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338 Properties of the Integrals of Dymmwal Systems [on. xn

are orbita, the differential aquations of motion of the particle possoss an integral linear and
homogeneous in the relocities (4, #).
7. The equations of motion of a froe system of m particles are

% s T N &n)-.

If an integral exists of the form
¥ /b, - Crm Constant,
a1
whare /), fay .o
integral can be written
’; b ’:? 'a... (@ by~ gy = Ctwe Conatant,
L L] -
where the gquantities ¥, and a,, are constants, {Pennacchielti)

8 'Two particles move on & surfece under. the action of difforent forces depending
only on their respective positions: if their differentinl aquations of motion have in
common an integral independent of the time, shew that the surface is applicable on
a surface of ravolution. {Bertrand,)

» Jou are functions of %, 2y, rory Tamy 61 O I8 & constant, abew that this

CHAPTER XIII

THE RBEDUCTION OF THE PROBLEM OF THRER BODIES

s

184 Introduction.

The most celebrated of all dynamical problems is known as the Pmbkm
of Three Bodies, and may be enunciated as follows ;

Thres particles attract each other according to the Newtomian law, eo that
batween each pasr of particles there s# an attractive foroe which ir proportional
te the product of the masses of the particles and the inverse square of their
distance apart : they are free to move tn space, and are snitially nupposed to be
moving sn any given manner; io determing their subsequent motion,

The practical importance of this problem arises from its spplications to
Celestial Mechanies: the bodies which constitute the solar system attract
each other according to the Newtonian law, and (as they have approximately
the form of spheres, whose dimensions are very small compared with the
distances which separate them) it is usual fo consider the problem of deter.
mining their motion in an ideal form, in which the bodies are replaced by

perticles of maases equal to the masses of the respective bodies and occupying
the positions of their centres of gravity®,

The problers of three bodies cannot be solved in finite terms by means

of any of the functions at present known to amlm This_dificulty has
stimulated research to such an extent, that since the year 1750 over 800

memolrs, many of them beanng the names of the test mathematicians,
have been published on the subjectt. In the present chapter, we shall discuas
the known integrals of the system and their application to the reduction of

the problem to a dynamical problem with a lesser number of degrees of
freedom. ‘

* The mutions of the bodies relative to their centres of geavity {in the consideration of which
thwir sizes and shapes of course onnzot be neglested) are discassed separstely, e.g. in ike Theory
of Procession and Nutation. In soine sases however (e.g. ix the Theory of the Batellites of the
Major Planeta) the oblateness of one of the bodies sxorcises %0 great an saffect, that the problem
ssnnot be divided In this way.

+ For the history of the Problem of Three lodies, of. A Guntisr, Ensat Aisiorigne mmr le
grodlime des trois corps {Pavis, 1617): R. Graot, History of Phywical detronomy from the earliest
apes in the middle of the nineleenth century {London, 1882): E. T, Whiltaker, Report on the
progrest of the solution of the Problem of Three Bodies (Brit. Ass. Bep. 1089, p. 121): snd
K. 0. Lovett, Quart, Jowrn. Maik. xza7. (1911}, p. 953, who discusses the memoirs of the period
19081908,
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185, The differential equations of the probiem.

Let P, Q. B denote the three particles, (m:, m., m,) their masees, and
(Tu, T, Tu) their mutual distances. Take any ﬁxefi rectangular axes Owys,
and let (g1, Gu @) (oo G0 @): (@ Qo> Do) be ?he coordinates of P, @, B, respec-
tively. The kinetic energy of the system 18 )

T dm, (G4 o + ')+ 4ma (@ F gt 40+ i (G + 4+ 47
the force of attraction between m, and m, is BPmgmgry, where k' is f&m
constans of attraction: we shall suppose the units so chosen tha? #* is unity,
so that this attruction becomes mumyry™, and tlfe corresponding term in
the potential energy is —mmyy. The potential energy of the system
is therefore

Vo Tala_ Ml T
w n Ty
=ty [ — @+ (o 0P + (e 00)') -+
g, gy — 47 + (0= g P+ (@~ g
gy s - g+ (e g0+ (@~ 0} T H
The equations of motion of the system are
1y w3V fOQ, (r=12,...8),

i This system oonsists of
;h;rgertn(:iﬁoe"::;’i}:nr;‘;r ome osfng (:r::'.)‘ and the sy;’:tem is therefore
of order 18.

Writing

magy = Py (rw1%2..,9),

Y
s PLy
and H ri;l 2my + 7

the equations take the Hamiltonian form

v OH g&mwgﬁ -} 2...,0
%{ - %: dt 39;- (i" r ¥ )
and these are a set of 18 differential equations, each of the 1st order, for the
determination of the variables (g, ¢u +vos @or P Pra oony P

It was shewn by Lagrange® that this system can be x.a(iueed ton sya't:em
which is only of the 6th order. That a reduction of this kind must be posdible

way be seen from the following considerations. .
In the first place, since no forcea act except the mutual attractions of the
* Rucweil der pisces qui ot vemports les prix de £4cad. do Poris, x. (1712}, Legrange of

course did Dot redooe the system to the Hemiltoninn form. Cf. Bohlin, Kongl, Sv. Vet -Handl.
11z, (1907}, No.', for an improved Lagrangian reduction.

