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Impulsive Interplanetary Transfers

for Prescribed Launch Date

H. B. SCHECHTER®

The Rand Corporation
Santa Monica, Calif.

A method of solution, suitable also for hand computation, to determine all of the two- and three- 1
dimensional ballistic interplanetary transfer trajectories which exist for a chosen launch date is
outlined. Eccentricities of the planetary orbits have been taken into account. A new optimality
condition that isolates those transfer orbits requiring a minimum of characteristic velocity is also
derived. Numerical results of some Earth-to-Mars transfers for arbitrarily selected departure dates
are summarized in a series of curves that display characteristic velocity expenditures and departure

velocity orientation for trips of various durations.

‘When the initial location of the planets is not

specified a priori, an optimal mode of transfer exists for every transfer angle chosen. Specification
of planetary configuration at departure acts as a constraint on the motion and causes optimal
‘trajectories to occur only for discrete values: of transfer angle. Unlike the coplanar case, three-
dimensional transfers give rise to two regions of minimal velocity, separated by a narrow inaccessible
belt of transfer ungles in the vicinity of 180°.. wlnch correspond to departures at right angles to the

ecliptic plane.

DURING the planning stage of any interplanetary transfer
mission, there exists, for purposes of preliminary design,
a very distinet need for quick and reliable information con-

cerning the merits of the various transfer orbits that can be -

selected to accomplish the given mission. Two of the main

~ items of interest during this stage of the investigation are the

time of flight and the so-called characteristic velocity of
transfer.

In the early stages of interplanetary flight analysis, mission
cost and flight time estimates between coplanar, circular
planetary orbits were obtained by assuming cotangential or
Hohmann transfer ellipses. Their low characteristic velocities
were purchased at the expense of long transfer times. In
addition, the use of these orbits presupposes a propitious loca-
tion of the two planets at departure, a condition that is seldom
encountered in practice.

Except for these special cases, transfer orbits w1ll lie in
planes of arbitrary but determinable orientations in space,
depending on the departure date selected and the time available
for transit. The determination of these orbits requires compli-
cated coding routines for high speed digital computers, into
which the exact orbital positions of the planets could be fed.

The present paper presents a method that allows any type
of elliptic transfer trajectory, in two and three dimensions, to
be computed (by hand, if need be) with relative ease for a
given date of departure if the time available for the flight is
specified in advance. In addition, it is shown how the applica-
tion of the calculus of ordinary maxima and minima facilitates
the location of those trajectories which, for a given departure
date, require the least expenditure of characteristic velocity
of transfer. The geometric parameters introduced by Battin
(1)%in the two-dimensional portion of his work also will be re-
tained here.

Starting out with a two-dimensional problem, a subsidiary
intercept constraint condition on the transfer orbit is intro-
duced which enables transfers to be calculated directly only
for those planetary configurations at departure which are of
current interest. The optimality condition for the present
case, analogous to the one developed by Battin, is somewhat

Received October 9, 1961; revised April 3, 1962.
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more complicated because of the need to mtroduce Lagrange
‘multipliers. The same basic approach was then extended to
elliptic planetary orbits by means of a linear correction in
eccentricity and applied to a three-dimensional planetary
model.

The numerical results of the present investigation were com- |

pared with those of Ref. 2 and, to the order of accuracy of the
data presented there, were found to be #fr good agreement
with them.

Coplanar Transfers Between Circular Orbits

Before looking at the more general and realistic case of
transfers in three dimensions between elliptic orbits, it is ad-
vantageous to start out by first considering the simpler case
of transfer from the surface of Earth to the surface of Mars,
assuming that both planets describe circular coplanar orbits
about the sun. With some obvious minor modifications, the
same analysis would apply also to transfers to inner planets,
such as from Earth to Venus, or to the return trip from Mars
to Earth.’

