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CHAPTER 9

INTERPLANETARY ORBITS

1. SPECIAL FEATURES OF SPACE TRAVEL

There are considerable fundamental differences between space
travel and sea voyages. One could suppose that the most
important difference would be the fact that a ship sails in two
dimensions, while space flight is potentially a three-dimensional
motion, but as long as we remain in our solar system, space
travel will be confined largely to the two dimensions of the plane
of the ecliptic.

The most important difference between space travel and sea
voyages is certainly in the use of energy. The ship will move as
long as energy is supplied to the propulsion mechanism, and as
soon as the supply of energy is shut off, the ship will be braked
by friction and finally stop. :

In space there is no friction, and once a body is set in motion,
it will continue in this state of motion. Since fuel which has not
been consumed must be accelerated, which costs energy, it is
an important matter to burn up the fuel as quickly as possible,
and the greater part of the voyage will therefore take place in
free flight (coasting) without driving power.

Another important difference with maritime navigation
consists in the fact that at sea the energy consumption is in-
dependent of the direction. It makes very little difference whether
we are sailing from north to south, from east to west, or in the
opposite directions.

On the other hand, in space flight the energy requirements are
governed by the direction in which we are moving. It makes an
enormous difference in the energy requirements, whether we
are moving in the direction in which the Earth is moving round
the Sun, that is in the anti-clockwise direction, or in the opposite
direction. In order to escape from our solar system, starting
from Earth, we require in the latter case a characteristic velocity
which is more than four times as high as for the first case. This
is naturally due to the speed of motion of the Earth round the
Sun, this speed being on the average 29.8 km.sec™? (18.5 miles.
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sec™). In the first case this speed is working in our favour, in
the second case it is working against us.

Since all planets and almost all satellites and comets move in
this direction, the space ships of the future will also move in
this direction round the Sun, so that we have, as it were, one-way
traffic round the Sun.

‘Changes of direction, which can be carried out on Earth
wuhou§ much lu_s; of energy, require in space disproportion-
ately high quantities of energy.

Itis lh;ref ore necessary 1o determine accurately the direction
along which the space ship is to move, so that during the voyage
only small corrections will be required.

The energy requirements depend only to a small extent on the
total length of the voyage._whilc in the case of voyages on Farth
they are more or less in proportion to the distance to be
covered. On the other hand, the amount of energy depends quite
considerably on the shape of the orbit.

A further feature distinguishing space flight from sea navi-
gation is that both our starting point, for instance the Earth,

and our destination, Venus or some other planet, are not fixed

points, but bodies moving at very high speeds round the Sun.
T}us makes the art of navigation in space incomparably more
difficult than navigation on Earth, where the points of arrival
and departure remain fixed.

Final_ly, there is another very important difference with
terresirial methods of locomotion. If we want to stop in the
case of earth-bound motion we simply shut off the engine or
motor. Friction with the ground, waler, air, or the action of
the brakes will then ensure that we shall arrive at our destination
at a very low speed, or practically no speed at all. Full-speed or
half-speed astern has to be applied only if we underestimated
the kinetic energy of our vessel,

However, in space, where there is no friction, we must always
adapt our velocity to the velocity of the body of our destination.
It does not matter which of these speeds is the greater, in both
cases we have to eliminate the speed difference by using up
energy.

If our _deslinalion moves faster than we do, we must accelerate
our motion, but if we are moving faster than our destination,

L
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we must retard our motion, which involves exactly the same
energy expenditure.

This means that practically all interplanetary voyages use
twice as much energy as onec would imagine on a superficial
examination, namely, the energy required to put the space ship
in motion, and the energy required to stop it. ‘

Finally, a further difference between space flight and travelling
on the Earth is that there is no uniform motion in space.