i i bbb e
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particies, the centre of gravity of the system moves in a s_Lmight line with
uniform velocity. This fact is expressed by the 6 integrais l
PP AP -a,
}h‘{"‘P’ +Pl bl a‘l
Pripst =gy,
i b MG+ gy~ (P 4 Pob pr) b ag,
MGy + MaGat Mgy — (Pt Py + ) £ = 4,
My + Mg Qe+ MiaGe — (P + D+ ) I g,
where a,, ay, ..., 4, are constanta. Xt may be expected that the use of these

integrale will enable us to depress the equations of motion from the 18th to
the 12th order. :

In the second place, the angular momentum of the three bodies round
ench of the coordinate axes is coastant throughout the motion, This fact
is analytically expressed by the equations

NP = BPs+ QP QP Py~ Yy ™ Gy
{Q!Pz =GPt QP QaPy Gt QP s
Bih = G F QP QP b Py — gy o= Gy,
where @, G, a, are constants. By use of these three integrals we may

expect Yo be able %o depress further the equations of motion from the.

12th to the 8th order. But when one of the coordinates which define the
position of the system is taken to be the azimuth ¢ of cne of the bodies
with respect to some fixed axis (say the axis of 2}, and the other coordinates
define the position of the system relative to the plane having this azimuth,
the coordinate ¢ is an ignorable coordinate, and consequently the corre-
sponding integrul (which is one of the integrals of angular momentum
above-menticned) ean be used to depress the order of the system by fwe
unite ; the eq“a.sions of motion can therefore, as n matter of fact, be reduced
in this way fo the 8th order. This fact (though contained implicity in
Lagrange's memoir already cited) was firat explicitly noticed by Jacobi* in
1843, and is generally referred to as vhe elimination of the nudes,

Lastly, it is possible again to depress the order of the vquations by
two units a8 in § 42, by vsing the integral of cnergy and eliminating the
time, So finally the equations of motion may be reduced to « system of the
6tk order.

* Jowrn. fiir Math. xxvr p, 115, From the poivt of view of the theory of Partial Differentiai
Equations, ws may oxpress the rastier by saying that the integrals of sogaliy momentwn give
tine o an involution-system, ovneisting of two funotions which are in invelution with vach otlier
snd with H: and benoe the Hamilton-Jacobi parcisl differentisl egoation with 6 independens
varisbios oan be rednoed to » partiai differential equation with 6 -2 or 4 independent variablea:
thin will be the Mambiton.Jacobi partin diferential squstion for the reduced syutem.
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188,  Jaoolv's squation. -
Jaocbi%, in coneidering the motion of any number of fres particles in space, which
attract ench other scourding to the Newtonian law, has introduced the function

”¢
i?,'%"ﬂ’t

where m¢ and zy, are the masses of two typieal particles of the system, »;; is the distance
between theis at time ¢, M is the total mans of the particles, and the surnrention is extended
over all pairs of particles in the syster, "This fanction, which has been used in researches
conoerning the stability of the system, will be called Jacobis function and denoted by the
symabol &,

Wa shall suppose the oentre of gravity of the system to bo at veat; ok (2, ¥, 1) be the
coordinates of the particle my refarred to fixed rectangular axes with the centre of gravity
an origin. ‘The kinetio energy of the system: in

{on. xm

Tﬂ-}fw(ﬂ’ﬂ:’-!-&').
o _
B e oM (am 2 (82 +92 430
But ' wxgmé?-(fwuéa"-&ww(h -,

whers the summation ot the right-hand aids is extended over ovory pair of particles in the
systams : aod we have ¥m¢£‘-‘-0, in virtus of the properties of the centre of gravity.

Thos we bave  Tw gﬁ g 04 Gem 9P+ e 47

i
“W{J”NW'&I’:

where vy denotes the velocity of the particle oy, relative tom
In the same way we can shew that

i3m (o) vyl b al)=s.

I now V denotes the potential energy of the system, the arbitysry constant in ¥ belug
determived by the condition that ¥ is to be zero when ths particles are at infinitely great
distanoes from esch other, wa have

V-2 m_
i3 Ty
The equations of motion of the particie my are )
P ;) 4 . oV ;‘“Ma'f’
Rk ‘“’3‘;“ b "y—- 5; ) my &

Multiply theee equations by x;, yi, %, respectively, add them, and sum for all the
particles of the system : sinos V ia homogeneous of degree -} in the variables, we thus
obtain

I im ¥ty b adi=V,

or %éfm (xf 4yl +18) =20V,
e
or a T+ F,

This is called Jucob’s sguation.

* Vorlerungen @her Dyn., p. 32,
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187.  Reduction to the 12th order, by use of the integrals of motion of the
centre of gravity.

We shall now proceed to carry out the reductions which have been
described®. 1t will appear that it is possible to retain the Hamiltonian form
of the equations throughout all the transformations.