Tt will be assumed that thé mission is accomplished by the
application of two impulsive thrusts at both terminals of the
transfer curve. The first thrust enables the vehicle to escape
Earth’s gravitational field and leaves it with a hyperbolic ex-
cess velocity of a magnitude and direction such as to place it
into a heliocentric elliptic intercept orbit. The second impulse
is employed to cancel the relative velocity of the vehicle with 4
respect to Mars, on its arrival there along the chosen heliocen- °
tric collision course, and to overcome the gravitational attrac-
tion of that planet. This will permit the vehicle to perform a
soft landing on Mars. The assumed scheme of transfer does
not make any allowances for the various losses (gravitational,
atmospherie, navigational, etc.) that arise in an actual space
mission nor for possible gains from atmospheric braking on re-
entry. Nonetheless, the present method will be well suited to
assess the rough overall costs of such a transfer and to give an
idea of the correlation between launch date and total velocity
requirement. To hold the needed characteristic velocities
down to a reasonable level, transfers along elliptic orbits only
will be investigated. The modifications needed to include
faster transfers will affect primarily the expressions for time of
transfer and semilatus rectum.

The nondimensional forms used here are shown in Egs.
[1 and 2] and follow from an application of Lambert’s
theorem (3) as shown in Ref. 1:
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Fig. 1 Geometry of co-
planar transfer
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trq = A¥*(a — sina) — (B — &inp)] [1a]
Ter*q = 2rA¥? — A¥*[(a — sina) + (B — sinB)] [1b]
terq = AYY(a — sina) + (B — &inf)] [1e]
Trrr¥q = 2wAYT — 7pq {1d]
where the angles a and § are given by the relations -

sin (a/2) = (s/2a)'* T = l(u/rn')"'

sin (8/2) = [(s —¢)/2a]* A = a/n

2s =n+r+tc B <oa<<x
and

44(8S — 1)(S - Pg) saxp

Ly = AQl — eu?) =

where the plus subscript is selected for the case a + B and
conversely.

Eqgs. [1a-1d] apply, respectively, to direct, apofocal, peri-
focal, and indirect transfer orbits, starting at P and terminat-
ing at Q. The geometry is shown in Fig. 1 for the apofocal
transfer mode.

The dependence of travel time = on semimajor axis 4 of the
transfer ellipse is indicated in Fig. 2 for two arbitrary values
of the transfer angle . In general, for transfers between
circular planetary orbits, transfer time and semilatus rectum
depend only on semimajor axis A and the chord C joining
points P and Q.

- must occur at the precise moment when Mar

The complete surface-to-surface transfer trajectory was
- assumed to be composed of three discrete segments, each
segment being generated as a result of & two-body interaction.

The junction of the heliocentric portion of the orbit to the
planetocentric segments at departure and arrival was as-
sumed to occur along the asymptotes to the planetocentric
hyperbolae. At each end, the planets’ influence on the ter-
minal portion of the trajectory was assumed to be concentrated
in an imposition of the appropriate escape velocity require-
ment, which was added vectorially to the planetocentric
hyperbolic excess velocity.

The major benefit that the present approach brings to the
three-dimensional case is the ability to solve for any one-
transfer trajectory, given the positions of the two planets at
departure.

The physical picture where the two planets occupy specified
positions along their orbits on the specific date chosen for
launch from Earth is to be considered. In the two-dimen-
gional restricted case, only the angle between the orbital radii
of the two planets suffices to specify their relative positions at

- departure; their actual positions in their respective orbits

are immaterial.
After the initial impulse is imparted to the vehicle, it will
find itself with a certain initial velocity vector in a heliocentric

—~ frame of reference. - This velocity is already assumed to in-
“tlude the contribution from the circumferential velocity of

the Earth in its path around the sun.