2. THE IMPORTANCE OF THE SUN FOR SPACE TRAVEL

All motions in interplanetary space are governed by the Sun.
This enormous body, whose mass is 332,000 times as large as
that of the Earth, and 1050 times as large as that of the largest
planet, Jupiter, rules all motions within our solar system like an
absolute monarch. _

We imagine that the Earth controls the motion of the Mqon.
and that the Moon faithfully performs her monthly revolutions

i
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Fig. 50. The gravitational ficlds of the Sun and of the planets.
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round the Earth, but actually we are dealing here with a double
planet, Earth-Moon, both revolving round the Sun, while they
revolve at the same time round a common centre of gravity.

¥e
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Fig. 51. The difference between parabolic and circular velocity.

The idea of the Moon's orbit round the Sun as a series of
loops, as shown sometimes in illustrations, is quite wrong. The
Moon’s orbit is like that of the Earth, always concave towards
the Sun.

Fig. 50 illustrates clearly the dominant role of the Sun’s
gravitational field. In this illustration, the abscissae represent
distances from the Sun, in millions of kilometres, while the
ordinates are the differences between the escape velocity and
the circular velocity in km.sec-l. The difference between the
escape velocity and circular velocity is the speed required to
escape from our solar system, starting from a planet, if the
atiraction of the planet is disregarded (see also Fig. 51).

As we know, the escape velocity is

)
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and the circular velocity
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in which g is the gravitational constant of the Sun, and r the
distance from the Sun.
The difference between the two is then:

R Vﬁ(rj_ D=v! 2—1) = 0414 v
r

This magnitude is plotted in Fig. 50 below the zero line. The
result appears in the form of a large pit with several smaller pits.
These small pits represent the escape velocities from the planets.
The planets are indicated by small dots.

We call the escape velocity, required to escape both from the
attraction of the Sun and the attraction exerted by a planet, the
‘absolute’ escape velocity.

This absolute escape velocity can be read on the graph
approximately as the distance between the circle indicating the
planet and the zero line; the zero line therefore represents
infinity. We can see that the absolute escape velocities for
Mercury, Venus and Earth do not differ much.

For departures from Mars, the absolute escape velocity is
much less.

As regards Jupiter, we can see that the escape velocity from
the Sun at the distance in question (780 - 108 km) is very small,
about 5 km.sec™! (3 miles.sec1), but the escape velocity from
Jupiter is rather large and amounts to 60 km.sec™* (37.3 miles.
sec™1).

We can dlso see that the escape velocity from the surface of
the Sun is 618 km.sec™! (384 miles.sec™1), which means that
the graph would have to be ten times as high, to reach the
bottom of the pit. Finally, the graph shows also that the wall
of the pit rises first very steeply, almost vertically, but the slope
becomes less steep after a while and finally almost flat.

The difference in height between two points of the wall of
the pit is naturally an indication of the energy required to move
a certain distance towards or away from the Sun.

The scale of the illustration is such that there is no direct
relation with the quantity of energy, but we can say that the
characteristic velocity required to move from the orbit of one
planet to the orbit of another is approximately equal to twice
the difference of height on the vertical scale.
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This means that, for instance, the orbit of Mercury is at
20 km.sec™! (12.4 miles.sec?), that of Venus at 14.5 km.sec™1
(9.0 miles.sec™!). The difference is 5.5 km.sec! (3.4 miles.sec),
and the characteristic velocity to move from one planet’s orbit
to another is about 11 km.sec™}, or more accurately 11.54
km.sec™! (7.2 miles.sec™!), about twice the scale reading.

_ In this connection we must also consider the point mentioned
in Sect. 1, that any motion in our solar system costs twice the
expected amount of energy, namely once to get into motion,

-and the second time to stop again. This means in the above case

that we firstly require energy to adapt the elliptic velocity of our
space ship to the circular velocity of our planet of departure
and secondly that we require energy to adapt our elliptic velocity
to the circular velocity of the planet of arrival.

From this point of view it makes no difference whether we
move downward or upward in the pit.