Taking the equations of motion of the Problems of Three Bodies in the
form obtained in § 1585,

dg, oH dp, oH

—rar L p——

A A e I

we have first to reduce this system from the 18th to the 12th order, by use
of the integrale of motion of the centre of gravity. For this purpose we
perform on the variables the contact-transformation defined by the equations

W 14

T i e —— -
& a?r ¥ Pr a?r' (f i, 2: ey 9))
where W pig/+ D + Pugs + g+ Pegi +petd {1+ Pt p) Y
Hptprp) @+ Dot o'

Interpreting these equations, it is easily secen that (g, ¢/, g,) are the
coordinates of m, relative to my, (g, ¢, 9') are the coordinates of m, relative
to ms, (gy, gv> @) are the coordinates of m,, (p/, py, py') are the components
of momentum of m,, (., p¢. p) are the components of momentum of m,, and
{2/: oy, ) are the components of momentum of the system.

The differential equations now become (§ 138)

,  oH dp, 8H
%“&T” '5?”"56? (r=12..,9),

where, on substitution of the new variables for the old, we have
(L D) e e m s (s st
y. § (2m’+2m‘)(p, -t By )*I'(%"I‘é“g‘)(.ﬁ"f'}k""i' E_.")
1 + r L3 ¥4 ’ ’ i/ ¥, ! . * »
+ o PP P+ PR R R D AR B () 0
' - (ﬁ:"“Pn? - p () +p )}
— mtny (g4 004 9% T - mym, {01+ g+ g Y !
iy (@ = P+ (g~ @Y + (g4 — 9N -4, |

* The contect-iransformation used in § 157 is dus to Poinosed, C.R. oxxmy, {1596); that used
in 8158 iz due 5o the suthor, and was originally published in the firat edition of this work {1004).
1t spyears worthy of note from the fuot that it is an extended point-transformation, which shows
that the rednoation oonld be performed on the equations in their Lagrangian (s opposed to their
Humiltonisn} form, by pure point-transformations.  The second transformation in the alternnlive
redaotion (§ 166} is not an extended point.trasmformastion, Another reduction of the Problem of
Three Bodles can be constrocted from the standpoint of Lie's Theory of Involntion-systems and
Distinguished Fanotions: of. Lie, Math. Ann, vizt. p. 232,  Cl also Woronetr, Bull. Univ, Kig,
1907, and Levi-Civite, 4¢ti del R, Tet. Veuets, txxrv. {1015), p. 507,
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Since ¢¢, ¢/, ¢ are altogether absent from H, they are ignorable

coordinates: the corresponding integrals are
P/ =Constant,  p, »Conatant,  p w Constant.

We can without loss of generality suppose these constanis of integrstion
to be zero, as this only means thav the centre of gravity of the system is
taken to be st rest: the reduced kinetic potential obtained by ignoration of
coordinates will therefore be derived from the unreduced kinesic potentin
by replacing p/, pu, py by zero, and the new Hamiltonian function will be
derived from H in the same way. The system of the 12th order, to which the
equations of motion of the problem of three bodies have now been reduced, may
therefore be writfen (suppressing the accenta to the letters)

*"'“” W apr dt éq: (r e 1, 2, -.“,-6),
whera
1 1 | 1
H*(% +§;;,:) (o + 0 +pN)+ ('2‘7*";;4' gfn*;:)(h’"'?:""?u')
1
+ o (Pipu+ Pope + D4)

e gy (g + 9 4 g8} Y ey, (g4 g0+ g0 T F
ety (= G 4 (@5 = goP + (g g} 4
This system possesses an integral of energy,
H = Constant,
and three integrals of angular momentum, namely
Gy~ Qs+ P Gepa = A,
BP = QP+ QP dipers Ay

Gl hP QP Qe A,
Where An Am A; &re eonstants.

188. Reduction to the Bth order, by use of the integrals of amgular
viomentum und élimination of the nodes,

The system of the 12th order obtained in the last article must now be
rediiced to the 8th order, by using the three integrals of angular momentum
and by eliminating the nodes. This may be done in the following way.

Apply to the variables the contact-transformation defined by the
vgnations

. , 3”;'

q’m.é};;, Pr =§E'-; (rwl,z,....ﬁ).

where
W= p (g, cos g, ~ ¢’ con g,/ sin ¢,) + p (g 8in ¢ + gy cou gy’ con g,') + gy sing)
+2u(gs con g’ ~ ¢, cos ¢sin ¢y + p, (g,'sin ¢, + ¢, cos g/ con ¢} + Mg sing

It ix readily seen that the new variables can be interpreted physically as
foliows:

" e S s
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“In addition to the fixed axes Ozys, take a new set of mo*ing axes Ox'y'y;
O«' is to be the intersection or node of the plane. Uzy with|the plane of the
three bodies, Oy is to be a line perpendicular to this in the plane of the
three bodies, and O¢' is to be normal to the plane of the three bodies. Then
{¢., ¢o') are the coordinates of m, relative to axes drawn t.bmugh m, pamiiel
to Ox', Oy ; (g/, ¢.) are the coordinates of m, relative to the same axes; ¢,/
is the angle between O’ and Oz; ¢/ is the angle between Oz’ and Of; p/
and p," are the componenta of momentum of m, relative to the axes Oz', Oy';
p sand p/ are the components of momentun of m, relative to the same axes;
o’ and p are the angular momenta of the system relative to the axgs Oz
and O« respectively.