The two components of this departure velocity vector in
the radial and transverse directions suffice to specify com-
pletely the geometrical parameters of the transfer ellipse.
Starting out with these conditions at point P and following
the selected orbit, the vehicle will intersect the orbit of Mars
at some future time at some point Q. Since this crossing
happens to
pass the same spot, it becomes necessary to Testrict the do-
main of possible departure conditions. A sufficient restric-
tion on the departure conditions results if the time of travel
from P to Q along the transfer orbit is required to be the same
as the time required by Mars to reach the same terminal
point Q. If a transfer angle 8, included between the radii
r, = rp and ry = rg, is associated with each time of transfer
(defined by the appropriate Eq. [1]), and if it is remembered
that in the present case Mars moves with a constant angular
velocity, then

A¢p = 6 — 6y — 27n (3]
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where

A¢ = (va/ra)t = angle traversed by Mars during time ¢

6o = lead angle of Mars at departure 58.12 days.

vy = dimensional circumferential velocity of Mars

n = 0, 1, 2, 3 = number of revolutions around the sun

completed by vehicle

For the selection of optimal transfer curves, the procedure of
optimization then consists of hunting among the various
acceptable points Q for that particular point which permits
the mission to be accomplished with a minimum expenditure
of total characteristic velocity. This hunting can be per-
formed automatically by means of a high-speed computer or
manually on a desk calculator.

Another possible way of viewing the problem is to search
for that particular transfer ellipse which requires the vehicle
to spend a period of time in orbit of such length that both the
requirement of minimal characteristic velocity and the re-
straint imposed by Eq. [3] are satisfied simultaneously.

With this physical picture in mind, it is easy to appreciate
the mathematical formulation that leads to the required
solution.

The quantity to be minimized in the present case is the
total characteristic velocity of the one-way landing mission,
given in nondimensional form by

Vew = {8 — (1/4) — 211 KaJ¥s + (1/pst'%) X
B — (/) =2 (L/p)'* + pK.Jt 4]

K: = (2ug/pw)ri/Re = square of dimensionless escape
velocity at Earth
K. = (2um/w)r/Ryx = square of dimensionless escape
velocity at Mars

The first term of-Eq. [4] was the one derived in Ref. 1 for a
nonattracting Earth (K; = 0).

The chord joining points P and @ can be expressed in terms
of the angle # by means of

C? = 1 4 po®> — 2ps cosh [5]

where the angle # depends on the time of travel of Mars 7o
through the relation

B — 2mn = 60 + ‘N MTo [6]
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In Eq. [6], Ny = wu(rn®/p)"? is the dimensionless me
angular velocity of Mars, and wy is the corresponding dimen
sional angular velocity. The reference time (r3/u)'? =

The selection of a departure date fixes immediately the
value of the angle 6,. In order to make contact with Mars on
arrival, the time of travel in the transfer grbit 7 given by the
appropriate expression in Eq. [1] must be required to equal
the time 7, taken by Mars to reach the same spot, for every:
value of the angle 6,. Thus i3

T=1 [7 i

is a required condition on the transfer orbit. Noting that by |
means of Egs. [5 and 6], the time 7o = 7o(fs, C') and, from
Eq. [1], the time 7 = 7(4, C), condition [7] can be written in
the form =

A0 )y iy = 8]

In the optimization problem, it is now desired to minimize the:
function Ven = Vew(4, C) given in Eq. [4], subject to the
subsidiary condition of Eq. $8]. In accordance with standard
procedures of the calculus of maxima and minima, this entails

the determination of an extremal value of a function F, given
by

F=Ver+M (9K

where A is a constant Lagrange multiplier. The extremals 2
obtained by setting

OF /oA = dF/2C = OF/o\ = 0 (10] 85
The relation 9F /0C = dVer/0C + Adg/0C = 0 can be used
to solve for A, which can then be substituted in the equation £-4

OF/0A = 0, When this is done, the condition for an extrema
in Ver becomes

oVen s bVCH/ B(-_' Qg

SO Vs Y e
in addition to Eq. [8].
A suitable method by means of which optimal trajectories
may be computed would consist of the follnwving steps:
1 For a particular date of departur . the angle 6 is a
known quantity, ayailable from astroncizicul tables. The

angular positions of Earth and Mars, 1eckoned from the
ascending nodal line, are presented in Fig. 5. In the case of

Y

ARS Jour~arn 3§
&




- circular orbits, both curves become straight lines of known
slope. These lines intersect on January 1, 1961, at whieh time
Mars was in opposition with respect to Earth

2 A guess for a reasonable value of transfer angle @ allows
C and 7o to be computed by means of Eqgs. [5 and 6], respec-
tively. _

3 In view of Eq. [8], Eq. [1] can then be solved for a
value of the semimajor axis A. This step will, in general, in-
volve an iteration procedure for A, which converges rather
rapidly.

