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Summary

Some interesting geometrical and analytical properties of
free fall trajectories are developed and subsequently exploited
to provide a technique for determining interplanetary transfer
orbits. After a general discussion, the determination of pro-
pulsion-free round trips to the planet Mars is considered. As a
preliminary step, the reconnaissance problem is analyzed for a
simple two-dimensional model of the solar system, assuming
circular planetary orbits.

Finally, a method is described for determining round-trip, non-
stop recoonaissance trajectories in a three-dimensional model
with elliptical planetary orbits. The results from the simplified
approach are compared with those obtained from the true model.
I: is found that several important features of the trajectory prob-
lem are basically three-dimensional in nature and that the simpli-
fied medel is inadequate for their description.

(1) Geometrical and Analytical Properties
of Trajectories

(1.1) General Conic Trajectories.

WHE.\’ A BODY is in motion under tbe action of an
attractive central force that varies as the inverse
square of the distance, the path described will be a
conic whose focus is at the center of attraction. The
particular conic (ellipse, hyperbola, or parabola) is
determined solely by the velocity and the distance
from the center of force. In many problems of inter-
planetary flight it is frequently convenient to analyze
the flight of a space ship by considering its motion to be
influenced by only one celestial body during any one
period of time. Therefore, we shall begin our study of
interplanetary trajectories by considering the purely
geometrical problem of determining the various conic
paths that connect two fixed points and that have a
focus coinciding with a fixed center of force.
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There are many equivalent definitions of conics;
however, we shall find the following ones most con-
venient for our purposes: :

Ellipse: The locus of points the sum of whose dis-
tances from two fixed points (foci) is constant.
Hyperbola: The locus of points the difference of
whose distances from two fixed points (foci) is con-
stant.

Parabola: The locus of points equally distant from
a fixed point (focus) and a fixed straight line (direc-
trix).

The familiar elements of these conics are shown in
Figs. 1-1, 1-2, and 1-3 and will serve to orient the reader
during the remainder of the discussion.

Consider now two fixed points P and Q and a center
of force fixed at a point F. For parabolic paths these
three points are sufficient to determine the two parabo-
las connecting P and Q with a focus at F. However,
for elliptic and hyperbolic paths, further specifications
are required to determine a unique trajectory. Let us
examine first the characteristics of the family of elliptical
paths.

(1.2) Elliptical Trajectories

Consider the three points F, P, and Q in Fig. 1-4 and
let it be required to find an ellipse with a focus at F
that connects the two points P and Q. If the location
of the second focus F* (sometimes called the vacant
focus) is fixed, the problem is solved and the path is
determined. Since the point F* cannot be placed
arbitrarily, it will be of interest to find the locus ot the
foci of all ellipses that satisfy the conditions of the
problem.

To this end, let us designate the line segments in
Fig. 14 as follows:

FP =1, FQ=r, PQ=c

(1.2.1)
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Fic. 1-1 (Top). Ellipse. Fi1G. 1-2 (Center). Hyperbola.
F1c. 1-3 (Bottom). Parabola.

(In our discussion we shall assume r; > r;; obvious
changes in the results can be made if the reverse in-
equality holds. The case for which r, = r. is quite
special and, indeed, almost trivial.) Since P and Q
must both lie on the ellipse, the point F* must be se-
lected such that

PF* + PF = QF* + QF = 2
or, equivalently,

PF* =2 — 1, QF* =2 —r

Thus, for an ellipse of major axis 2a, the point F* is de-
termined as the point of intersection of two circles
centered at P and Q with respective radii 22 — r, and
2¢ — r.. A number of such circles have been con-
structed in Fig. 14 for different values of the major
axis 2a.

We may make at once several interesting obser-
vations:

(a) If the selected value of 2a is too small, the circles
will not intersect. Thus, there is a smallest value,
2a,, below which no elliptical path is possible. When
a = a,, the two circles are tangent and the point of
tangency Fn.* lies on the line PQ. Thus, a. may be
determined from

(20:!! - r2) -l': (2&,‘ - ?1) -
to give a value -
=(rn+r+c)/2 {L2:2)

which is just one-half of the perimeter of the triangle
FPQ. For later convenience, we introduce t-e nota-
tion

(b) When @ > a., the pair of circles intersect in two
points F* and F*. Thus, there are, in general, two :
different elliptical paths connecting P and Q having !
the same length major axis but with vacant foci equi- -
distant from and falling on opposite sides of the line
PQ. For any value of 2a, the focus F* is a greater dis- |
tance from F than the corresponding conjugate focus
F*. Therefore, the ellipse with focus at F* has a larger
eccentricity and a smaller latus rectum than the ellipse
with the same length major axis and focus at F*,

As a point of interest, the values of @, and a» used in
the construction of Fig. 14 are ;

A

2a, = 23..‘ "‘I" YL,/Q, = 20’-“ + 41
(¢) Each vacant focus is so located that the distances
from P and Q have a constant difference r» — ry.

