid-Problem wird hierbei (eingehend in-
formierend) diskutiert. — Das theoretische Verstindnis der ozeanischen Gezeiten und
den augenblicklichen Stand unseres Wissens dariiber behandelt A. T. Doopsox. Ein-
dringlich wird hier (im Anschlufl an eine ausgezeichnete Ubersicht) auf die leider viele,
noch zu leistende Arbeit hingewiesen. — Erfreulich ausfiihrlich berichtet K. Wara-
~vaBE iiber die ultravioletten Absorptionsprozesse in der oberen Atmosphire. Die
Wirkungsquerschnitte der in Betracht kommenden Atome und Molekiile werden ein-
gehend besprochen und die héhenabhidngige Verteilung von Temperatur, Dichte und
Zusammensetzung in Ozonosphiire und Ionosphiire diskutiert. Der Artikel stellt eine
Fundgrube an Einzeldaten dar. — Der ausfiihrlichste (abschlicBende) Artikel ist dem
aktuellen Problem der Physik der Zustandsinderungen der Wolken gewidmet, dad
seinen wirtschaftlich bedeutungsvollsten Ausdruck in den Versuchen zur kiinstlichen
Steuerung der natiirlichen Niederschlige (z. B. Forderung des Regens, Verhinderung
von Hagel usw.) findet. Hier sollte — meint der Autor Jamies E. McDoNaALD —
nie iibersehen werden, daB unser Wissen iiber die Wolkenphysik noch um eine Grifen-
ordnung zu klein gegeniiber dem ist, was fiir die Erforschung der Steuerungsprobleme
notig wire. Zum Verstdndnis der gegenwirtigen Situation behandelt er anfangs die
normale Wolkenphysik und die gerade in den letzten Jahren rapid entwickelten
Theorien der Niederschlagsprozesse. Ergebnis: Die Sachlage ist dadurch zu kenn-
zeichnen, dabB trotz der umfangreichen Literatur ein wirklicher Erfolg dieser oder
jener Methode zur kiinstlichen Einleitung von Niederschligen noch nicht eindeutig
festgestellt werden konnte; die gemeldeten Fiille sind statistisch derzeit noch immer
ohne chrm:ugun;:a‘krnft, g

Der Forscher wird diesen Band der ,,Advances in Geophysics' mit vielem Nutzen
in die Hand nchmen. J Fucus, Universi sternwarte Innsbruck
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The Calculation of Minimal Orbits
By
G. C. Smith!
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Abstraet — Zusammenfassung — Résumé

The Caleulation of Minimal Orbits. Solutions, or approximate solutions, are found
to the equations determining the mode of transfer of a rocket between two coplanar
orbits, with minimal fuel expenditure, for a number of different cases; proof that
a cotanfential cllipse 15 a first order approximation to the minimal mode of transfer
between two orbits of small eccentricity, is included.

Die Berechnung von _.,‘.“illil]lill“.llllll]l,'[l“. Lésungen (oder angendherte Losungen)
lassen sich in einer Anzahl verschiedener Fille fiir die Gleichungen finden, welche die
Art des Uberganges einer Rakete zwischen zwei Bahnen in derselben Ebene bestimmen,
wobei ein Minimum an Brennstoff verbraucht wird. Es wird der Beweis dafiir er-
bracht, daB einc kotangentiale Ellipse eine Anniherung ersten Grades an den
Minimumweg des Uberganges zwischen zwei Bahnen kleiner Exzentrizitit darstellt.

Le ealcul des orbites minimales. Des solutions exactes ou approchées aux équa-
tions gouvernant le mode des transfert d’une fusée entre deux orbiltes coplanaires
sont établies. Le transfert est minimal par rapport a la consommation d'ergols ct
comporte la preuve que pour deux orbites de faible excentricité, une ellipse cotangen-
tielle est une approximation du premier ordre. :

I. Introduction and Basie Formulae

In [1] it ha$ been proved that the transfer of a rocket between two coplanar
elliptical orbits, described in the same sense about the same centre of inverse
square law of attraction, with the minimum fuel expenditure, is achieved by
applying impulsive thrusts; and this problem of optimal transfer solved in the
sense that, for any fixed number of impulses, the equations determining the
elements of the transfer orbits and the impulses have been found. Except for one
special case [2] no method of solving these equations has previously been published
and this paper shows how this may be done in a number of different situations
for the case of two-impulse transfer.