4 The values of A and C found from steps (2) and (3) are
then placed into Eq. [11], and the value of T'(4, C) is com-
pared with zero.

5 The procedure is repeated, starting out with a slightly
changed value of 8, while keeping 6, unchanged.

6 The graph obtained by plotting T'(A, C) vs 6 was found
to be well behaved, and, as a consequence, a technigue like
the Newton-Raphson method of successive -approximations
could be used to gpeed up the convergence of the solution T'(8)
= 0. (The dependence of T on 8 arises after the solution of
the time Eq. [1] for A ha.sbeencarnedm:t 8o that 4 itselfisa
function of 6.)

Whereltwnotpnmarﬂyoimtemsttoﬁnd)mtophmﬂ
modes of transfer, but rather to get a fuller picture of the
various trade-off va.lues resulting from changes in initial con-
ditions, steps 4-6 can be neglected, and ¥ ¢x can be computed
after step 3. In this way it is possible to see in what fashion
the characteristic velocity varies with the transfer angle 8.
Fig. 4 presents as a function of travel time the total charac-
teristics velocity Vg, as well as the two separate components
at departure and arrival Vg, and Vea, for two selected de-
parture dates.

The orientation of the transfer ellipse at the point of de-
parture can be determined with the aid of the angle v, that
the initial velocity vector makes with the orbit of Earth, as
found from

AL 12l

The calculated values of Vg, fix the magnitudes of the
hyperbolic excess velocities that agreed closely with those of
Fig. 1, Ref. 2, within the accuracy to which the data are pre-
sented.

As can be seen from the preceding paragraphs, the proce-
dure of selecting optimal trajectories for the present two-
dimensional model differs considerably from the one em-
ployed in Ref. 1. Whereas there, due to the absence of a
constraint on the travel time, all the ellipses possessing an
A > Ania could be considered as suitable transfer orbits for
any selected transfer angle 6, the present specification of an
initial position of the target planet, in general, reduces this
number to a single suitable ellipse. Furthermore, in Ref. 1 it
was shown that there existed an optimal transfer ellipse for
every selected angle of transfer. This is no longer true where
the semimajor axis A is dependent on the transfer angle
chosen through the time-constraint condition. Optimal modes
of transfer can now occur only for discrete values of the trans-
fer angle or for what amounts to the same thing, transfer
time.

For purposes of illustrating the method of solution in the
coplanar case, a numerical example has been worked out at
the end of the article.

M. [(2 — LA - 1]!"

Three-Dimensional Transfers With Eccentricity

Uuntil now, only ecircular coplanar planetary orbits have
been considered. These restrictions on the orbits will now be
lifted. thereby extending considerably the scope of the method
developed before. This will permit transfer trajectories be-
tween elliptic non-coplanar planetary orbits to be deter-
mincd.  The elliptic shape of the orbit of the destination
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Fig. 4 Coplanar characteristic velocity variation

planet will affect the manner of computing the travel time 7,

of that planet, whereas the presence of eccentricity in the
initial orbit will change the form of the expression for the
velocity increment to be added at departure Veg. In the
majority of cases, the eccentricities of the plan%tary orbits are
rather small quantities. This makes it possible to simplify
matters appreciably by retaining only linear terms in e in the
series expansions of the planetary orbital elements. In
particular, to be consistent in the order of magnitude of the
perturbation terms retained for the case of travel from Earth
to Mars, where ez = 0.0167 and ey = 0.0934, the fact that
ex® =2 Ofen] allows the eccentricity of Earth’s orbit to be
ignored when retaining only linear terms in the Martian ele-
ments. The following portion of the paper will thus be
concerned with transfers from a point situated on an initial
circular departure orbit to another point located on an in-
clined elliptic destination orbit.

The angle ¢, measured counterelockwise from the ascending
nodal line to the perihelion of the destination orbit, will be
assumed fixed in magnitude. For Mars, ¢ = 286°. The
geometry of the present model is shown in Figs. 5 and 6.