Thus, the locus of these foci is a hyperbola; P and Q are
the foci of the hyperbola; 7. — r, is the length of its
major axis; and ¢/(r» — ) is the eccentricity. The
asymptotes of the hyperbola have slopes given by

o M;,ﬂr

slo ob

Slopes of the asymptotes =
[° (e =) V(s —n)(s —n) =
=[2V nr/(r: — )] sin (8/2)

o T

(1.2.4) |

;
The second form of Eq. (1.2.4) shows explicitly how the |
hyperbolic locus of F* varies with the angle between 3
FPand FQ. . i
Minimum-Energy Ellipse : ¥

The point F.* defines the so-called ‘‘minimum- 3§
energy’’ elliptical path from P to Q. The kinetic
energy of a body, moving in free fall along an elliptical 3
arc, is proportional to [(1'r) — (1/2a)], where r is the ¥
distance from the center of force. Thus, the kinetic
energy at any point is a minimum when the major axis ;
of the path has the minimum value of 2a,. We may 3
determine the semi-latus rectum /, and the eccentricity 3
én of the minimum energy path in the following manner:33

Since €77, FFa* = 2en
we have, from Fig. 14,
(2€mam)? = [(s — r) sin £ PQF]* +

[re = (s — rs) cos £ PQF]’ ;
Using the trigonometric identity
cos £ PQF = [2s(s — n)/rec] — 1

we have ,
$*—4s(s — ) (s = m)/c

But, for an ellipse, in general,
(2ea)? = da(a — 1)

(2 5-!!3-!) =
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so that (2€m8m)* = s* — 25,

Hence,

In = 2(s = n)(s — ra)/c =
(rir2/€)(1 — cos 8) (1.2.5)

The eccentricity e, may then be found from
I = (s/2)(Q — &)

Osculating Ellipse

The point Q coincides with the point of aphelion for
the ellipse whose focus F(* is determined as the inter-
section of the hyperbolic locus and the line QF. All
elliptical patbs from P to Q with fodi to the right of the
line QF reach aphelion before arriving at Q, while those
with foci on the left reach aphelion after passing
through Q. Since the path is tangent at Q to a circle
of radius 7, and centered at F, we shall use the term
“osculating ellipse’”’ when referring to this trajectory.
We may again employ simple geometrical arguments
to determine the major axis 2a,, eccentricity &, and
latus rectum k.

Referring to Fig. 1-4, we have, from the definition
of an ellipse,

QF* + QF = PF + PF,* = 2a,
However, since Q, F, : Fy* are colinear, then
QF* = rn — 2ey = 20y — 1
Hence, PF* = 2r, — 209 — 1y

Considering now the triangle FPF,*, we use a funda-
mental trigonometric identity to obtain

ralrs — (2ra — 2eay — )] _ 1+ cosé

r1(2e0ay) 2
which may be solved for 2eaq, to yield
- 200 = 2ra(r2 — r) '[2rs — (1 4+ cos §)]
But 20y, = 2r. — 260y
so that

a0 = 12/{1 + [(ra — 1) (r2 — nicos8)]} (1.2.6)

The corresponding value of the semi-latus rectum is
readily found to be

L = [rra/(r2 — rycos )] (1 — cos 8) (1.2.7)

Finally, by comparing Eqgs. (1.2.5) and (1.2.7), we note
the following interesting relation:

I, = Lhcos £ PQF
Symmetrical Ellipse

(1.2.8)

To complete our discussion of elliptical trajectories,
let us consider the ellipse whose focus F,* is determined
as the intersection of the hyperbolic locus and the line
through F that is parallel to PQ. This path is of some
interest because of its symmetry—i.e., the point P
bears the same relationship to perihelion as the point
Q does to aphelion. The elements of this ellipse, 2a,,
¢, and [, are readily obtained since the polygon
PQF,*F is an isosceles trapezoid.

We find 20, =1 + 12 (1.2.9)

and

I, = [nra(ny + 12)/c*] (1 — cos 6) =
[(rs + ra)/cllm  (1.2.10)

(1.3) Hyperbolic Trajectories

Consider again the three points F, P, and Q shown
now in Fig. 1-5 and let it be required to find a hyper-
bola with focus at F that connects the two points P
and Q. Again the problem is solved if the location of
the second focus F* is determined. However, since the
point F is an attractive focus, we are interested only
in the branch of the hyperbolic path that is concave
with respect to F.

The points P and Q must both lie on the concave
branch of the hyperbola, so that the point F* must be
selected such that

PF* — PF=QF* —QF = 2a

Thus, for a hyperbola whose major axis is 2a, the point
F* is determined as the point of intersection of two
circles centered at P and (, with respective radii
22 4+ ryand 2a 4 r.. Three such pairs of circles have

Fic. 1-4. Locus of the vacant foci for elliptical trajectories.