The equations of motion in terms of the new variables are (§ 138) -

b dp.,  _OH -
apr“ a2 é‘;’;} (r 1, 2, .n,ﬁ),
where, on substitution in & of the new variablea for the old, we have

1 * . .0 " . oEe .
H- (m 21?!,) [F:’"FP:’ (q ?lq y{{pl Q‘ _P’ ql +Pl 94 '—P4 q: }q;. eetq‘
+ py/q, cosec g + py g,’}']
] P LR ’ ,
"'(2»;. 2»..) [”’ P 9,_9 T arery (B — PO P9 Pl g oot gl
& Py Qe £OSEC Gy -+ p.‘ql’}*]
1 ¢ ‘ |
+ o s
”‘a[p'?' PP @y —a'ay

{(3’1’91 w Py 9’; + ?t q. - P;Q'a’) q" cot Qg‘ + ?1'?4, cORRe Qu"}' }’c’q:l'}
Kp'e — g + 28— pla Y @ cot g’ + plgy cosee g+ pie} ]

— mymy (9 + ) T —mam (00 4 4w mmy (g — g + (@) )
Now g, does not ocour in H, and is therefore an ignorable coordinate ; the
corresponding integral is
ps =k, where £ is a constant.
The equation dg,/dt=3H/ok can be integrated by a simple quadeature
when the rest of the equations of motion have been integrated ; the equations
for g, and p, will therefore fall out of the system, which thus reduces to the
gystem of the 10th order
dq,. gp., . _oH
3?’!* a9
where p, is to be replaced by the constant k wherever it oceurs in H.
We have now made use of one of the three integrals of angular momentam

(r=1,23486),

(namely p,/w k) and the elimination of the nodes: when the other two




integrals of angular momentum are ex in te i
gl ol pressed rms of the new variables,
{ (P = P9y +pigy — pia)vin g/ cosec g/ —~ kain g, cot g, + py con gy = 4,
~ (PG = PG+ P/g = p9.) 00a g 0060 g + koo g, cobg,’ 4 p, sin g, = A,,
The values of the constants A, and 4, depend on the position of the fixed
axes Ozyz; we shall choose the axis Os to be the line of resultant angular
momenhfm of the system, so that (of. §69) the oonstants 4, and A, are zero;
the epecial zy.plane thus introduced is called the snvariable plane of the
system. The two last equations then give
koos gy’ = p'e) ~ 0/ + 9l ~ piey,
P =0,
These equations determine ¢, and p,’ i vari
Ps 1B terms of the oth
80 can be regarded as replacing the equations e variablos, and
dol (OH  dp o
. dt ~ 3y —gm” 30
in the system. The system thus becomes
dg, 3H dp,’  oH
“ T  GTTgy  r=l33e
where i

1 1 P
Hn Pl L W [ ’i‘+ ’l+ |’
2y 2"") M Py

o'y Dy b gl - Pia) oot ¢ + kcosec o} ']
1 1 [ ¢
o+t limt+pits - B
(ﬂm. 2m.) P pt+ (e ~g/q »
A — e’ + e — pigs) oot 9 + k cosec g, 1‘}
1 [ R L3 ’
+ p]?’+ ¥ ""“_‘."79’ ‘:
my | P2 s PaPe (Gw —~ g P
Upies ~ oy + Bl ~ pigd) eot gi + k cosec ¢) ]

=M (7 + 9 T~ mym, (g0 4 g 4 gy
— oy (g~ g+ (g - /)
and where, after the derivates of H have besn ormed, g, i y '
is value found from the equation s % 18 £ be replaced by
& oos g w pg — e’ + plg) el
Now lot H be the function obtained wh i o
. ; en this value of ¢, is substi
in H; then if s denotes ap £ ; b ’q.‘ ’an‘ tuted
we ha:ve Y one of the variables Gev Qe §or Gos P, P;» Pp’, p.',
Oq. Ba
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But since py’ = 0, wo have 2H/2g, m p, m 0, and therefore
| o _oH,
o B8’

in other words, we can make the substitution for ¢ in H before forming the
derivates of H; and thus (suppressing the accents) the eyuations of motion of
the Problem of Three Bodies are reduced to the system of the 8th order

'&s a ¥ dt aqr (f it 23 31 ‘)’
where
1,1 1 1 na d
H w.(gm‘ + 2,”‘) (o +pd)+ (2% + g ) (B Y+ - (P +Pp)

+ (g — g %(_1"" + §:T,) g+ (gémh + éjm) - 9;’:%‘}

2,
(B  (Dss = Biga+ Dutr = ot
g (gt + g Yy (g0 + @) " =, (= g + (g — Y .

‘Mmy of the quantities occurring in H have simple physical interpretations:
thus (gsq —@:q.) i8 twice the area of the triangle formed by the bodies: and

2m, my1n, | R A P ( 1 :‘) . 1 }
19ty 4 My b My (Eﬁ:"'fﬁ“ Wt G, Y o/ B o, s

is the moment of inertia of the three bodies about the line in which the
plane of the bodies meets the invarisble plane through their centre of
gravity.

1t in aleo 10 be noted that this value of A differs from the valua of B when & is zerc by
terms which do not involve the variables py, pg, py, p¢1 thess terms in B oan therofors be
regarded as part of the potential energy, and we can say that the system differs from the
dorresponding system for which & is yerv only by certain modifications in the poteatia
energy, It may eaaily be shewn that when & is zerc the motion takes place in a plane.