In three-dimensional maneuvers, the transfer plane will in
general subtend an angle & with the ecliptic and an angle ¢
with the orbital plane of the destination planet. From spheri-
cal trigonometry

cose = sint sind cosw + cost cosd [13]

where 1 denotes the inclination of the destination plane with
the ecliptic and w denotes the location of Earth referred to
the ascending nodal line.

The transfer angle 8 is now supplied by the expression

cosf = cosw cos¢ + sinw sing cost [14]

in which ¢ denotes the angular position of the destination
planet at the time of intercept, also measured from the ascend-
ing node.

In the present case, due to the small magnitude of the angle
1, it is reasonable to make the approximation cosi = 1, after
which Eq. [14] becomes

cosf = cos(¢p — w) [15]
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Fig. 5 Parameters of Earth-Mars model

“vo

Ny
7 L
iptic Projection of v,
Fig. 6 Orientation of orbital planes
and hence
02 =9¢—w [16]

Denoting the mean anomaly by M the dimensionless radial
distance of Mars from the sun becomes

pu = Ayu[l — ey cosM] + 0fex?]

= Au[l — ex cosNy(r — 1,)] [17)

where

Ve {

1

8 — 7 — 2 L\eosd! + Ky P

R e

12
I

48u OOBMg [1 o (—
P2

Ay = (pa + pp)/2 = ps = radius of approximated
circular orbit

Ty = time of perihelion passage

Pay pp = radii at aphelion and perihelion, respectively

At time 7 = 7, which corresponds to departure, the true

anomaly of Mars », is given by

modulus 27
0<y <2
where M, denotes the initial mean anomaly.  Following the
convention that positive angles are measured in the counter-
clockwise direction, a negative value for », would imply that

1720

= ¢ — ¢ = M, + 2ey sinl, [18]

_2(‘»

understood to mean that an angle 2« has to be added to.th
computed value (dn = ¢) whenever this quantity become
negative. If this is done, then » will always be located is
the interval from 0 to 2x.

Eq. [18] is basically Kepler’s equation and can theref
be inverted to solve approximately for M,

Mi = Py - 28y8i1'.ll‘1

Similarly, at arrival 7 = rsand v, = ¢ — ¢ = (w — ¥)
0 —2rn(n=0,1,2,...), s0 that for the casen = 0

M, = [(w — ¥) + 0] — 2exsin[(w — ¥) + 6]

If ¢ is understood to denote the total angle covered by
radius vector from the sun which rotates in a counterclockw

ping at the point of intercept, after having passed in transi§!
Mars’ initial position ¢, it is clear that ¢ = ¢, + A¢p; A ag
used here represents the angle covered by Mars during
transfer time and is a posmve quantity. Adhering to the sign:
convention mentioned in connection with Eq. [18], it is seen
that »; > », and that, in addition, », can exceed in magnitude
2.

The time of transit from the initial point P to the final poink
Q is rea.dlly available from the relation

M1)/Nu

"
o
TrXQg = (Mt

where
M; > M,

The letter X in the subscript stands for any one of the inter-
state stations F or F* of Egs. [18].

The inclination & of the transfer plane %_pbtained from
relation ’

sind = sint Tng
sinf

Taking account of Eq. [16], Eq. [22] becomes

.sin(f + w)

sind = ind

sing

At any pomt along its orbit, the velocity components f
Mars are given approximately by the expressions ¥

"Veu pu = Nupsey sinM

(pd)n = Nups(1 + ex cosM)

These relations are used to obtain a new expression for the
characteristic transfer velocity, as shown in Eq. [25]:

1/2
) cose +

1/2 b P2 1/2 1/2
) (:OBE] — 2ex sinM, [( Z) + P2K4} [

which is derived in the Appendix. As is to be expected, Eq.™
[25] becomes identical with Eq. [4] if ex = e = 6 = 0. ]

The steps necessary for the solution of the present case are’
not too different from the ones described in the coplanar case.®
The main difference arises in the computation of the time of ;
transfer TPXQ- §

At the time of departure, the initial angular positions w of :
Earth and ¢, of Mars are know quantities. If, as before, a =
transfer angle @ is chosen, the mean anomalies M, and M, can
be computed from Eqs. [19 and 20]. Similarly, with M,
known, py ean be obtained from Eq. [17].