“Fic. 1-5. Locus of the vacant foci for hyperbolic trajectories.
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Fic. 1-6.

Parabolic trajectories.

been constructed in Fig. 1-5 for values of ¢ = 0, a,,
and a», where @, and a. where chosen as

23[ = ."1“'2, 23: =n

We make the following interesting observations:

(a) All points of intersection of the circle pairs fall
outside of the circle centered at P axd of radius ;. Onme
may readily verify that, for hyperbolic paths from P
to Q that are convex with respect to the focus F, the
vacant foci F* all lie within this circle.

(b) The pair of circles intersect in two points F*
and F*, so that there are two different hyperbolic paths
connecting P and Q having the same length major axis
and with vacant foci equidistant from and falling on
opposite sides of the line PQ. For any value of 2a, the
hyperbola with focus at F* has a larger eccentricity
and a larger latus rectum than the corresponding
hyperbola with focus at F.*

(c) Each vacant focus is so located that the difference
of its distances from Q and P is r» — r.. Thus, the
locus of these foci is the conjugate branch of the hyper-
bolic locus of the foci for the elliptical paths considered
previously. _

The foci Fy* and F*, corresponding to a zero-length
major axis, are extreme cases in that infinite velocities
gre required to describe the associated paths. The
path with vacant focus at Fy* is the straight line from
P to Q; i.e., the hyperbola for whiche = Oand ¢ = «.
Corresponding to the focus, Fo*, the path is compnsed
of the two straight-line segments from P to F and from
F to Q and is the hyperbola for which ¢ = 0 and ¢ =
sec (6/2).

(1.4) Parabolic Trajectories

There are two parabolic paths with focus at F that
connect the two points P-and Q. To determine the
axes of these parabolas, we shall first locate their direc-
trices. Referring to Fig. 1-6 and recalling the defini-
tion of a parabola, the directrices D\D," and D.D.’
are obtained as the two common tangents of the two
circles centered at P and Q with respective radii 7; and
r.. The axes 4.4," and 4.4.' of the two parabolas are

the normals to the corresponding directrices through
the focus F. The vertices V, and V; are the mid-
points of that portion of the axes included between the
focus F and the directrices. By elementary geometry
one can show that the axes 4,4, and 4.4,’ are parallel
to the asymptotes of the hyperbolic locus of the vacant
toci of the elliptical and hyperbolic paths considered
previously. Thus, Eq. (1.2.4) gives the slopes of these
axes with respect to the line PQ.

Again, it is an elementary exercise in geometry to
determine for each parabola the semi-latus rectum or,
equivalently, the distance from focus to directrix. One
obtains

l: = QFI"'j, = ['}(5 o] f[}[s_" rg} -‘(Cz] X
(Vs/2 + Vs — 027 (1.4.1)
!: = QFL’-_I = [-1'(5 — fl)(.?_— r:) fFC:] X

(V5’2 = V(s = /2] (1.4.2)
(1.5) Larus Rectum and Eccentricity

Although we have found it possible to obtain the
latus rectum and eccentricity of several special conic
paths by employing geometrical arguments, it would be
impractical to use similar techniques for the general
case. Instead, let us tackle the problem of obtaining
an analytic functional relationship between the latus
rectum and major axis of the conic by using the polar-
coordinate equation -

r=1/(1+ ecos ¢) (1.5.1)

where 7 and ¢ are polar coordinates of a point on the
conic whose focus is at the origin. The conic is either
an ellipse or a hyperbola, according to whether the
eccentricity e is less than or greater than ome, respec-
tively. The semi-latus rectum / is related to the eccen-
tricity e and the semi-major axis a by

I =a(l —¢) (ellipse)
l=a(e& —11)

(1.5.2)
(1.5.3)

Since the points P and Q of Fig. 1-7 both lie on the
conic, then, from Eq. (1.3.1), we have

(hyperbola)

Fic. 1-7.

Generual cunic trajectory.

i
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ecosy = (/) =1, ecos(y+8) = (/) —1

(1.5.4)

Consider the trigonometric identity

cos® (y + 0) — 2 cos (v + 6) cos y cos § +
cos’y —sin*f =0

and substitute from Egs. (1.5.1)—(1.5.3) to obtain

ar*(l — r2)? — 2arira(l — ra) (I — 1) cos b6 +
ar.¥(l — ) — (@ F Dri’r.*sin? 8 = 0

where the selection of upper or lower signs in the last
term is made, respectively, according to whether the
conic is an ellipse or a hyperbola. If we now collect
terms in powers of / (note that the coefficient of [* is
simply ac?) and make further obvious simplifications,
we find

actl* — rira(l — cos @) [2a(ry + ) F
rira(1 + cos 8))l + ar®r?(l — cos 8)* = 0 (1.5.5)

Introducing the symbol s, which is defined by Eq.
(1.2.3), permits the bracketed expression of Eq. (1.3.5)
to be rewritten in the form

2a(ry + r2) F rnre(l + cos ) =2a(2s —¢) F

25(s — ¢) = F25(s — ¢ F 2a) — 2ac (1.5.6)

In the remaining part of the derivation we shall con-
sider separately the ellipse and the hyperbola.

