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INTERPLANETARY TRAJECTORIES

9.10 INTRODUCTION

This chapter will be concerned primarily with that portion of a mission where
the vehicle is beyond the gravitational influence of the parent and target bodies
and as such moves under the gravitational influence of the sun only. A certain
amount of attention will be given to extending the corridor-ring concept pre-
sented in Chapter 8 to escape the parent planet and land on the target planet.
However, it will be evident from considerations of accuracy that control of
velocity will be needed to effect a hit on a target planet and therefore a truly
ballistic mission is unfeasible. This velocity control will be of paramount impor-
tance during take-off and capture but will also be necessary for the ballistic
midcourse phase of flight to correct for velocity perturbations caused by other
planets, interplanetary matter, radiation effects, and other disturbances.

Consider a well-provisioned, manned interplanetary expedition such as
an eight man expedition to Mars [8]. Some weight estimates have been made for
a vehicle which could accomplish such a mission. The mission consists of launch-
ing and assembling a space vehicle in orbit around the earth. This space vehicle
will then take the crew to an orbit around Mars, and an auxilliary craft will
then land the crew or part of the crew on the surface of Mars for an exploration
lasting up to several months. A take-off rocket will take the crew from the surface
of Mars back to the space vehicle which will bring them back to an orbit around
the earth, Fig. 9.10-1 shows the required initial weights starting from an
orbit around the earth. With 1.1 million kilograms initial weight, only 90 0C$
kilogram is initial payload weight and the rest is nearly all propellant.
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This mission is also possible using nuclear or electric rockets by launching
only about 180 000 kilograms into orbit. With the same 90 000 kilogram payload
the powerplant plus propellant weight is reduced to only about 90 000 kilograms.

REQUIREMENTS FOR LAUNCHING 8-MAN EXPEDITION TO MARS

Space vehicle weight
in orbit, using:
High-energy Nuclear or Launch Number of I.lul‘l(lhiﬂ]l
chemical electric rocket to assemble
p—— rockets Thrust | Chemical | Non-chemical
Millions | space space
of Kg vehicle vehicle
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27 A 4
11 6 1
Nuclear:
90,000 27 8 1
Figure 9.10-1

9,20 INTERCEPTION OF A TARGET PLANET

An interplanetary launch takes place on a body which is rotating and is
in orbit about the sun. Thus the launch point has an inherent velocity which
is added vectorially to the velocity which a rocket motor imparts to the vehicle.
To obtain the inherent velocity of the launch point represent the motion in
heliocentric or ecliptic coordinates. The x-axis points to the location of the earth at
the time of the autumnal equinox, the z-axis is perpendicular to the plane of the
ecliptic, and the y-axis is chosen to make the system right handed. See Fig.
9.20-1.

Regarding the earth as the parent planet the vector equation for its orbit is

?
"= 1T com(g—1019)

The constants, p, e, and 78° are obtained from the tables of Chapter 4. The angu-
lar velocity vector expressing the heliocentric motion of the earth is

(cos ¢ 1 + sin ¢ j) (9.20-1)

¢ = 1-;-[1 + e cos (¢ —101°)]2k (9.20-2)

where h is the specific angular momentum of the earth exclusive of the spin
angular momentum.

The inherent velocity of the launch point has a component due to motion of
the earth about the sun and another component due to the spin of the earth.

This velocity is expressed vectorially as
v=0xr+ R xRy (9.20-3)
where

¢ angular velocity of earth in heliocentric coordinates
T position of earth in heliocentric coordinates
£2 spin rate of the earth

Ry geocentric position of the launch point
The spin of the earth is expressed by the vector
Q = Q(sin 23§° j + cos 23}° k) (9.20-4)

Figure 9.20-1

whic‘h accounts for the tilt of the earth to the ecliptic. The vector representing
a point at latitude @ on the surface of the earth as a function of time is

Ro = Ry [(cos ¢ cos Q1) i
+ (cos @ sin Qt cos 23}° + sin @ sin 234°) j
= (cos @ sin Qt sin 23}° — sin @ cos 23}°) k] (9.20-5)
Substituting (9.20-1, 9.20-2, 9.20-4, and 9.20-5) into (9.20-3) and performing

the indicated operations gives

h
v = l—;[l + e cos (¢—101°)] sin § — QR cos ¢ sin Qt}i

h
+ {; [1 + ecos(¢~101°)] cos 8 + QR cos @ cos Qt m823i°}j

— Q Ro[cos ¢ cos Ot sin 23}°]k (9.20-6)