159.  Reduction fo the 6th order.

The equations of motion can now be reduced further from the 8th to the
6th order, by making use of the integral of energy

H w Constant,

and eliminating the time. The theorem of § 141 shews that in performin;
this reduction the Hamiltonian form of the differential equations can b
conserved. As the actual reduction is not required subsequently, it will no
be given here in detail. ]

The Hamiltonian system of the 6th order thus obtained ie, in the presen
stats of our knowledge, the ultimate reduced form of the equations of motion ¢
the general Problem of Three Bodses.
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160. Alternative reduction of the problem from the 18th to the 8th order.

We shall now give another reduction® of the
bodies N d nern) bi
18 to 8 Hamiltonian system of the 6th order. Be problern of three

Let the origina! Hamiltonian system of equations of motion (§ 185)

be transformed by the contact-transformation
. oW aw

P T A

5 (r=1,2..,9),
where pr -

w"'P; (g~ )+ (g~ %) "I"p!' (9‘ — )
o+ p" (qr ....t’!ﬁq%g‘) + p"' (9’ — ?fi?!.im"f‘g!)

m, + m, L
f Pt my .
+ (?- mﬁ) +pr (mq + Mgy + myy)

+ 2 (gt mags + meg) + ) (myq, + MaGe + Mmyq,).

The integrals of motion of the cen i ressed
, tre of gravity, when ex i
of the new variables, can be written S F o ferme

G m gy gy = p) w0,
and consequently the transformed system is only of the 12th order: su

pressing the accents in the new variables, it in v
y 00 dp, o
-ﬁ' ;g.;-mw 'éa'- (r=12 .,6)
where "

N 2P(Pl’+Pa’+PI')+§;?(?¢"*’Pt"*’?t' -m,m.(g;’+q."+qg’)”§

- 2m, ‘
L {9"‘*‘ @+ q) "'% ey (00 Qg + 00

(i) s g van) ™

Ty Ty {q‘! -+ g‘t.*_ q‘t — 2”3;

o, B0 g+ g
m * =
+ (m, +'ﬂ (0*+ g0 + Q’a’)} :
and =TTy 'm’_":{mn + my)
My + oy’ ™ F g+,

The new variables ma ; i i
y be interpreted physicaily in the followin :
Let G be the centre of gravity of m, and m,. Then (G ¢ @) agrew:!j:e;

* Due to Radan, danales de I K, Norm. Sup. v. (1868}, p. 813
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projections of wm,m, on the fixed axes, and (g. ¢. ¢s) sre the projections
of Gm, on the axes. Further
,u%%!-p, {r=1,23), and p’%—%:-p, {rw435 8)

The new Hamiltonian system clearly represents the equations of motion
of two particles, one of mass & at a point whose coordinates are (g, ¢, @),
and the other of mass u’ at a point whose coordinates are (g, ¢u, qu); these
particles boing supposed to move freely in space under the netion of forces
derivable from a potential energy represented by the terms in A which
sre independent of the p's. We have therefore replaced the Problem of
Three Bodies by the problem of two bodies moving under this system of
forces, This reduction, though substantially contained in Jacobi's® paper of
1843, was first explicitly stated by Bertrandt in 1852. L

We shall suppose the axes so chosen that the plane of 2y is the invariable

plane for the motion of the particles.u and u', ie. so that the angular
momentum of these particles about any line in the plane Ozy is zero,

Tet the Hamiltonian system of the 12th order be transformed by the
contact-transformation which is defined by the equations

q’-%' 'u-g?w (f'“.l, 2. sery 6),(!

where
W= (pusin g +p, 008 ) ¢ 008 ¢’ + 9 ain g [(pacos gy’ — py sin ¢/F +pp
+(Pr8ingd +p00s ¢.) g 008 ¢ + gy sin g {(ps o8 ¢’ — pysin ) + .
The new variables are easily seen to have the following physicsl inter.
pretations: ¢’ is the length of the radius vector from the origin fo the
particle g, ¢, is the radius from the origin to ', ¢, is the angle between ¢’
and the intarsection (or node) of the invarizble plane with the plane through
two consecutive positions of ¢’ (which we shall call the plane of instantaneous
motion of p), g in the angle between ¢, and the node of the invariable plane
on the plane of inatantaneous motion of w', ¢/’ is the angle between Uz
and the former of these nodes, ¢, is the angle between Oz and the Iatter of
these nodes, p,’ is ug.', py is w'dy, py is the angular morentam of u round
the origin, p, is the angular momentum of x’ round the origin, p/ is the
angular momentum of u round the normal at the origin to the invariable

piane, and p,’ is the angular momentum of 4 round the same line.
The equations of motion in their new form are (§ 138)

' y o dp/ H
‘%-@?, -ﬁg}m% (r=1,2, ..., 8),

* Jowrnal fir Math. xxvr, g, 115, 4 Jowrnal de wath, xvrs, p. 398,
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where H is supposed expressed in terms of the pew vari i
variables, Let th
system be transformed by the contact-transformation )