For the elliptical case, it is convenient to introduce
the notation

sin(@2) = V(n+ 7.+ ¢)/4a = Vs'2 (1.57)

sin (38/2) = \/(r, +r—c¢)da = ‘\/(s —¢) 22
Fa on T RS (1.5.8)
so that we may write
s —¢— 2a = —2a cos® (3/2)

s = 2a sin® (a.2)
¢ = 2a [sin® (a/2) — sin® (3.2)]

The right-hand side of Eq. (1.5.6) may then be written
as

Sa® sin® (a2) cos® (3./2) — 4a*[sin? (a/2) —
sigﬂ (8:2)] = 4a*sin® (a/2) cos B8 + 4a*sin* (8/2) =
2a*{sin? [(a + B)/2] + sin® [(a — B)/2]}

Substituting this into Eq. (1.5.3) and further noting
that

rra(l — cos8) = 2(s — rn)(s — ra)
gives

actl* — da*(s — r)(s — r){sin? [(a« + 8)/2] +
sin [(a — 8)/2]} L + da(s — n)is — n)* =0

Finally, multiplying through by ¢?/c and using the
identity

¢ = 2a sin [(a + B).2] sin [(« — 8)/2]
yields

r__________,_..-r'—"“—m_,..—
I = [da(s — n)(s — r)/c?] X

" are obtained:

¢ — da(s — n)(s — r){sin® ((« + )/2] +
sin? [(a — B)/2]} ¢¥ 4+ 16a*(s — n)? (s — r2)* X
sin? [(a + B8)/2] sin? [(«a — B)'2] = 0

from which the two roo

sin? [(@¢ = B)/2] (ellipse) (1.5.9)

For the hyperbolic case, an analogous procedure is
followed after introducing the notation

sinh (a/2) = V(r, + r2 + ¢)/4a = Vsi2a (1.5.10)
sinh (8/2)

‘\/(r1 + 1 — ¢)/4a

I
[

\/(s — ¢)/2a
(1.5.11)
We may then write
s — ¢+ 2a = 2a cosh? (8/2)
s = 2a sinh® («’2)
¢ = 2 [sinh? (a’2) — sinh? (3-2)]
and the right-hand side of Eq. (1.5.6) becomes
2a* {sinh? [(« + B8)/2] + sinh? [(« — B)/2]}
Substituting into Eq. (1.5.3), using the identity
¢ = 2a sinh [(a« 4+ B)/2] sinh [(e — B) 2]

and following the same steps as for the elliptical case, we
obtain

I = [da(s — n)(s — r)/c?] X
sinh? [(a = B)/2] (hyperbola)

Our analytical and geometrical results are consistent
—that is, to each value of @, there correspond two el-
lipses or two hyperbolas that satisfy the requirements
of the problem. Furthermore, in the elliptical case
the conditions for minimum energy, as expressed by
Eq. (1.2.2), imply @ = = in Eq. (1.5.7).

0<B<acsr

(1.5.12)

Also, since

it follows that
sin® [(a + B)/2] 2 sin® [(« — 3).2]

Therefore, if I, and I_ are used to denote the two
roots given by Eq. (1.5.9), in accordance with the
particular choice of sign, we have

L&,

Since the distance L between the foci of an ellipse may
be written as

L =2Va(a -1
it follows that L, <L_

with the subscripts having the obvious interpretation.
Therefore, in Eq. (1.5.9), the upper sign corresponds
to the focus F*, shown 1.r-1 Fig. 14, while the lower sign
corresponds to the focus F*.
Similarly, in the hyperbolic case,

0<B8<L a

.
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so that
sinh? [(a + 8)/2] > sinh? [(« — B)/2]

Again denoting by /, and /_ the two roots given by Eq.
(1.5.12), we have

L > I

as before. On the other hand, the distance L between
the foci of a hyperbola is

L=2Va@+)
so that L,> L_

Therefore, in Eqg. (1.5.12), the upper sign corresponds
to the focus F*, shown in Fig. 1-3, while the lower sign
corresponds to the focus F*.

" We may check our general formula for the latus
rectum with the special results obtained previously by
geometrical arguments. For example, in the mini-
mume-energy case, where g, = 5/2, we have

an = m,, sin(Bn/2) = \/(s —¢)/s

Substitution into Eq. (1.5.9) produces the same ex-
pression for /,, as obtained in Eq. (1.2.5). The two roots
normally obtained are identical, showing that only one
minimume-energy path exists from P to Q.