Evidence of certain numerical results has suggested that the optimum transfer
ellipse is closely approximated by an ellipse which is tangential to the original
and terminal orbits, and, in [3], a method of determining the ellipse of this kind,
for which fucl expenditure is minimal, is given. In section I1T of this paper it is
proved that for ellipses of small eccentricity, the “best” ellipse tangential to the
original and terminal ellipses, is in fact a first approximation to the optimum.

! Lecturer in Mathematies, University of Canterbury, Christchurch, New Zealand.
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The detailed derivation of the formulae below will be found in [1]. u2Zy sin ¢y, p'? Z, sin ¢, being the velocity components normal to the
Using polar coordinates (1/s, ) with pole at the centre of attraction, the at the first and second impulses respectively.
elliptical orbit s = p + ¢ cos (0 — @) will be written (p, ¢, @): orbits are always For brevity, #; will often be written for tan ¢, and #, for tan gbz
supposed to be described in an .ll]tl clockwise direction. The angle made by the Bos N
direction of thrust with the II. Elliptical Orbits with Major Axes Aligned
. perpendicular - to the radius In the expression pi'? 5) (p~12 — p,~11) sec ¢, for the characteristic v

vector, drawn in the sense that |

i g : ec Bt 1
the orbit is described, will be jsec &
denoted by ¢; and if us? is

this sng,gmts that for the minimal orbit ¢, will tend to
value close to 0 or . We consider whether sec ¢,, sec ¢, can take th
value in a minimal orbit, i.e. put tand, = tan¢, = 0; egs. (1) —

< the attraction on unit mass, become
w'*Zsing is the component ] ! :
of the rocket velocity perpendic- © 105 (0, — @) = s, — Py, ¢, sin (0; — &) =0,
ular to the direction of thrust ] g cos (0, — @) =s, —p, g sin (0; — @) =0,
and which accordingly remains g3 €0s (0y — @y) = 55 — g, gy sin (8, — @,) = 0,
constant during the thrust. R et L SO in (8, — i
If an impulse in the direc- _ g : s — ) 2T P S ®) ;
tion ¢, applied at (1/s,, 6,) has Consider first the case when g,, ¢,, and ¢ are non-zero; then we have
the effect of transferring the 0—& =0,—d +1la,
rocket from orbit (py, ¢, @,) 0, — &, =0, — @y + ma,
Fig. 1 to (p, ¢, @), then the characteris- : .
3 tic velocity of the manocuvre where / and m are integers, i.e. _
is given by _ 0, —0,=1ln, }
" : Wy — By =0, — 0y —mn = (Il — m)x,
¢ log ‘m—l = u'l s, (p=12 — ?51_”_2) sec ¢y, also
where ¢ is the jet velocity and m,/m is the ratio of the mass of the rocket before i 9_1 — @ =l el i
the impulse is applied, to the mass afterwards. ; o _ ke
The equations determining the minimal orbit (p, ¢, @) for two-impulse transfer e
between coplanar orbits (py, ¢,, @;), (Ps, 45, @) are then: - Thus we find that in the case of orbits (P, o @,) and (p,, g5, @,), V
5 1 have tan ¢, = 0 and tan ¢, = 0 only if &, = @, or &, = @, + 7, and f
gy cos (0; — @) = s; — Py, () that @ = 0 or x.
g1 sin (0, — @y) = (s; — Z, p,'?) tan ¢, : (2) Now take @; = 0 and consider separately the two cases
g cos (0 — @) =s;,—p, (3) 2} $e —;:’1;0_0
; e L :
g sin (0, — &) = (s, —Z,p'®) tan g, (4) Case i. The above equations now reduce to
gz €08 (0 — @y) = 53 — P, (5) gy cos 0 =s, —p,, sin 0; = 0,
gasin (0 — @) = (s, — Z, p,'V%) tan ¢y, (6) g cos (6, — @) =s; — p, sinf, =0,
g cos (0 — &) =s, — P, : (7) 5 Gy €08 0y = s — P, N
g sin (0 — @) = (s, — Z, p2) tan ¢y, (8) g cos (0, — @) =s, — p,
' _ where @ is either 0 or &t A
( e —) sin ¢, = (,z 2) sin' ¢y, : (9) Hence 0y =0 oram, G, =00rn; §=10, & Oorfi—408,—==xn COTTespC
rectilinear transfer which is clearly uneconomical, so we must take either
1 e = — i e ini i .2 i « l
s+ 2 e ssi‘f’ . s y 10) and 0, =z, or 0, = and 0, = 0, and the remaining equations are the:
Zy jf?”"- % \z, p12 £ @ =5—», } + gy = s3 — po, }
pi2 g =5—p g =s5—2
(1 ot /) (_Sl — P) cos gy + (sy — Z, p'F) sin §, tan §, = \i'hcre, if @ = 0, the same sign must be taken within each bracketed pair,
B ' @ = 7, the opposite sign taken. But opposite signs must be attached to |
; pH2 ; oy s _ : 1 A these equations derive from ¢ cos (0, — @) = s, — p, ¢ cos (0. — @) =
(1 £ zZ. (s2 — #) cos hy + (53 — Z,'/%) sin ¢, tan ¢y, (n ; and 0, 0, have been shown to differ by 7.
5
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~ Thus for definitem(_ aking 0, =0, 0,=mn, @& = 0 we have