3. CHARACTERISTIC VELOCITIES FOR VOYAGES BETWEEN PLANETS

If we try to ﬁqd out from the diagram, what characteristic
velocity is required to move from the Earth’s surface to the
surface of Mars, we find for the speeds, roughly:

km.sec=? miles.sec?

Escape velocity, Earth 11 6.8
Adaptation of the circular speed

of Earih to that of Mars, 2- 2.5

km.sec-! 5 3.1
Escape velocity from Mars 5 31

Characteristic velocity 21 13.0

Thc reader will notice that the escape velocity strictly speaking
implies that we move away from a planet to infinity, while we
actually are moving only from one planet to another.

However, it can easily be shown that the difference is very
small (see Fig. 52). -

When we stand at point 4 on a planet with radius R and
gravitational constant x4 and throw an object of unit mass
vertically upward so that it will just reach a point B at a distance
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r, so that the speed of the mass at the point B is zero, we can
say that the energy of the unit mass is:

at point 4: E; = --'% Ey =4

at point B: E,m..._f, Ex=0
r
Since the total energy of the point mass does not vary during the

S

Fig. 52. Calculation of the speed required to rcach a poiat B.
motion from A4 to B, we can say that
b N b
——— R e— — B
3 + v = +

from which we obtain

(1))
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or

¥ '/ R
—a=l
¥Ypo r

If we now calculate which part of the escape velocity is required
to reach, say, a point at the distance of the Moon from the Earth,
a fairly short distance on the cosmic scale, we have

R = 6368 km (3960 miles)
r = 384,000 km (239,000 miles)
from which we obtain

R |
r 60.3
and
v
— = 0.992
¥po

For this short distance we require more than 99 %, of the escape
velocity. We can therefore assume, without making a large
error, that for interplanetary distances we can base our cal-
culations on the escape velocity.
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Fig. 53. The accelerations caused by the gravitational attraction of the Sun,
the Moon, and the planets at various distances.
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Fig. 50 shows clearly that we must avoid the planets, when
we move through our solar system; in particular we must avoid
Jupiter. The gravitational attraction on the surface of this giant
planet is as strong as the attraction of the Sun at a distance of
1.5 million kilometres.

Fig. 53 represents an illustration of the accelerations caused
by the Sun, the Moon, and the planets.

In this graph, the abscissac represent on a logarithmic scale
the distances from a celestial body, and the ordinates are the
appropriate accelerations due to the gravitational attraction,
expressed in terms of gq.

The various celestial bodies are indicated by the usual sym-
bols, used by astronomers, namely:

) Moon ¢ Venus 4 Mars
§ Mercury & Earth

h Saturn
2| Jupiter O Sun

Although landing on and departure from Jupiter would require
superhuman energy (apart from the question whether Jupiter
has a solid surface to land on), such manoeuvres are surprisingly
easy on Jupiter’s satellites. We shall take as our example the
satellite called Europa.

Europa revolves at a distance of 673,000 km (418,000 miles)
round Jupiter. The gravitational constant u of Jupiter is,
according to Table 20 on page 206:

1.270 - 1023 cm?.sec-?

We have then

1.270 - 1023

0.414v. = 04 V""““——
414y, = 0.414 673100

= 5.79 - 10° cm.sec! = 5.79 km.sec?
(3.60 miles.sec-1)

Europa’s radius is 1500 km (932 miles). If we assume that
Europa’s density is approximately the same as that of our Moon,
we can calculate from the data given for planet X in Table 20
on page 206, that the escape velocity on Europa is

1.5 1.37 km.sec* = 2.05 km.sec-! (1.27 miles.sec-1)
The escape velocity from our solar system, at the distance of

P e R R AT IR TR M SN Sy T R ER RTE r
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Jupiter is, according to Fig. 50, 5.40 km.sec—} (3.36 miles.sec?).
The absolute escape velocity from Europa is therefore

5.79 + 2.05 + 5.40 km.sec? = 13.24 km.sec! (8.23 miles.sec-?)