) ) .
Pr 5&:‘.’-" g!’“a“"::f (’”*1,2,...,6),

where
W g (B = p) 40" (B 420 + 9 I+ 0+ 7B alpl.
The equations of motion now become
dy” OH  dp/_ _oH
At aP’iN dat ““5‘9'?
But H does not involve ¢,", an ms; i press
) | R ¥y be seen either by ex i
in terms of the new variables, or by observing that g,” gepends {;:gtig
arbitrarily chosen position of the axis Oz, while none of the other ooordinates
depend on this quantity. We have therefors
P = BH jog," w0, 80 Py = k,
where £ is a constant; this is reall i
y one of the th grals of angu
momentum. Suabstitating k for p,” in H, the eqaazi:::e e ! .
g’ = 2H ok

can be integrated by a quadrature when the rest of the equations have been

solved: so the equations for »,” and 4,” can be separa;
which reduces o the 10th orde:' syawg‘ ted‘ from the aystem,

{(r=12 ., 6

y JOH  dp o

I S ~ 5

We have still to use the two remaining integrals of angular momensnm. ;
¥

these, when uxpressed } i i
" e byp in terms of the new variables, are readily found to be

(r=1,2..,85)

0 =980, kp/ wmp e pt;
no arbitrary constants of integration enter, owi
23 i the Tavarabi o or gra »owing to the fact that the plane of

The system may therefore be replaced by these two equations and the

equations
do’ O dp”_ o
h SGrar Gk e-lnag
where, in this last set, ¢,” can be replaced by 90°
s’ can y 90° before the derivates
have been formed, and p,” is to be replaced by (p,"*— p/%)k asfteroiii

derivates of H have been formed. Let H' denote the function derived from

H by making this substitution for #, and let 2 denote any one of the

varisbies 9., 4", )", 9., p.", ps”, £ 9" ; then we have

e 3R  aH ap” aH o
Ol W 3Hop” H . .8p ol
LI T i Tl A U
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" and it is therefore sllowable to substitute for p,” in H before the derivates of

H have been formed. The equations of motion are thus reduced to a system
of the 8th order, which (suppressing the accents) may be written in the form

-l dp, aH
ﬂg =3 "%“"?E' (r=1,2,8 4),
where, effecting in H the transformations which have been indicated, we have

= (o) (o

B _2min - B plpd . . mt } -
T {9" ™ 2019 (con groongy iR G
2m,0s B—pl=p! o o si ' }**
- L e T P o 3
nym, {% ‘*‘m + m‘(m?tm% S mnﬁﬁlnq‘)+(%+m),q;‘ :

The equations of motion may further be reduced to s system of the
6th order by the method of § 141, using the integral of energy
H w Constant

and eliminating the time. As the reduction is not required subsequently, it
will not be given in detail here.

161. The problem of three bodies in a plans.

The motion of the three particles may be supposed fo take place in »
piane, instead of in three-dimensional space; this will obviously happen if the
directions of the initial velocities of the bodies are in the plane of the bodies.

This case is known as the problem of three bodies in o plane: we shall
now proceed to reduce the equations of motion to a Hamiltonian system of
the lowest poesible order,

Let (q:, ¢s) be the coordinates of my, (gs, ¢} the coordinates of m,, and
{4, ¢4 the coordinates of m,, referred to any fixed axes O, Oy in the plane
of the motion; and let p, = myd., where & denotes the greatest integer in
§ (r+1). The equations of motion are (as in § 155)

' de, oH dp, 8H
»::-i} wapr, ;i? wé»é-; (" 1, 2,.-;, 6),
where

i H 1 . -
H = o (9 + Pi) 4 g (04 )+ g (P04 90— mma (0= 6 + (4.9 :
e gy (= i) + (@ ga)] TF = mymy (g — gV + (g~ g} :,
These equations will now be reduced from the 12th to the 8th order, by
using the four integrals of motion of the centre of gravity.] Perform on the
variables the contact-transformation defined by the equations
oW . oW

i
9!'“5‘“’:;‘» I’i“a"q“:; (rul’zi""b)'
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where
W pogy + pugs + P8+ P + (B + Pt PO+ (B Pt ) @

It is easily seen that (g, ¢) are the coordinates of m, relative to axes
through m, parsllel to the fixed axes, (g, q) nre the coordinates of ma
reiative to the same axes, (g, ¢,) are the coordinates of m, reiative to the
original axes, (', p/) are the components of momentam of my, (g, p/) are
the components of momentum of m,, and (p,, p/) are the componenis of
momentum of the system.

As in § 157, the equations for g,, ¢/, pv, pi disappear from the system;
and (suppressing the accents in the new variabies) the aquat.zam of motion
reduce to the system of the 8th order,

o
% %
where

H = (e 5) (084 )+ (it ) (004 D)+ - (Bt i)

- m.m.(q.' +g8 F ey, (92 4 00 Ve momy {(g - o) + (@ e 1
Next, we shall shew that this system possesses sn ignorable coordinate,
which will make possible a further reduction through two unita,

Porform on the system the contact-transformation defined by the equa-
bons

(r=1,28,4),

LA, L 4
9 " P 3
where

Wom p,g) con g+ pagy’ sing/+ pa (g co8 ¢/ — ¢'sin ) + p(gy/sin g/ + gy cos g)

'The physical interpretation of this transformation is as follows: ¢, is the
distance mym,; g, and g, are the projections of mym, on, and perpendicuiar to,
whm,; gy is the angle between mym, and the axis of x: p, is the component
of momentum of m, along m,m,; p,/and p, are the components of momentum
of m, parsliel and perpendicular to mym,; and p, is the sngular momentum
of the systom.