Several pertinent conclusions can be deduced from this equation. First, the
inherent velocity of the launch point is due primarily to the motion of the earth
in its orbit rather than from earth rotation, A pointon the equator moves approxi-
mately 1670 km per hour due to earth rotation; but the orbital velocity of the
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earth is in the neighborhood of 10 700 km per hour. Considering car?h tilt,
season of the year and time of day, the inherent velocity of the launch point can
vary between 11570 and 9 830 km per hour. Second, the ve!ocity of the launc}h
point perpendicular to the plane of the ecliptic is due entirely to the f::arth 8
rotation and takes on values up to 660 km per hour depending on the time of
day only. Third, it follows that there are just two instants during th? year when
the maximum benefits can be derived from earth rotation for orbits confined
to the ecliptic. These are at local midnight near the solstices.

9.30 ESCAPE FROM A PARENT PLANET |

Matching conics is a commonly used approach to interplanetary trajector'iea
that gives satisfactory engineering estimates of design parameters without having
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Figure 9.30-1 EsCAPE SPEED Vs, DISTANCE FROM SUN.

to perform an integration of the n-body problem. This is b.ccause plafnelary
gravity rapidly reduces to negligible levels in terms of solar gravity as the distance
from a planet gets large. Considering the arrangement of the planetsl as shown
on Plate 4, p. 52 and calculating the solar escape speed as a function of the
distance from the sun, the curve shown in Fig. 9.30-1 results. It can be‘ seen that
there are regions in the vicinity of a planet where solar gravity is negligible and
also that solar gravity predominates in the space betweer-l the planets.

When a wehicle starts on an interplanetary journey it may depart a parent
planet by moving directly off the surface of the planet or it cnr.-uld depart fror.n
some parking orbit. In either event the subsequent 'path will be hyperbolic
relative to a directionally fixed coordinate system fixed in the parent planet. The
injection speed will be greater than the escape speed of the parent planet by an
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amount that is needed to establish an appropriate heliocentric orbit, according
to the results derived in Chapter 5,

Yo = [(ve + Av)2 — V22 (9.30-1)

where v, is the escape speed of the parent planet and Av is the speed increment
in excess of the escape speed at injection. Now when the vehicle has left the parent
planet, the v, vector is summed with the inherent velocity of the planet in helio-
centric coordinates to determine the heliocentric orbit of the vehicle.

V=Vo+ v (9.30-2)

Here vy is the planet velocity and v is the velocity of the vehicle. When it happens
that the vector v is both colinear to Vp and is also the velocity at perihelion or
aphelion of the heliocentric vehicle orbit, a first condition for a Hokmann transfer
orbit obtains. If the resulting transfer orbit is tangent to the target planet at
aphelion of the vehicle orbit the second condition for a Hohmann transfer ob-
tains. Hohmann transfer orbits are important because they are associated with
the minimum energy needed to effect interplanetary transfers.

Because the inherent speeds of the Planets are important for establishing the
velocity increments needed to design an interplanetary transfer, Table 9,30-1
has been prepared. It gives the speed range for each of the planets.

TABLE 9.30-1 Orbital Velocities of the Planets—m/sec

Planet Perihelion Aphelion
Mercury 5.806 x 104 | 3.883 x 104
Venus 3.520 31.473

Earth 3.027 2,927

Mars 2.648 | 2196
Jupiter 1.370 1.243
Saturn 1.012 0.913
Uranus 0.712 0.652
Neptune 0.545 0.539

Pluto 0.613 0.368

2\ 12 ryl2
- ()"0-1

r 2a
#e = 1.325 X 1020 m3/gec?

It may be that the heliocentric segment of an interplanetary trajectory should
be designed such that solar escape speeds be avoided. Table 9.30-2 has been
prepared to show solar escape speed at perihelion and aphelion for each of the
planets.