For the case of the symmetrical ellipse in which, from
Eq. (1.2.9), )

a, = (rl + r2)/2 = (25 e C),/2

we see at once that the corresponding values of e and 8
are such that

a+ B8 =7

Eq. (1.2.10) for /, follows immediately from the general
expression for / if we choose the upper sign in Eq. (1.5.9).

We shall close this discussion by making one final
observation. By using Egs. (1.5.7) and (1.5.8), we
may expand Eq. (1.5.9) as

I = [4(s — n)(s — rp)/c?] X
[ Visi2 V1 — [(s — &) 2al =
V1 = (s/2a) V(s — ¢)/2}?

and determine the limit of [ as a becomes infinite. Re-
ferring to Egs. (1.4.1) and (1.4.2), we see at once that
limf+=l;, ﬁm!._=ft

which shows that the parabolic paths from P to Q are
the limiting forms of elliptical paths with infinite major
axes. - A similar expansion of Eq. (1.5.12) and subse-
quent determination of the limit for increasing a also
shows these same parabolas as the limiting forms of
hyperbolas with infinite major axes.

Finally, one may consider, from an analytic point
of view, the shape of the limiting hyperbolas as a ap-

proaches zero. By calculating the limiting slope of

the asymptotes

lim (6*/a® = lim (//a)
a—0 a—0

the results stated at the end of Section (1.3) may be
jreriﬁed.

(1.6) Time of Flight for a Conic Trajectory

There are many interesting and sometimes surprising 3
properties of conic trajectories. For example, one 2
would scarcely anticipate that the period P of elliptic
motion would depend only upon the major axis of the
ellipse and not at all upon the eccentricity. The pre-
cise relationship is

P =2xVa¥/u £

‘ (16.1) 3
where a is the semi-major axis of the ellipse and pisa -
constant of such a value that u/r? gives the magnitude
of the force at a distance r from the center of force.
The fact that a particle moving in free fall along a
conic trajectory has a velocity magunitude V' at any
point that is a function only of the distance 7 from the
center of force and the major axis is another example
of one of the more interesting properties of conics.
Here, again, nc dependence upon eccentricity is in-
volved and the velocity is determined accordingly by

V2= u[(2/r) — (1/a)] (ellipse) (i.6.2)
V2 = u[(2/r) + (1/a)] (hyperbola) (1.6.3) -§
V? = 2u/r (parabola) (1.6.4)

Perhaps the most remarkable theorem in this connec- -§
tion was the one originally discovered by Lambert, and 3
subsequently proved analytically by Lagrange, having
to do with the time to traverse an elliptic arc under
conditions of free fall. Lambert showed that this time
depends only upon the length of the major axis, the
sum of the distances of the initial and final points of
the arc from the center of force, and the length of the
chord joining these points. (Actually, the theorem is
true for a genmeral conic.) In terms of our notation,
if T is the time to describe the arc from P to Q shown
in Fig. 1-7, then Lambert’s theorem states that

T=T(@r+r7rc0 (1.6.3)

We are again astonished to find that the ellipticity is
not involved.

In this paper we shall not be concerned with a demon-
stration of the truth of Lambert’s result, but will in-
stead exploit an idea suggested by Lagrange to arrive
at the precise analytical form of the functional relation-
ship implied in Eq. (1.6.5). Since we have already seen 3§
that there are two paths from P to Q for each conic T
having the same values of a, ry, 7», and ¢, we must expect
to find two different analytical expressions—one valid g
for each of the two paths.t .

Consider first an elliptical arc from P to Q and, more §

t For an ellipse connecting the points P and Q, there is, of
course, a choice between two paths, according to whether the B
ellipse is traversed in the clockwise or counterclockwise direction. 3
In our calculation of the time of flight T, we shall always assume” bAl
counterclockwise motions from P to Q. The time to traverse the
clockwise path may be obtained by subtracting T from the total 3
period. 2
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specifically, one whose vacant focus F* lies along the
lower branch of the hyperbolic locus shown in Fig. 14.
Since the time T to traverse this arc does not depend
on the eccentricity, we may consider instead the arc of
a very flat ellipse, obtained by letting ¢ approach unity
in such a way that g, r; < 72, and ¢ remain unchanged.
Then, according to Eq. (1.6.5), the time to traverse
the original arc subtended by the chord ¢ and the time
to traverse the corresponding arc of the flattened
ellipse are the same. In this limiting process, as e tends
to unity with a fixed, the foci move out to the extremi-
ties of the ellipse and the entire curve flattens out to
coincide with the major axis in the limit. Various
stages, as the limit is approached, are shown in Fig. 1-8.
The same time is required to traverse each of the three
elliptical arcs shown in the Figure. Although the
straight-line distance from P to Q remains constant,
the distances of P and Q from the attractive focus will
change, but in such a way that PF + QF is invariant.
In the limit, the trajectory is rectilinear, the arc in
question coincides exactly with the chord ¢, and we
may compute the time T by elementary methods. To