The differential equations, when expressed in terms of the new variables,

(f' el 1: 2: 33 4‘):

become g "
r r’ d
dgt =5 %w~3§? (rw1,2,3,4),
where

l 1 } 1 Fa 1 1 h
He= (m "’”2“;;,*.) {Pn"“" ;‘:;(P;qs ~ P ”‘Pc')'} + (ﬁ*‘ Q;;;‘) (974 2"
t o {P-P: “&(P-?: — P *Pf)} ~ g (g + %) "4

gy e momy () = gO) 07 R,

R —————
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Since ¢/ is not contained in H, it is an ignorable coordinate; the corre-
sponding integral is p, =k, where k is a constant; this tan be interpreted as
the integral of dngular momentum of the system. The equation ¢/ w3 H/op/
esn be integrated by a quadrat.ure when the rest of the equations havé been
integrated ; and thus the equations for p, and ¢, disappenr from the system.

Suppressing the accents on the new variables, the equations can therefore
be written
dp, ,. _oH

" oq,

(r=1,2,9),

where

Hw (m. zm,) {n’+g,(»q. p,q,mk)*} zm, QMJT;.,,P,,)

~ Mgty gy = 1 (G~ @) o+ 451 -1,
This is a system of the 6th order; it can be reduced to the 4th order by
the process of § 141, making use of the integral of energy lﬁnd eliminating
the time. l

162. The restricted problem of thres bodies.

Another special case of the problem of three bodies, which has oconpied a \

prominent place in recent researches, is the restricted problem of three bodies ;
this may be enunciated as follows:

Two bodies § and J revolve round their centre of gravity, O, in circalar
orbits, under the influence of their mutual attraction. A third body P,
without masas (i.e. such that it is attracted by S and J, but does not influence
their motion), moves in the same plane as & and J; the restricted problem
of three bodies is to determine the motion of the body P, which is genersily
called the planetoid.

Tt m, and my, be the masses of & and J, and write

. 1y 1y
Fe= gﬁ +- }”ﬁ .

Take any fixed rectangiilar axes 0X, OV, through 0, in the plane of the
motion; let (X, ¥) be the coordinates, and (¥, V) the components of veloeity,
of P. The equations of motion are

X oF &Y BF
ae TeX’ dF ey

or in the Hamiltonian form,

dX O dY_OH  dU_ o  dV_ o
dt  dU¥’ dat 8V’ dt 8x’ dt gy’
where Hej@4W-£

w, B,
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Since F is a function not only of X and ¥ but also of ¢, the equation
H = Constant is not an integral of the system.

Perform on the variables the vontact-transformation which is defined by
the equations

, oW oW oW
X"‘—U, }wé—v, uw—a-mw, vm..ésf_,
where W ue U (2 cos nt — ysin nt) + V {2 sin nt + y cos nt),

and n is the angular velocity of 8J. The equationa become

dmﬁg_{ dy 3K &sm_gf_( dwwwaK_
T 5 HHm X HT T
where (§ 138) K o= H—%?
= ) (v + Y 4 n{uy —va)— F,

it is at once seen that # and y are the coordinates of the planetoid referred
to the moving line 0J as axia of 2, and & line perpendicular to this through
O as axis of y. F is now a function of & and y only, so X does not involve ¢
explicitly, and
K = Constant

is an integral of the system ; it is called the Jacobian sntegral® of the restricted
probiem of three bodies.

Another form of the equations of motion is obtained by applying to the
last system the contact-transformation

eml < W ¥ =¥
au » !f au 2 pl aq: » P’ aq‘:
where Wﬂ!q‘(ﬂmq"}"ﬂﬂiﬂq’l}

The new variables inay be defined directly by the equations

GmOP, @mPOJ, p=30P), p=opipox),
and the equations of motion become

di{" aH éﬁ. _oH
3p.’ dt oq,

where Hwi(p&%g';;)mﬂp,uﬂ

(r=1,2),

Another form+ is obtained by applying to these equations the contact-
transfortaation

oW . W
P HE’:? Q'r““‘é;;;: (rwl, 2}}
.o 9 1)}
where W Mgt f oot —syh {ﬂ 1 + p” ”2;“} dy,

* Jacobi, Comptes Remdue, 1ur, (1888), p. 59.
} Adopied by Poinonrd in his Nouvelles méthoder de la Bér. Ctleste,

; s _ s 9 ¥ s
R e
)

§ tion of the time, as in § 141,
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where u denotes a current variable of integration. These equations may be
written

pe(-Bed-a) P=p,
-5 P"'

1-1*3)

and it is easily seen that ¢’ is the mean anomaly of the planetoid in the
ellipse which it would deseribe about a fixed body of unit mass at 0, if
projected from its instantaneous position with its instantaneous velocidy; ¢y
is the longitude of the apse of this ellipse, messured from OJ; py’ is o}, and
fisfa(l- e’)}*, where a is the semi-major axis and o is the eccentricity of
this ellipse. H does not involve ¢ explicitly, so H = Constant is an integral
of the equations of motion, which are now

dy O dp/__oH -

dt apf' 3 4t aqff - (r 1, 2).