g =58 — P } — qy = Sy — Py, } )
1
¢ =5—2, —q =s5—p, (19
s s=p+aq Sy =Py — qa
_hthtt—a _hta—t+a (20)
p= 2 v 4 2 ‘

i changing @ to m only results in changing the sign of ¢; i.e. giving

— (??;_._Jr_?n — s+ _e_e) .
q e 2 »

i ¢ is essentially positive, so we find that for 0, = 0, 0, ==z we must take
Dif pr+ >0 — ¢y and & ==z if p; + ¢, < p, — ¢5. The results for

= 7, Oy = 0 are similar, being as given in (20), but with the signs of ¢, g,

inged; here @ is  or 0 according as p; — ¢, = p, + ¢,.

To summarise, eqs. (1) — (8) are satisfied by tan ¢, = tan ¢, = 0 and either

6, =0, Oy =a; LT Sy =Py — ¢a; |
@ =0 or m according as p, 4 ¢, =P, — ¢y
21
p_titlithi—n _ita—tital, =
5 2 S 2 3
bp=m, 0,=0; s;=p—¢q, Sp=pPa+ Ga; |
@ =am or 0 according as p, — ¢, = ps + ¢u; &
pi= T ht o b=t )
2 2 '

These determine the transfer orbit geometrically; it remains to decide whether

., are 0 or = and to show that the remaining eqs. (9) — (11) can be satisfied.
Zingram of the orbits quickly shows which value must be taken for ¢, ¢,.
|. (9) is satisfied identically, while (10) and (11) give

$i+p 1) = (52_“*"?’. 1)
('Zl plfz + :I: ZE Pll‘lz + ' & (23)

pi2 P2
1+'Z'; (5 —p) == I—f-—z‘z— (s2 — #), |
> plus signs being taken if ¢, = ¢,, minus if ¢, = ¢, +a. Solving these
uations for Z,, Z, gives, when plus signs are taken

2 p¥2 2 p2

Zi=——r, Zy=— 1, 24
N O ) O ) -
d when the minus signs apply
¥ it | SR B | i .. M
VUit s) s+ p (s — 3s) ' (51+8) 8+ P (52— 35y)
(25)

ibstituting the appropriate values for p,s,, s,, we find Z,, Z, and thus the
mplete solution.

Ca(- . Where @&, = 0, @, =m; we findin a similar manner the solut'(’
0, =0, Oy ==, Sy =P+ Qo Sp = Py + qa; .
@ = 0 or m according as p, -+ ¢, = Py + ¢y’ 20)
s PLOE L 1 Pl s it a—t—al,
p= : . g= . .
0, ==, 0,=0; $1= b1 — o So = Py — o’
@ =g or 0 according as p, — ¢, = py — ¢5; @7)
_ it b _lti—n—tt .
P e 2 i g = 2 ’

and ¢y, ¢y, Z,, Z, are determined as before,

Thus we have proved that for orbits with major axes aligned there are two
minimal orbits of transfer, the impulses being applied at the apses and each
transfer orbit touches the initial and final orbit at their apses. An example