_this end, we use Eq. (1.6.2) in the form

V= (dr/dt)* = p[(2/r) = (1/a)]

since now all motion tzkes place along a straight-line
path. Rewriting the preceding equation, we have

dt = (1/Vu)lr dr/V2r — (r*/a))
From Fig. 1-8(c), the end points of the arc P and Q are
so located that
PF=(n+rn—¢/2=5—c¢
QF=(n+rmrn+c/2=:s

Hence,
T = (/Va) _,r_ [rdr/V2r — (r*/a)]

Introducing the auxiliary quantities « and 8, defined
by Egs. (1.5.7) and (1.3.8), and making the following
change in the variable of integration:

r =a(l — cos ¢)

we have, finally,

T = +a¥/u r (1 — cos ¥)dy
-}
which becomes

T =(P2x)[(a — sin a) —
: @ — sia 9)1 (1.66)

after performing the simple quadrature and introducing
the period P defined in Ec (1.6.1).

We now derive a corresponding expression for the
time 7 when the elliptical arc from P to Q has its vacant
focus F* along the upper branch of the hyperbolic locus
in Fig. 1-. In this case, the chord ¢ intersects the line
connecting the two foci Fand F* and this characteristic
mus* be preserved when we pass to the limit of a very
flat ellipse. This situation is illustrated in Fig. 1-9

(ellipse)

PFoCF wryory

(B)

2o
(e}
Fi1c. 1-8. Illustration of the significance of Lambert's theorem.

for various stages as e tends to unity. In the limit,
the time 7 is then identical to the time to traverse the
flattened ellipse from P to F* and from F* back to Q.
Thus, to obtain 7, we simply add to T twice the time
to traverse the distance F*Q; i.e.,

T =T+ 2/Vy) f * rdr V2r — (r*/a)] ©

T + 2V, f (1.~ cos Y)dy

Hence, ~

T=P— (P/27)[(« — sin a). +
(8 — sin B)] (ellipse) -(1.6.7)

For tbe case of the minimum-energy path, Egs. (1.6.6)
and (1.6.7) produce identical results. We have

To = Tm= (Pn/27)[x — (3a — sin Bm)]

where

P = xVs3/2, sin (Bn/2) = V(s — ¢)/s

For the symmetrical ellipse, the time-of-flight expres-
sion is particularly simple. We have

T, = (P/25)a, = 7) = (P, Y 88}

where
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Fic. 1-9. Illustration of the significance of Lambe rt’s theorem.

P, =7V (n+ r)¥/2

cos B, = —cosa, = ¢/(r; + r2)

Exactly the same technique may be used to obtain
an analytic expression for the time to traverse a hyper-
belic arc. Consider first a hyperbola connecting the
points P and Q whose vacant focus F* lies along the
upper branch of the hyperbolic locus shown in Fig. 1-3.
To compute the time T to traverse this arc, we again
let ¢ approach unity in such a way that a, r, + r,, and
¢ remain unchanged. -In the limit, when the trajectory
is rectilinear, we may use Eq. (1.6.3) to obtain

T = (1/V5) f_ [rdr/V2r + (r*/a)]

1f we introduce the auxiliary quantities a and 3, defined
by Egs. (1.5.10) and (1.5.11), and make the following
change in the variable of integration:

r = a(cosh ¢ — 1)
we find
I’ = Va®'y[(sinha = a) — (sinh 8 — B)]
(hyperbola) (1.6.8)

The hyperbolic trajectory, whose vacant focus F*
lies along the lower branch of the hyperbolic locus in
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Fig. 1-5, is characterized by the fact that the center
of force F is contained in the area bounded by the chord i
cand the arc that it subtends. This characteristic must
be preserved when passing to the limit. The time T
is then computed as the time to traverse the flattened
hyperbola from P to F and from F to Q; i.e.,

T =T+ @V f bV + )

Hence,

T = Va¥u [(sinh @« — &) + (sinh 8 — B)]
(hyperbola) (1.6.9)

We have seen, in our earlier discussions, that the
parabolic trajectories from P to Q may be considered
as limiting cases of either elliptic or hyperbolic tra-
jectories with infinite major axes. If we compute the
limit of T and T as a becomes infinite, we should obtain
the times T, and T to traverse the parabolic arcs shown
in Fig. 1-6. Indeed, from Egs. (1.6.8) and (1.6.9) we
find

Ty=Um T = (1'3) V2/u [s¥ = (s — ©)¥?]
et (parabola) (1.6.10)
T:=Lm T = (1/3) V2/u [s% + (s — ¢)*?]

e (parabola) (1.6.11)

The same expression for T; in Eq. (1.6.10) may also 3
be obtained using Eq. (1.6.6). On the other hand, the
parabola PV.Q of Fig. 1-6 corresponds, in the limit of
increasing a, to the lower branch of the elliptical arc
with vacant focus F*. Thus, to produce the formula for
T, from the time-of-flight expression for an elliptical
arc, we must use the complementary form of Eq. (1.6.7)
obtained by subtracting T of that equation from the
period P.