With this information the length of the chord joining points
P and @ ean now be found from the relation

L

L L
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C? = 1 + pu,* — 2pa, cosl [26]

where px, = magnitude of pi when M = M, in Eq. [17].

Having now the values of 7 and C, the computational pro-
cedure outlined in the previous section can be continued.
Eqs. [13 and 23] show that, for given fixed values of w, @,
and 1, after taking account of Eq. [26], the angles § and e will
depend only on the chord C. From this it is' concluded that
the condition of optimality, Eq. [11], is also applicable in the
present case, provided Eq. [21] is employed to compute the
time 7o appearing in Eq. [8].

The expression for the inclination 7, of the departure
velocity vector remains unaffected by the eccentricity e and
can be used in its initial form.

It was noticed that, for the two-dimensional circular case,
the only input information needed was the initial longitude
difference of the two planets. In the present case, their actual
positions in orbit w and ¢, have to be specified. In all other
respects, the method of carrying out the solution remains un-
changed.

Fig. 7 shows a plot of V¢ vs time for the three-dimensional
model of the planetary system. In each case, departure was
assumed to take place on October 1, 1960. i

It can be seen that the curves consist of two separate,
parabolically shaped branches. One branch corresponds to
values of the travel angle 8 < 180°, whereas the other refers
to 8 > 180°. Due to the inherent geometry of inclined planes,
transfers through angles in the immediate vicinity of 180° are,
in general, impossible except for transfer trajectories that
originate at the nodal line.

Two regions of minimal transfer velocity are now found for
each selected departure date, separated from each other by
the narrow belt # = 180°. The value of Veg min, on which
the optimization procedure outlined before will converge,
will depend on the initial value of 8 selected to start the
iteration. The Veu mia for long-period transfers will be found
if the iteration is started with a value of # > 180°, whereas
the short transfer time Vg mia is reached upon starting out

o - - -
-] 2 o ] »
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Fig. 7 Three-dimensional characteristic velocity variation
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Fig. 8 Variation of 5 and v, with transfer time

with 8 value of § < 180°. An idea of the change in orientation
of the departure velocity vector as the time gf.transfer and
the transfer angle are increased can be gained from Fig. 8.

This figure presents the two angles & and #; plotted against
transfer time 7.

Numerical Ilustrative Example

The following two-dimensional numerical example might
help to illustrate the method of solution.

Given

6y = initial longitude difference = 30° (Mars leading
Earth)

[} transfer angle = 140° (chosen)

p = 1.0 = radius at point of departure P (circular orbit)
p: = 1.523 = radius at point of arrival @ (circular orbit)

the following quantities are now computed:

C = [1+ 1.5232 — 2.1.523 cos140°]"/2 =
2.3776 (chord PQ)
PRaie "L e L1 B |
¥ T 1851528
0.5324 (Mars’ angular velocity)
. al=& 110 3
® 7 "Nux  57.206-0.523%¢
3.6061 (time to traverse angle 8§ — 6)
1+ 1.523 + 2.3776
A" = =

4
1.22515 (minimum semimajor axis)

Since 8 < m, the present time relation must be selected from
between [la and 1b] (7p¢ and 7pr*g). To decide which to
select, 7o is compared with 7 at 4,. It is noted that at 4 =
A,.._. TPQ = TPF¥Q = Tm-

Now

S = (14 p.+ C)/2 = 2.4503
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and
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/2 ]
sm“l (2 M)l '] s'm"l =x

: (8 —C\r . 700727\Ys |
B —2sm‘(2A_) -.281?. (“503) = 0.3462

sinay, - 0 . :sinB, = 0.3393
so that _
Tm. = A.“’_{(ﬁ-__—‘-ﬁina-) ) (Bn o smﬁn)] o 4251