If we take the sum of the maases of § and J to be the unit of mass, and
denote these masses by 1~ p and u respecbivaly, we have
-

g Py

i (p+ q,:) =g~ I

This is an analytic function of p’, p/, 4., @v, @, which is periedic in ¢,"and ¢,
with the period 2w, Moreover, to find the term independens of p in H, we
suppose p to be zerof; since SP now becomes ¢, we have

H - i("“"i;l;“) Pi"""";;“ 2:,;:“”3’;-

Thus finally, discarding the accents, the equations of mofion of the restricled
problem of three bodses muy be tuken tn the form
dg, oH d?’r.,mﬁ{f
dt — op,’ dg-
where H can be expanded as a power-series in p in the form
Hwm Hy+ pH; 4 a2y + .00,

(r1, 2),

aned H'““«ﬁ;"ﬁ"np”

viile H,, H,, ... are periodic in ¢, and q,, with the period 2.

The equations of this 4th order system may be reduced to a Hamiltonian
wstem of the second order by use of the integral H = Constant and slimina-
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163, Eaztension to the problem of n bodies.

Many of the transformations which have been used in the present chapter
in the reduction of the problem of three bodies can be extended so as to
apply to the general problem of n bodies which attract each other according
to the Newtonian law. In their original form, the equstions of motion of
the n bodies constitute a system of the Gnth order; this can be reduced to
the {6a « 12)th order, by using the six integrals of motion of the centre of
gravity, the three integrals of angular momentum, the integral of energy, the
elimination of the time, and the eolimination of the nodes.

[om. xm

The reduction has been performoed by T. L, Bennett, Nuss. of Math, (3) xxxiv, (1004},
p. H3

MiscELLANEOUS EXAMPLES,

L. H in the problem of three bodiew the nnits are so chowens that the energy integral is

P,1 .11
4 ¥ -
R Aot v i -

where ryy is the distance between the bodies whone velocition ave », sod w,and if ris s
positive conatant, shew that the greatest possible valus of the angular momentam of the
system about its ventre of gravity is § /i,

{Camb, Math. Tripos, Part I, 1893)

2. In the problem of thres bodios, Jet # be Jacobi's function, fet &t be the angle
between any fized line in the invariable piane and the node of the plane of the thres bodion
on: the invariable plans, Jet { be the inclination of ‘the plane of the three bodies to the in-
varisble plane, nad st 4 be the ares of the trisngle formed by the three bodies. Shew that

dn & '
@*" e

BT SENSIL

snidt " immgmyyt #4) °
where & is the snguisr momentum of the system round the normal to the invariable
plane. (Do Gasparia,)

3. Let the problemn of three bodies be replaced by the problem of two bodies u and &
as in § 180 : let ¢y and gy be the distances of u and ' from the origin: let gy snd ¢, ba
the sugles made by ¢, and gy respectively with the intersection of the plane through the
bodies snd the invarisble plane ; let p, and py denote ug) and w'gy respectively ; and let py
and py be the companenta of angular momentum of g and ' respectively, in the plane
through the bodiex and the origin. Shew that the equations of motion may be written

%ug;{, %N -gg: (rml, £, 3, &),
where HeConatant is the integral of energy. {Bour.}
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i Apply the contact-transformation defined by the equations

1" = {(ge~ g1+ gy~ g0 +(ge - go ¥,
Wiy — )+ g - g+ (g~ gt h,
= (g~ g0 +(a ~ o) +(gs - ik,
94w dy (g3 + 4900 +-by (a4 g8} 4 By (g + w5
@' merga+ crgatoagy,

Qo =gy by & pig gy,

gy ey Fa+myQu+mygy,

oo e by b Myget mygy,

o= 1} ) + 0 (g +5q5) + 00y (gr iy
s {g+ 090 +by (g Figa} 48y (g 1gy)’
) ’ : '
(4
pom 5 2 B (r=0, 1,2, vy B),
[\rﬁ.m :‘;:a;d:&{or V1 and oty Gy, dy, by, by, by, 0y, ¢4, ¢ aTE any nite conatanta which
Fitagdaym0,  bdbyibym0, o + 0yt 0y w0, atsl""“lb!'“ 1
& the Hamiitonian system of the 18tk order which (& 158 motion
o Hacail ich (§ 158) determines the motion of the
Bhew that the integrals of motion of the centre of gravity are
6 Gy % G’ = P w =y w0, =
Bhew farther that when the invariable plane is taken as vari i
t plana of 2y, the variable p,’ ia
%o, and that the integral of angular momentnm round the normal to the invariable ;&ne

XA where & i Jeenatmt.
Henoe shew that the squations reducs to the Sth order syatem

;MaH d ; 3[{ #
. F-5 B (r=0,1,3,3),
Badp/ten, "X <Py py 917 Hgyt—gt
P"'?! em‘mg g‘»?’;o gm]

H ’ [
— { ot (s = B’ P . .
+2ml{n’ (@5 = bigo')+ &by} {é‘;(ﬁx"’bﬁa)“g"(%“b‘%}}“xf‘ﬁ'.

Reduce this to & system of the 6th order, by the theerem of § 141 {Bruns.)