(2) Interplanetary Trajectories in a Simple
Model of the Solar System

(2.1) Departure Velocity From a Circular Orbit

Of fundamental importance to the problem of plane- 3
tary reconnaissance is the impulse in velocity needed |
in order that a spaceship may attain a suitable inter- 3
planetary orbit. In the present section we shall ana- g
lyze these velocity requirements using a simplified }
model of the solar system. The basic assumptions §
will be that the planets describe circular orbits around §
the sun and that the planes of these orbits are situated AN
in the plane of the ecliptic. Later, in Section (3), we 1§
shall consider the more complex mode! in which the 3
planetary orbits are elliptical and are inclined with J
respect to the plane of the ecliptic. Furthermore, ¥
we shall not consider here the problem of launching *
a.vehicle from the surface of a planet. We assume, .
instead, that our interplanetary voyage,begins at a -
point that is sufficiently far removed irom the gravita- 3
tional field of the planet that we need consider only the 3
attraction of the sun. The vehicle or spaceship has 3
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an initial velocity that is the same as the orbital ve-
locity of the planet of departure. Our problem will be
to determine the additional velocity required to place
the spaceship in an orbit that intersects the orbit of
the destination planet at a predetermined point in space.

As the first step in our analysis, we will derive ex-
pressions for the polar-coordinate components of the
velocity of a vehicle moving in a conic trajectory.
From the polar equation for a general conic,

r = £/(1_+ € COS @) (2.1.1)
we obtain .
dr/dt = [esin ¢/(1 + ecos ¢)] ride d!)
tfrom which it follows that

(dr’dt)? + [r(de/dt)]* =
[e¢ — 1 4+ 2(/)])(r* 1) [r(do/di)]?

5 —(l/a) (ellipse)
But, € —1= 0 (parabola)
l- l/a (hyperbola)

[ — (u’a) (ellipse)
(dr/dt)? + [r(de/d)]* = (2u/r) + \ 0 (parabgia))
p’a  (hyperbola

Hence,
[r(de/dt)]* = pl'r? (2.1.2)

—(u/a) (ellipse)

(dr.’dt)* = ul(2r — D/r*1 + 0 (parabola)
u’a (hyperbola)
(2.1.3)

In order to keep the energy requirements within rea-
sonable bounds, we shall restrict our discussion of de-
parture velocities for orbital transfer missions to those
required for elliptical trajectories.

Refer to Fig. 2-1 and consider a spaceship in a circular
orbit of radius r; about a center of attraction. The
orbital velocity Vyis

1o = u/n (2.1.4)

When the vehicle is at the point P, a velocity increment
[’z is applied in such a way that the ship will leave its
present orbit at P with velocity Vp and move along an
elliptical trajectory to a point Q at a distance r, from
the center of force. We wish to determine the velocity
increment V3 as a function of the heliocentric angle
through which the ship moves in its voyage from P {o Q.
In particular, we are-interested in the minimum velocity
required for any given mission.

After the velocity increment Vg is applied, the ship
will have a velocity V, whose polar components
(dr’dt)p and (rdé/dt)p are obtained from Egs. (2.1.2)
and (2.1.3). Since Vp is defined by

Ve? = (dr/dt)s* + {[-"(ddifdf)]P = by
we may use Eq. (2.1.4) to obtain

Vi = V23 = (n/a) = _3\/[_:1 (2.1.5)

L1}

Fic. 2-1. Velocity requirements for an orbit to orbit vovage

Let us introduce the dimensionless quantity
AE = V¥ Vy?

which is a measure of the amount of energy needed at
point P to transfer from a circular orbit to an elliptical
orbit for a voyage to Q. Then, from Eq. (1.5.9) and
a simple trigonometric identity, we have
AE = 3 — (r/a) — 4(Var./c) X

sin (6/2) sin [(« = 8)/2] (2.1.6)
Using the definitions of « and 8 given by Egs. (1.5.7)
and (1.5.8), we may write AE in an alternate form as

AE = 3 — (n/a) — (nV2n/c) X
sin{V[1/(s —¢)] — (1.2a) =
V(l/s) —=(1/228)} (2.1.7)
From an examination of the derivative
d(_\E)=r_.l: _r,sine( 1 N
da a* 2¢/2r, \/[1_'(5 - d]- (12a)

V(1%) 1— (1 23))] .

and Eq. (2.1.7), we note the following: -

(a) AE is a double-valued function of ¢ having an
infinite slope at ¢ = a, = s5/2, the smallest value of a
for which an elliptical path from P to Q is possible.