follows.
Example. Consider the orbits

v Pr=15, g =1, @, =0,
Py =4, g2 =1, Wy = 0.
Since @, = @, = 0, solutions (21), (22) are appropriate. Using (21), (transfer orbit
z in diagram) _
6,=0, 0y ==, 5, = 2.5, Sy e=8,
p = 2.15, = 0.25,
@O=n as Pp,+¢,=25<3=p,—q,.
As each impulse slows down the rocket, ¢, = ¢, = =, thus Z,, Z, are given by (24), i.e.
Z, = — 1586, Zy=— 1.747.
The characteristic velocity is therefore
(2.6 |(2.75)~42 — (1.5)~12| 4 3|(2.75)712 — 0.5[} pulf? = 0.8429 p12,
Using (22), (transfer orbit f) )
0, =mn, 0, =0, 5, = 0.5, sy =B,
p=215, ¢=225
®=a as p;— ¢ =05<5=7p;+ q;
also ¢, = ¢, = 7, and using (24) we find
Z, = — 1176,
The characteristic velocity in this case is
{0.5(2.76) 732 — (1.5)"12| + 5|(2.75)" M — 0.5]} pu'/? = 0.6227 p1f2,

Orbit g therefore is that of absolute minimal fuel expenditure.

Zy = — 2.808.

Previously we have supposed ¢, ¢,, and ¢ all non-zero. The results, however,
remain true when one, or both, of ¢; and ¢, are zero. For if g, = 0, then
eqs. (1) — (8) become

gy sinf, =0,
q sin (0, — @) = 0,
g sin (0, — @) = 0,

qucos by = s, — py,

0 =13, — P,

q cos (0, — @) = s, — P,
q cos (0, — @) = s, — p.
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Supposing ¢ % 0 these give 0, = na, 0y — 0y == and @ = 0 or 7 i.e.,, by the

same argument as before, either

0, =0, 0, =mx; $1=p+ % Sy = Pa;
@ =0 or z according as p, + ¢, = p;
pr+ 0y + P Pt a—pal.
p=titth Ity + & 21_____2._[, |

or 0, == and 0, = 0, with similar results. These formulae are the same as
those of (21) and (22) with ¢, = 0.

When ¢, = ¢, = 0 we have the case of transfer between two circular orbits;
a similar discussion shows that
S == pa; P - _2
0,, 0, and @ are now indeterminate, but 0, and 0, differ by #. This orbit of
transfer is the HonMann ellipse.

$, = pu

. ﬁl_fgia, g (28)

I1L. Initi:;l and Terminal Orbits of Small Eccentricity

Consider now the case when ¢, ¢, arc small, so that the orbits are very nearly
concentric circles. Then, to a zero order of approximation, taking @&; = 0 and
py> pa, we have the case of transfer between two circular orbits, the solution
for which is -

0, — 0y =m; sy =Py, Sg = Pa; )
o B o s - (29
p = 2 i 9 — 2 »
and as ¢, = ¢, =0, by (24)
) 2 2 2 po2
Ly = = Ly = — »
. S+ p 4 S+ p
where s;, s, # have the above values. N
Writing ;
L S 4 = R
2 2 (30)
sy =p1 (1 + 018, Sy = Pa (1 + 028),
p=Fp(1+we), g =q(1+ve),
where
_htp = _ P — s, 31
ieths UEE e e
also taking
h=mn¢& =18 (32)

we have sin ¢, = 1,6, sind, =756, cos ¢y =1, cos ¢, = 1 to the first order
in ¢; further write
2 B2

2 15'.1['.:
s (I Z :
po+ P )

o 29" 33
% ht b i

The Calculation of Minim;ll( its

From eqs. (1), (5), (2), (6), neglecting quantities O(e?)