A simple trajectory design can be made that will get a vehicle from earth to
Mars or Venus using Hohmann transfer ellipses. For example, to travel to Mars
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‘TABLE 9.30-2 Solar Escape Speeds—m/sec

Planet Perihelion Aphelion
Mercury 7.592 x 104 | 6.162 x 104
Venus 4.964 4.933

Earth 4.245 4,175

Mars 3.582 3.262
Jupiter 1.892 1.802
Saturn 1.396 1.327
Uranus 0.985 0.943
Neptune 0.769 0.765

Pluto 0.775 0.601

e )"

r
pe = 1.325 X 1020 m3/sec?
the vehicle velocity must be increased from 29.27 km/sec, which is the orbital
speed of the earth around the sun, to 31.68 km/sec to establish a transfer orbit
that will be tangent to Mars orbit. But to travel to Venus the velocity must
be decreased to 26.98 km/sec to effect a transfer. These Mars and Venus
transfers are sketched in Fig. 9.30-2,

Now if a “soft” landing is to be achieved by a vehicle on arrival at the target
planet, some energy must be expended to make the heliocentric velocity vector
‘of the vehicle the same as that of the target. On the flight to Mars which will take
240 days, the vehicle will be moving at 23.32 km/sec on approach. Since the
velocity of Mars is 26.48 km/sec, the vehicle velocity must be increased by 2.78
km/sec for the soft landing. This difference between the velocity of the vehicle
and Mars will be further increased by the gravitational attraction of Mars as
the vehicle is accelerated toward the surface of the planet. A retro impulse will
be needed to achieve a landing. Using (9.30-1), at the surface of the planet the
velocity increment is calculated to be

ve + Av = [(3.16) + (5.028]1/2 = 5.93 km/sec

The rotatiom of Mars and atmospheric effects have been neglected.

For a trip to Venus, the vehicle will be moving faster than the target planet
on arrival. Venus has a velocity of 34.73 km/sec at aphelion and a vehicle leaving
earth will be travelling at 37.65 km/sec at the apheliondistance of Venus and arrive
in 190 days. In contrast to the Mars journey, the velocity differential on arrival
is higher than the target planet so that the amount of retro impulse needed to
achieve a soft landing will be that required to reduce the excess approach velocity
plus that required to compensate for the fall of the vehicle under the gravitational
influence of the planet. '
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Again using (9.30-1)
U + Av = {(2..93)2 + (10.71)2]12 = 10.71 km),/sec

As with the Mars mission, the rotational and atmospheric effects on Venus have
been neglected. l
The benefit derived from the inherent speed a vehicle can have by virtue of
fhe heliocentric motion of a parent planet is significant. This benefit is further
fncreased when the vehicle motion at interception of the target planet is generally
in the same direction around the sun as the target planet. Stated another way,
.all of the planets move clockwise around the sun and if an interplanetary ﬂighi
is undertaken with a counterclockwise motion, the velocity increments needed
to complete the journey will be much lower than if the vehicle motion were

——— * ~ Transfer

7
- <

Mars orbit Earth orbit

Figure9.30-2 HoHMANN TRANSFERS TO MARs AND VENUS.

counterclockwise. Counterclockwise motion is the extreme case of motion out of
the ecliptic plane because it represents an orbit plane inclination of 180°,

Suppose for comparison we consider a Hohmann transfer between two
.plane.ts, say Earth and Venus. Suppose further that the transfer ellipses have
identical geometric and dynamic elements, one being a direct orbit and the other
a retrograde orbit as represented in Fig. 9.30-3.

Now .if we perform the transfer with a retrograde motion, then to leave the
earth an impulsive velocity of

% + Av = [(2 x 29.27 — 2.29)2 + (11.18)%]/2 = 57.34 km/sec
and when making a soft landing on Venus the required impulse would be

v + Av = [(2 x 34.73 — 2.93)% + (10.26)2L/2 = 67.32 km/sec

The total velocity increment for the retrograde transfer is 121.66 km/sec as
compared to 22.07 km/sec for the direct transfer. I
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From these rudimentary calculations it is seen there are substantial benefits
to be obtained in terms of energy requirements by designing interplanetary
trajectories that are as nearly coplanar to the ecliptic as possible. From this view-
point it is fortunate that the orbits of the planets are nearly coplanar and they all
move in the same general direction about the sun,

 Direct 1
intercept
speed Retrograde ;
T intercept Direct
‘arget speed tranfer
speed i
Retrograde =
transfer
orbit e
K (

A

Parent
m/'\ Parent speed
i Direct '
Target planet Retrograde  injection
orbit injection speed
speed
T

Figure 9.30-3 COMPARISON OF DIRECT AND RETROGRADE TRANSFERS.