Since 7o < 7w, Fig. 3 shows that the appropriate time ex-
pression to be used in the present case is the 7pq relation.
The correct value of A in Eq. [1a] which satisfies the condition
Tpq = 7o = 3.6061 is now easily determined by a trial and
error procedure, as follows:

Guess 1
A =132 A3 = 1.5167
1/2
& = Sain— (2 "503) — 2in-10.9634 = 2.5988
2.64 ;
: 0.0727\1/2 cad
f = 2gin? (284) = 25in~10.16595 = 0.3334
sina = 0.51654 " sinf = 0.32726
and

7 = 1.5167[2.5988 — 0.51654 — 0.3334 + 0.32726] = 3.1489

This time is too small, and hence the second A guessed
must be smaller. In this, knowledge of the shape of the r vs A
curve of Fig. 2, in particular that portion in the neighborhood
of the point (7m, A.), is valuable. If a curve is drawn be-
tween the latter point and the point (3.1489, 1.32) as shown
in Fig. 9, such that dr/d4A = « at A,, it is found that,
at a value of r = 3.6, A = 1.25. This serves as the second

guess:
Guess 2
A =125 A3 = 13975

1/2

a = 2sin™! (2;5;3) = 8in~10.99001 = 2.8588
1/2

B = 2sin? (027527) = sin"10.17053 = 0.34276

sina = 0.2867 sing = 0.33608

and a new 7 = 3.5851 is found.
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The initial curve of Fig. 9 is now updated and made to pa
through the point (3.5851, 1.25). At r = 3.606, a sufficie
close value of 4 = 1.2487 can now be read off.

The total characteristic transfer veloclty is given by E
[4]. The constants K; and K, appearing there are -

2ug 11 u, w? (s 95 mile/sec)\? i
K _— — i == e
R 18.5 mﬂe/sec) hs
o 2pu T U e’ ( 3.1 mile/sec \?

‘ _— —— —3
Ry p 0,2 18.5 mile/sec

where vz we 8Dd Un oo are the surface escape velomtlee
Earth and Mars, respectively. With a value of L = 1,18
obtained from Eq [2]

1 1/2
Foins [3 - T34 — 2 (118D + 0.1412] +

1.523 1187\
1.2341 [3 ~ 12487 2 (1.523) + 1.523-0.0281 g

= 0.4020 + 0.1944 = 0.5964
and in units of feet per second
“~. Venr = 0.5964-97,680 = 58,256 fps

Ve, 0.4020-97,680 = 39,267 fps
Ven, = 0.1944.97,680 = 18,989 fps

The angle v, that the departure velocity vector subten
with Earth’s orbital path is found to be

e sl U2 4

M] = tan—10.10123 = 5° 47"
alL 0

The transfer trajectory has now been determined.

same basic scheme is also followed in the more complicated

case of three-dimensional circular to elliptic transfers, pro:

vided that the time 7, is properly evaluated and that

radius px, has been determined in accordance with the method
outlined previously. b

"= tnn"‘[

Appendix: Characteristic Transfer Velocity in
Three Dimensions

The velocity components of a body moving along a
section, projected onto the radial and transverse directi
were given by Eqs. [2.1.2 and 2.1.3] of Ref. 1. Applyi
these expressions to the planet Mars

Ve = (P = [w@ra — ln)/ra® — u/re]”’
voy = (rd)ar = (ula)V%/ru

In these relations, rax denotes the instantaneous radial
tance of Mars, and r, denotes the average radius of the orb
which, to first order terms in ey, equals the semimajor 8
ax; Ly is the semilatus rectum of Mars’ orbit.

Use of the relations [A2]

rar = 1|l — ey cosM]

Iy = [l — exn?] [Az{&*

in expression [A1] results in the approximate velocity com- ...
ponents o

= (u/r) Ve sinM (A3] 4
t’¢ = (p/?‘g)”:(l + exn cosl/ ) ‘

The velocity of the vehicle relative to a nonatt:: -ting planet )
located at point @, vge, is

tre® = [(Aa — vey]? + (r6) 3 sinZe + [(r6) s cose — f'ol\f\]:]

ARS Journat
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where (F)x and (rd)x are the heliocentric velocity com-
ponents of the vehicle resolved in its own -plane of motion
.and-evaluated at the point of intersection of the transfer plane
with the Martian orbit:

(Au = [w@ru — Yrsu®) — p/a]?