Ay cos 0 = p,,
Aysin 0 =17y,
where
h=1-— Zl A

(3), (7) then give to the first order in ¢
' sin (0, — @) = m, 7, ¢,
sin (0, — @) = my 1,¢,
where

1 2

; q
and

s @;glﬁ”z) ‘ PR (Pq

" )

|

q

Ay c0s (0, — @y) == 0y,
Agsin (0 — @,) = Iy Ty,

ly=1—2Z,p, 12

From eqs. (4), (8), it is clear that sin (0; — @) and sin (0, — @) are Of
cos (0 — @) =1 and cos (0, — @) = — 1 to the first order in e. Eqg

G+ qve=(py—P) + (pro,—pw)e, }
'"g‘"é"e:(f)a‘_ﬁ) ‘J‘(?z?z_fsm}si

ie since §=p,—p, —J=1p,—p,
§v=p00— Do,
—qv=1y0,—po,
which give '

o= ?}_.ﬁ%@

) qgv
Now, from (34), we have
M=o+ 22
A = g% + L2y

From cos (0; — @) = 1, cos (0, — @) = — 1 and (36) we deduce tk
0, —d =7 —my1ye,

0, — & =m 7,8
and so to the first order in &

}

|

0, — 0y = (my 7y + my1y) £ —1;

substituting these results [and using (34)] in the identity
cos (0; — 0,) cos @, — sin (0, — 0,) sin @y =
= c0s 0, cos (fly — @,) - sin 0, sin (0 — @,),

we find, neglecting terms in &,

_Prer— P20
2

0,00 + U1y Ty Ty = A1 A4 cOS (— ) COS @y,

Squaring and using (41) this reduces to

W\ o ol )L ~ Y LA
7 Tt 4+ 2 N 1 Ty Ty COS My + g ‘Tg® == SIN* @y,

Also from (9), to the first order in ¢ we find
kyty = Ry Ty,
where

R G

A 2

Lz




and (46)-give

Ay csin @, Ay bsina,

T = :,-_. E N T | e i ]
1 11 A T + !_2 A (43}
re
LTINSl
l ly (49).
A= (b2 4 2bccos i, + )2 J _
e (41) gives '
A (b S D, 5

0, = + o ( +/;: ik _(932 , 0y = + 12(6_‘:;(23&) 5 (50)

con substituting for Z,, Z, it follows immediately that &,, &y, 1;, I, are positive
thus that b, ¢ are positive, nd 7y, 7, are either both positive or both negativef

41) we have -
0,05 = — M Ay |CcOS @By | afrht 5
2 i /g L COS0y i Al (51)
as 7,7y, b, ¢ are all positive this becomes
.3 b ¢ sin? @,
i (b cos @, + ¢) (c cos @y + b
= — A4, 4 _.__._..__?H_K_T..(.z_. 2 + ) : (52)

hence in (50) opposite signs must be attached to the expressions for g, and g,.
Fhus, to summarise, we have two solutions which are determined by:

b+ ccos @ - Dy
s=p+ —7;% P2 e s =pF sibjos e 1
o Prpy (b cosdy) pyiie— (¢ + bcosdy) pyire )
S T _ 24 :

ng either all upper signs or all lower signs; the i‘emaining quantities are then
y deduced

T e 50.5,_‘7’2)..?’1.5:_1_'?9‘; o+ beosdy) Palse.

tand = 4+ ——

csin @, Ae bsin @, Aye

R acide i § i St 51 hi
A 4 = | Iy
tanf, =4 S0 Bs g a4  bSnG
g " b+ ccosa, tan (0 — @) = £ ¢+ bcosdy’

2y, Z, follow from eqs. (10) and (11); to the first order in ¢ these reduce to

Stb .,y (82+fi+ 1)

Z, p'® Zy p®
pl{:.' 12

takip=the positive signs if ¢y, ¢, arc both near 0 or and the negative sign if
the‘g Jfer by . Solving gives the formulae (24) or (25) for Z, A (

Since the transfer orbit is completely determined when any three quariutics
are known, it is more satisfactory to calculate sy, sy, p by the above formulae
and then return to eqs. (1) — (8) to obtain the remaining quantitics.

This result is, in fact, the cotangential ellipse of least fuel expenditure. For
it has been shown in [3], p. 286, formulae (26), (29), that the cotangential ellipse
of least fuel expenditure has '

1 1 =
p—p= 5 1 €OS (@ — @y) — 5 g2 €05 (@ — @y), (55)
where
bsin @y -+ ¢sin @,
fandpees = L e 3, (56)
_ b cos @y - ¢ cos @,
Putting @, = 0 and substituting for tan &, we obtain
’ p = Pt pe ol ke {}__C €OS By . ¢y CT_b_CO"EJ 2 ‘ (57)
= 2 = 2 A 2 A ’ X

which is the same as the result obtained above at eq. (33); similarly it may be
verified that ¢, @ are also the same.