9.40 SELECTION OF LAUNCH TIME

Minimum energy, or Hohmann interplanetary transfers, are characterized by
long flight times because the vehicle must travel the complete half of an orbit
in getting from the parent to the target planet. So it is seen that there is a
compromise to be made between flight time and energy requirements for inter-
planetary journeys. The time of flight can be reduced if energy in excess of
the minimum needed for transfer is available.

The advantage of low energy transfers is compromised in another way for
manned missions in that supplies for life support will add to the payload weight
as the journey time is increased. Thus a trajectory which intersects the orbit
of the target planet at an angle has certain benefits. Two such orbits are illustrated
in Fig. 9.40-1. Trajectory (a) passes to an outer planet while trajectory (b)
passes to an inner planet.

The relative positions of the planets play an important role in the launch
timing of an interplanetary trip. Suppose it is desired to go from one planet to
another on a trajectory that intercepts a heliocentric angle 8; + 6, in the interval
from launch to intercept as shown in Fig. 9.40-2. During the journey the target
planet moves through an angle 6; to the intercept point. When launch takes place
the parent and target planet will be separated by some other angle 6,.
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If the angular velocities of the parent and target planets about the sun are
wp and w; then their angular separation is given by

0 = (et = cu)t (9.40-1)
77 Tkt
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Figure 9.40-1 TRAJECTORIES TO INNER OR OUTER PLANETS.

assuming circular orbits. The length of time required for 6, to change by the
angle 27 is

2 e
Ty = ol = (.l = l) : Vehicle orbit
(w‘ - wP) T Tp

(9.40-2)

where T; and Tp are the orbit /
periods of the parent and target /
planets. When the period of a planet
is related to the earth year, the {
quantity T is called the synodic \
period. A tabulation of the synodic \\
period for each of the planets is \
given in Table 9.40-1. The table
was computed with the use of the
orbit periods tabulated in Chap-
ter 4.

Now it is seen that 6, takes on any particular value between 0 and 27 only
once during the synodic period, and therefore, a launch that is intended to take
place with a given angular separation of the parent and target planets can

N~ Orbit of parent planet
Orbit of target planet

Figure 9.40-2 TIMING OF INTER-
PLANETARY FLIGHT.
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TABLE 9.40-1 The Synodic Periods of the Planets

Planet Days
Mercury 115.9
Venus 583.9
Earth 0
i 779.9
Jupiter . 3989
Saturn 378.0
Uranus 369.7
Neptune 367.5
‘_Pluto 366.7

occur relatively infrequently. It can be observed from (9.40-1) that the closer
the orbit period of a planet is to the orbit period of the target planet the !esa
frequently a given launch situation presents itself. It follows that an appropriate
time for transfer from Earth to Mars or Venus will be less frequent than a time
for transfer to Neptune or Pluto. . ‘

These results are useful in the design of a round trip interplaneta.ry expedi-
tion. The round trip expedition consists of the outgoing jo'urney,.stagmg for the
return journey, and the return journey. Because the duration of these parts of a
mission are intimately related to the configuration of the parent and target.planeti,
relations will be developed for the time needed for each part of a mission.

Assume the orbits of the parent and target planets to be cxrcular so that
mission timing can be visualized on a linear scale where the I:rauc increment of
time is the interval between successive oppositions (or infennf CDII_}}IIICUOII.I').
Also regard the planets and vehicle to be moving in.coplanar ?rbm. W:tl_l the t:l:l
of Fig. 9.40-1 and selecting a few typical examples, it can readily be surmised that
at least one opposition or inferior conjunction can be cxp.ectedl to take platfe
between the time of launch and the time of arrival for a given journey. (This
generalization does not always apply in the case of retrograde, rectilinear, and
certain high energy transfers.) . . .