(b) If we denote bv AE, and AE_ the two branches
of the function AE corresponding respectively to the
upper and lower signs in Eq. (2.1.7), we see that

AE, < AE_

with equality obtaining only when ¢ = a.
(c) Asaincreases, AE approaches asymptotically the
values

3= (V2 /c) sin 6((1/Vs = ¢) = (1/V5)]

(d) The slope of the upper brancii AE_is always posi-
tive, while the slope of the lower bronch AE_ is negative
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Fic. 2-2. Earth to Mars departure velocity vs. semi-major axis
of transfer ellipse for 8 = 120°,

for a near @,. The possibility that AE, will have a
minimum for a finite value of a will be considered in the
following section.

A graph of the function 4/AE versus a is provided
in Fig. 2-2. The selected mission is a voyage from
Earth to Mars, so that r; and r; are chosen, respectively,
as the mean distances of the planets from the sun.
The heliocentric angle § traveled was taken as 120° for
purposes of illustration. The ordinate Vzg/Vg shows
directly the additional velocity that must be provided
for the trip as a fraction of the Earth’s orbital velocity.
Since the Earth's velocity is almost 100,000 ft. per
sec., the approximate conversion of Vgz into units of
feet per second is immediate. The abscissa a is shown
as a multiple of the astronomical unit (A.U.).

(2.2) Minimum Departure Velocity From a Circular Orbit

The minimum-energy trajectory discussed in Section
(1) should not be confused with the trajectory requiring
the minimum departure velocity. Indeed, for the
particular case illustrated in Fig. 2-2, the additional
velocity in excess of the orbital velocity needed to travel
the minimum-energy path (¢ = a,) is about double
the minimum departure velocity. As a matter of
fact, the only trajectory that minimizes both the ve-
locity relative to the sun and the velocity relative to
the planet of departure is the so-called Hohmann ellipse.
The Hohmann orbit is distinguished as being co-tan-
gential to the orbit of the planet of departure and to the
orbit of the destination planet.

The energy requirements for the Hohmann path
cannot be obtained directly from Eq. (2.1.7). The
polar angle 6 is equal to = and Eq. (2.1.7) is indeter-
minate for this value. However, because of the sim-
plicity of the geometry, we may evaluate the elements
of the Hohmann ellipse directly and then use Eq.
(2.1.5) to determine the energy requirements AE.

The points of departure and arrival for a Hohmann
trujectory correspond, respectively, to perihelion and
aphelion. Thus, if ag, l4, and g, are, respectively, the
semi-major axis, semi-latus rectum and eccentricity,

we have
au(l — ex) =1, ay(l+ &) =1
so that.T

ay = {("l + r2)/2], g = 2[nr/(n + )]
Finally, from Eq. (2.1.5), we have

AE, = 3 — [2n/(n + 1)) — 2V (n+ ) (2.2.1)

The Hohmann trajectory is not necessarily the ideal
one for interplanetary travel. The precise orientation.
of the departure and destination planets that is re-
quired for the Hohmann path is one obvious disad-
vantage. Another, to be discussed in Section (3), re-
sults from the three-dimensional nature of the solar
system. Its chief interest, therefore, lies in the fact
that it provides, in our simple model, a lower bound for
the energy requirements of any mission—i.e., for a
fixed r; and r, we have

AEg < AE
with equality obtaining only for§ = randa = (r, +
I':)/’Q. :
Obviously, in planning an interplanetary voyage, it
is of advantage to be as flexible as possible with regard
to the time of departure. Therefore, it is of interest E

to examine the energy requirements AE for an arbi- 3

trary configuration of the departure and destination
planets. To this end, let us determine, for a fixed r),
i, and 8, under what conditions AE, as defined in Eq.
(2.1.7). has a minimum value.

It was noted in the previous section that the slope
of the lower branch AE_ of the AE curve is negative
for values of ¢ near ag,. Referring to Eq. (2.1.8),
we see that AE, will have a positive slope if a value of
a exists such that

{1/VI/(s — 9] — (1/20)} +
(/v (1/s) = (1 22)] < 2%cV'2r,/rs sin 6

Clearly, the difference between the lett-hand side of
the preceding inequality and Vs — ¢ + Vs can be
made arbitrarily small by choosing a to be sufficiently

large. Thus, we are led to determine the conditions
under which the inequality

‘\/s —c+ '\/.; < 2::‘\/2?1/1'3 sin 2.2.2

holds. For this purpose, we note that
(Vs = ¢+ Vs)t = 2Vnrcos (672) + r, + 12
< (Vn+ Vi
and (2c V/2r /72 sin 6)* > Sr,

Hence, a sufficient condition for E, to possess a mini-
mum is that -

1 If we compare these results with Eqgs. (1.2.2), (1.2.5), (1.2:6), °
(1.2.7), (1.2.9), and (1.2.10), we see that the Hohmann orbit,
the minimum-energy ellipse, the osculating ellipse, and the sym- .
metrical ellipse are all identical for 8 = ». 5