IV. One Orbit of Small Eecentricity
We consider now the case of transfer between two elliptical orbits, one only
of which has small eccentricity.
Suppose @, =0, py — ¢ > pa + ¢y, and write
( 93 =
St =e. (88)
: P2
To zero order in ¢, we have transfer from the ellipse (p,, ¢, 0) to the circle s, = p,;
the solution for this is given by (22)
0p=m ~ 0O,=0; $i1=%— % Sp = Pa;
B =7 as p — 1> Pt o

_ (59)
Pr— ot P Pr— 91— P2,
P e 1_21_ 2 B q — __1... _21 ==
and as ¢, = ¢, = 0, from (24) and the formulae above
Z 12 (pr— ¢+ po)*® . 1-!'3 (fr— ¢ + pa)** ;
7 = — Zy=—1‘L — . (60)
L+ 3P 3pr =30+ P2
Denoting the above values by §, 5, B, §, Zy, Zy, write
sp =8 (1 + 0.9, so =Sy (1 + 0¢), l
p=p(1+ows), g =g (1-+vre), (61)
L =18 ty = Ty . J
Substituting these expressions in eqs. (1), (2), (5), (6) gives to the first order in ¢
cosfly = — 1 L sinfy = Mh,, 1
gl ! (62)
cos (fly — @y) = 0a, sin (0, — @,) = };T'] ' l

where
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Squaring and adding (62), gives to the first order in &
Ql = 0, ]
2.2 :
Xp° T,
i 2 ..}- ..3.)- 2.2— = 1. l

-

Eqs. (4), (8), (3), (7), give similarly

sin (0, — @) = “-J“;l g, sin (0y — @) = 3-'2;2 8,'
where
n=8§ — Z, '3, Yo = Sy — 2y p'%;
also : ;
cos (0, — @) =1, cos (0, — a”J)I= — 1, }
jr=—po, —§r=350—pw;
ie.

2 S0
ﬁ(u:_gsl:_ziz_z'

From (65) B
Oy — 0y =7 — (y‘_?’! + f”*—f*)s.
q q

On substituting from (62), (67) in the identity :

cos 0, cos (0y — @,) + sin 0 sin (0, — @&,) =
== c0s (0, — 0,) cos @, — sin (0; — 0,) sin @,,

we find
(— 1) gy + f‘—f—;{—lﬁs = (— 1) cos @y + (}’_1q_:f_1 + 2?;2-) £sin s,
21
i.e. neglecting terms in & &

03 == COS @,.

Hence from (64) we have

g i L 5 (1 — cos? @),
xy?
i.e.
sin @
‘[2: _??_ _2.
X2
Also from (9) we have
ah = 29 Ty,
where
.. 7,2,
zl-,l-; g5 === -_7,.
and thus
Zy pa Sin ws
T = o+ =2

2 X

(64)

(68)

(69)

(72)

(13)

The Calculation of .’\Ilnim:l( nts

To summarise, we have approximately
=Pr— Al
S == Pp -+ g3 €OS @y,
=it }f’a s

p="L s -+ 2 COS @y,

g=Bi= _E{;_:_ff’_:z -~ ‘:;2 cos &y,

fl sse + 9’2 £_gin (”2’ f_e = j: __9'2_ sin (;12.
s ¥a

0y, 0, and @ are found from (62) and (65), and Z,, Z, by substituting
values for s, s,, p in (24). Alternatively, having found s, s,, p as
remaining quantities may be found from eqs. (1) — (8).

V. Ellipses with Axes Inelined at a Small Angle

Consider the case of orbits which have their major axes inclined
angle; suppose @, = 0, @, = &. TFor the zero order approximation v
case of ellipses with axes aligned. In particular suppose the soluti

0, =0, 0y =m; . Si=ft+h 0 =P
. _hth P9 s G ?52+?2
. p= : . = -
@ = 0, supposing p, + 0> P2 — 42
by = ¢y =0;

Z, = ]’/ (Pr+ ¢ + P2 — ?2)”"!‘, B i V2 (1 + 01+ b2 — 9o
P+ 0+3p—30 ’ 3h+30n+P— ¢
Write _
L =15, ly = Ty8, @ = At
p=5(+we), g =q(l+ve),
si=35(1+09), 52252(1+025)-J
where P, §, §,, 5, 2,1, 25 denote the values given in (77).