The heliocentric orbits selected for a given interplanetary journey is. the
primary influence in determining the interval between dcpafture and arrival.
But the characteristics of the transfer orbit in turn may be mﬁuen.lced by tl-lc
arrangement of the planets at the desired time of Iaunc'h. If the .dlﬂercncc u}
heliocentric longitude of the planets at the tinfe’ of l.aunch is 0, then in the case o
going from Earth to Mars, the time to opposition is

- (9.40-3)

wg
where w, is an angular velocity obtained from (9.40-2)
2n

e (9.40-4)
T,
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The instant of launch relative to o
9.40-3.

The time between opposition and arrival at
subtracting #; from the total journey time ¢

Pposition may be indicated as shown in F ig.

the target planet is found by

=t-1n (9.40-5)
The time interval ¢ is found by applyin
selected the geometry of the transfer orbit.
launch to conjunction and from conjunction to impact are (#3 and t4) computed
similarly to (9.40-3) and (9.40-5). Marking these points on the scale of Fig.
9.40-3, some important results are immediately deduced.

g Kepler's equation after having
For the return trip the times from

Op;_)oait§on Opposition Opposition Oppasition
or }nfen_or or inferior or inferior or inferior
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Figure 9.40-3 Mission TIMING.

The time for staging the return journey is

f. = T' - !2 s 33 (9.40‘6)

Now if the sum of 3 and t3 approaches the synodic period, delay in return
corresponding to the length of the synodic period will result. For the Mars
and Venus expeditions this is particularly critical because it would require carry-
ing additional payload to sustain delays of 780 and 584 days respectively. The
use of Hohmann transfer ellipses will contribute to such eventualities, so it may
be concluded that while minimum energy orbits are desirable, they may require
substantially increased payloads.

For purposes of knowing where the parent and target planets are located
during staging and the return journey, (9.40-6) may be used. Assuine helio-
centric longitudes of 6, and 6, respectively at impact. Then after staging,
their respective longitudes will be

Op + wpty and  0; + wyty (9.40-7)

and at the time of the return impact

ﬂp + wp(t. + 13 + 14) and 6, + wi(ts + 13 + t4) (9.4U-3)

where wp and wy are the angular rates of the two planets,
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9,50 A MARS AND VENUS EXPEDITION
To illustrate the application of some of the principles of the preceding sections

Mars and Venus expeditions have been sketched graphically in Figs. 9.50-1
and 9.50-2.

T
T at
_+ imm?t

I

Outgoing 203 days
Return staging 550 days
Incoming 158 days

Total 941 days

Figure 9.50-1

For the Mars expedition the orbits of earth and Mars have been drawn to
scale and the directions of perihelion have been marked.

The outgoing journey is initiated at the time of the autumnal equinox and
Mars is intercepted some 203 days later, opposition having taken place in
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December. The time scale is referenced to January 1 of the year of the outgoing

journey.

Tl.le. expedition then waits on Mars until a time just preceding the next
opposition. This occurs over 2 years after the opposition that took place in

mw
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Figure 9.50-2
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Outgoing 103 days
Return staging 499days
Incoming 103 days

Total 705 days

December of Year 1. The return staging period is 550 days, and Mars has
rfmved over three quarters of the way around its orbit since the time the expedi-
tion arrived. Launch then takes place and the earth is intercepted 158 days later,

the total expedition requiring 941 days.
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The Venus expedition is begun two months prior to inferior conjunction.
The flight requires 2} months. Venus then traverses its orbit about 1} times
before earth is in a favorable position for the return journey. Thus staging for
the return journey requires about 500 days, the return trip then taking another
100 days. The entire expedition takes slightly under 2 years,

These expeditions have been detailed to emphasize the importance of the
staging time for the round trip. For both journeys it took 500 days or more.
In this sense the proximity of Mars and Venus imposes a time penalty for plan-
ning ballistic interplanetary flight that would not be as severe as if a journey
to a more remote planet were planned. In that case, however, the time in route

would increase substantially.

1 | Perihelion direction
j [~ of vehicle arbit
/]
Z /
\ =
g 7
S~ —Target planet orbit

Figure 9.60-1 HELIOCENTRIC TRANSFER ORBIT.