(rB)u = (WD) /ru (3]

where [ and a denote, respectively, the semilatus rectum and
semimajor axis of the transfer ellipse. Substitution of Egs.
[A3 and A5] into Eq. [A4], followed by extensive manipula-
tions, leads eventually to the fcllowmg nondimensionalized
relation for Vire? linear in ex:

L\ .
Vee? =_{3_2_2(p3) cose +

dex cosM; (1 - (E)m m) )
e ainM,( = ‘T;‘ - %)m} [A6]

For the departure portion of the transfer, the angle 4 takes
the place of the angle ¢ used in Eq. [Aﬁ] ‘The relative de-
parture velocity increment is

Vart = 8 — 1/A — L8 eosb 7 241 {A)

Upon inclusion of the planetocentric gmvxtatmnal takeoff
and landing requirements through the relations [A8]

Vro® = Ven? = Ver® + (2uzri/Rep) [A8]
and :
Vima? = Ven® = Vee? + (2unr/Rup)

The relation shown in Eq. [25] is found for the total charae-
teristic surface-to-surface transfer velocity Ve = Ve, +

Ven,.
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Nomenclature! .

4,a = semimajor axis of elliptic orbit

Ce = chord joining departure point P to destination
point @

4 Unless otherwise stated, capital letters indicate dimensionless
quantities.

eccentricity of elliptic orbit

active focus, or function defined by Eq. {9]

function defined by Eq. [8]

included angle between planetary orbital planes

semilatus rectum

mean anomaly of destination planet

values of mean anomaly at departure and arrival,
respectively

ascending and descending nodal axes

mean angular vélocity of Mars

n = nugber of complete revolutions of transfer ve-

icle

designation of departure point

designation of arrival point

mean radii of planets Earth and Mars, respec-
tively

radial distance from sun

mean radii of initial and terminal planetary orbits

time

time, nondimensional

time taken by Mars to cover prescribed are, non-
dimensional

velocity

characteristic veloeity

characteristic velocity components at departure

: and arrival

T - = angle subtended by ecliptic component of de-
e, ' parture velocity vector with Earth’s orbit

5 = angle subtended by transfer plane with ecliptic

plane

angle included between transfer and destination
planes

transfer angle

initial longitude difference of planets, two-di-
mensional

constant Lagrange multiplier

solar gravitational constant

true anomaly

radial distance from sun, non?menmonsl

mean radius of Martian orbit

radial distance corresponding to an anomaly M

final position of Mars from ascending nodal axis
Na

angle traversed by Mars, as given in Eq. [3]

initial position of Mars

location of Mars’ perihelion, as shown in Fig. 5

position of Earth at departure

mean angular velocity of Mars

5y
=
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Solid Propellant Rocket Conference

JANUARY 30—FEBRUARY 1, 1963

The ARS Solid Propellant Rocket Committee is sponsoring its fourth specialist conference.

PHILADELPHIA, PENNSYLVANIA

In line with the

objectives of the Committee—to disseminate high quality, technical information on fluid dynamics, heat transfer,
structural integrity, materials technology, and fabrication and processing techniques as applied to solid propellant
rocketry—the 1963 conference will highlight a carefully selected group of subjects.

The selection of subjects has been made with due consideration to new technological areas, well-established
fields where clarification is needed, and specific progress reporting. The session topics have been selected for
their potential contributions while avoiding undesirable duplication with other meetings.

Session topics are asfollows: Solid Propellant Mechanical Properties @ The Solid Rocket Reliability Concept‘o'Solid
Propellant Rockets for the U. S. Army (Classified) ® On-Site Fabrication of Large Solid Boosters (Classified) e
Nozzle Fluid Dynamics and Thrust Vecto- Control (Zlassified) @ Safety in Solid Rocket Work.
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