Egs. (1), (2), (5), (6), give to the first order in &

cos 0, =1+ sl;" sin 0, = x, 7y ¢,
i _
cos Oy + esinly = — 1 + fz_g_z_f, sin 03 — £ cos 0y = %y Tg:
' 2
where
e SiEET) . o Zy 12"
: 7y 92

On squaring and adding (79), neglecting terms of the second and hi
in g, we find
01 =0, 0a = 0.

Eqs. (3), (7), (4), (8), now give
jv=—po, —Jr=—pw,

Yy = ) = ”:
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also ;
sinf, — decos O = v 71,8, sinfly — AecosOy = v, Tye, (83)
where
- 2 2
Aty == - - e J'___. s " 84
n g Yo g (84)
From eq. (9), to the first order in & we have
[T = 4T, (85)
where
§ 8,
2y =2y — 5, 25 =Dy — s; 86)
1 1 Zl 2 2 22 (
eliminating 4 from (83): .
sin ((; — 0,) = (y; 7, cos 0, — y, 7, c0s 0,) €. (87)
Hence using (79) to eliminate 0; and 0,, and neglecting, terms O(e?)
(= y) 0+ (g — y) 73— 1=0. (88)
Eqs. (85) and (88) then give
=2 [5 (% — ) + 5 (5 — 9] } (39)
Ta =12 [5 (% — ¥3) + 2 (2 — y)]7Y

while from (83) :
XNTE—Ade=y T8 (90)
i.e. B J
A= (2%, — ¥ 1y (91)
As oy, 02, w, are all zero, it is clear that the terms of the first order in & '11}pear1ng
in the expressions for Z,, Z,, must also vanish.

To summarise; to the first order in ¢, the solution is:

0, =0, 0y =7; S ;=P + Sy = ps — (s
IS e (T | htn—tte
p - > 5 g = : _2_ L

B =2y (% — y) & [z (x5 — ¥p) + 22 (% — W)1™HS o~
h=2¢e[z(%— ¥) + 2 (% — )] (#2)
Iy =128 [z (%3 — ¥5) + 25 (% — y)]7%, i
Z= VPitatp—a V2t at g
Pt +3p— 30 330 +p— ¢

- VL. The Attraction of Large Eccentrieity

We now return to the case where the initial and terminal ellipses have small
cceentricity, in order to exhibit an interesting rule relating to the value taken
by @.

From eqs. {H4),

+ tan @ = — g . (93)
" b+ ccos w2
in section 111, where this result is found, we have taken @, = 0; for the following
work it is more convenient to abandon this convention, and in consequence the
equivalent result is casily seen to be
f sin 0;1 -|— csm (02

4 tan @ == -

— 04
b cos o 1 € COS (D, 04

The Calculation of Minimal 01(
Now writing ¢;, ¢, for the cl:ccntricity of the given orbits i.e.

At e’l: == f’-z,

2 f’z

and using the notation of section III, we have

B ky _k«,)
e (2o

Hence (94) becomes

P ey sin @y 4 Pyeysin iy

j: tan (Il R A S T il |
P ey cos @y 4 Pye,cosdy
where
e M e
1 ¥ 2 Ji
1 ‘2

Reference to eqs. (35), (47), (33), (31) shows that P,, P, are functi
Py, Py only.

Thus, orbits for which p,, p,, @,, @, are given, but with ¢y, g, varyin;
@ determined as a function of e, e,. Further we see that if ¢ is sufficient]:
so that P, e; < P, e, we have

- tan @ = tan @,
ie.
@ ==y or @y - .

This result is described as the rule of altraction of large eccentricity,
axis of the transfer orbit is ‘attracted’ to lie close to that of the more ec
of the initial and terminal orbits. The results obtained in section IV also
this phenomenon, and numerical evidence suggests that is is true generall

I wish to express my thanks to Professor D. T LawpeN for his help
presentation of this paper.
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