9,60 TRAJECTORY SELECTION

We now proceed to develop some general relations pertaining to heliocentric
transfer orbits. Figure 9.60-1 represents a vehicle going from an inner to an
outer planet. It could also be used to represent a transfer from an outer to an
inner planet. In general, the transfer orbit intersects each of the planet orbits
at two points, so that any coplanar interplanetary transfer can be initiated at either
of two launch points and it can terminate at either of two intercept points.
The simultaneous solution to the equations

cos B = -1-(~£ - 1)
e (9.60-1)
00@(31 — 3u)= -1—(£-- 1)
e\n

9.60
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will specify the perihelion direction 8, of the transfer orbit and the heliocentric
angle of travel 6 to the target. rg and 7 are the radii of the orbits, while the semi-
latus rectum p and the eccentricity e are the geometric chara,cteristics of the
transfer orbits. p and e relate to the injection speed vg and path angle yo through

2UhK21/2
e= [1 + ._..]

u2
- (9.60-2)
p=—
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Figure 9.60-2 HeLIOCENTRIC ANGLE oOF TRAVEL VS, INJECTION
CONDITIONS vy AND y, FOR EARTH TO MaRs TRIP.
'where the specific total energy and specific angular momentum are
s T
U= vy — —
o
(9.60-3)

h = rovg sin yp
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Figures 9.60-2 and 9.60-3 were prepared for the Mars and Venus expeditions
respectively. Note that in the case of the Mars trip, there are orbits having
smaller injection speeds than that required for a Hohmann transfer. This does
not imply that Mars can be reached with less energy than that needed to establish
the Hohmann ellipse. In the case of Hohmann transfer, the escape from earth
gravity is always colinear with the orbital velocity of the earth. When this is
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Figure 9.60-3 HELIOCENTRIC ANGLE OF TRAVEL VS. INJECTION

CONDITIONS v, and y, FOR EARTH To VENUS TRIP.

not the case a certain amount of energy must be used to change the direction
of the vehicle motion into the desired orbit.

A converse situation is seen to apply to orbits that connect Earth and Venus.
The explanation of this situation is left as an exercise for the student.

Corresponding to the sets of parametric curves for the Mars and Venus trips
in Figs. 9.60-2 and 9.60-3 are two sets of curves, Figs. 9.60-4 and 9.60-5 which
show the direction of vehicle perihelion relative to the parent planet at launch.
Depending on the direction of the heliocentric path angle following planetary
escape, the phase angle 6 can have either positive or negative values. To get
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to Mars the phase angle is generally an acute angle while a trip to Venus generally
has a phase angle which is obtuse.

9.70 TIME OF FLIGHT
Times of flight to Mars and Venus are shown on Figs. 9.70-1 and 9.70-2 re-
spectively.

T T T o
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T ™ \
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é o 7, =7~BL"‘"---.. Tt . R et
; 3 =
% 32 34 36 38 40 42

v, — injection speed —m/sec x 10~*

Figure 9.70-1 TIME OF TRAVEL FOR MARS TRIP.

There are four possible flight times for intc.rception 'of either Mars or Vf:nus
but in each case only two are given. For a specified ?rblt to Mars the two times
shown are associated with a fixed intercept from_c:thcr of twollaunch {)}:}mts.
For a specified orbit to Venus, the two times given are associated with two

intercept points from a given launch poin.t. ' ’ .
Th:: time is found with a double application of Kepler’s equation

M=E—esinkE (9.70-1)

The .semi-rnajor axis is found from 9.60-1 and 9.60-2, from which the mean

motion is

ad

. (ﬁ)”2 | (9.70-2)
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The time reference for the vehicle orbit is perihelion. The mean anomaly of the
initial point is

Mo = Ea — esin Eo (9.70-3)

where E; is the corresponding value for the eccentric anomaly. The mean
anomaly of the terminal point of the journey is

M; = E; — esin E (9.70-4)
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Figure 9.70-2 TiME oF TRAVEL FOR VENUS TRIP.

with E; being the eccentric anomaly associated with intercept. The journey
time is now given by

M, - My
==y (9.79-5)
ad\ 12
- (;) (B — Eo) + efsin E, — sin Ey)] (9.70-6)

The heliocentric angular separation of the parent and target planets at the
completion of an interplanetary journey is now readily specified when their
initial separation ¢q is given

P = Qo — wyl (9-70"?)

wy is the angular velocity corresponding to the synodic period,
9.80 PLANETARY ESCAPE AND IMPACT

It was shown in Chapter 8 how trajectory design for ballistic lunar missions
could be accomplished by piecing together two-body orbit segments. For