The absolute escape velocity from the Earth is 23.5 km.sec-1
(17.6 miles.sec1). It is therefore much easier to escape from
Europa than to escape from the Earth, in spite of the proximity
of Jupiter, '

The problem of escape from a planet or a satellite is really
a three- or more-than-three-body problem and consequently
cannot be solved easily. The foregoing calculation is therefore
only a very rough approximation.

4. POSSIBLE ORBITS BETWEEN THE PLANETS

Before calculating the orbit of a space ship between two planets,
we must introduce some simplifications in order to simplify the
fairly intricate conditions of space travel. We shall suppose
therefore:

(1) That during the greater part of the voyage the space ship
is coasting, so that the periods of acceleration of the motor are
short, compared with the total duration of the voyage, and can
be neglected. -

(2) That the planets’ gravitational attraction can be neglected,
for the time being, so that we take into account only the Sun’s
gravitational attraction. _

As a result of these two assumptions, we can now regard the
orbit of the space ship as a pure Kepler orbit, viz., an ellipse,
parabola, or hyperbola.

(3) That the planets describe circular orbits round the Sun,
and that these orbits are in the plane of the ecliptic.

(4) That we are concerned only with voyages within our
solar system.

(5) That the Earth is the planet of departure, unless other-
wise stated.

In Fig. 54, the orbit of the space ship is shown. In order to
investigate the conditions.to be 'fulfilled by an elliptic orbit,
we must consider firstly, that during the voyage to an inner
planet, as in Fig. 54, the perihelial radius ro of the ellipse must
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be smaller than, or at the most equal to the radius of the
planet’s orbit. Also, the aphelial radius rigo must be at least
equal to the radius of the Earth’s orbit, so that

re=rs and rw=n

ﬁ/

3 Fiso

Fig. 54. An elliptic orbit of a space ship. E, the position of Earth, at the
moment of departure of the spaceship; Pi, the position of the planet at
that moment; ¥, the angle beiween E and Py with the Sun S as vertex,
this is therefore the configuration of the planets at the moment of departure;
Py, the position of the planet at the moment of arrival of the space ship;
@, the angle made by Ps and E with the Sun §, ESP; is therefore the sector
of the ellipse, through which the vector will move during the voyage of the
space ship; r1, the radius ¢ the Earth’s orbit; rg, the radius of the planet’s
orbit; ro, the perihelial radius of the orbit of the space ship; rvo, the radius
of the orbit of the space ship, which makes an angle of 90° with the major
axis; riso, the aphelial radius of the orbit of the space ship; ¢, the perihelial
angle of E, i.e., the position of the Earth on the ellipse at the moment of
departure of the space ship; gs, the perihelial angle of Pg, i.e., the position
of the planet on the ellipse at the moment of arrival of the spaceship.

If a is the major semi-axis, and ¢ the eccentricity of the elliptic
orbit, we have

ro=a(l—e and rigo=a(l + &)
from which we obtain

SR /PSSP - S — W B ey
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al—e)=rs and a(l +&)=n

We shall multiply the first equation by (I + ¢) and the
other by (1 —¢), and then we have

al —e)=ril +€) and a(l —e)=ry(l —e)

ThDe term f“ —€?) is equal to the radius, making an angle of
90° or 270° with the major axis; this radius is called the ‘para-
meter’ of the conic section.

Fig. 55. A hyperbolic orbit of a space ship.

Now divide both equations by r1. In other words, we want to
express the distances in astronomical units (A.U.). We also call
r | —& .
_‘ =n and ‘L........_.s_'} =
r ri
and then we have
p=u(l +e& and p=1—c¢
In the same way we can derive for the voyage from the Earth
to an outer planet:

PS1+e and p=n(l —e)
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Fig. 55 shows the position for a hyperbolic path. For a path
of this type, we have in the case of an inner planet the only
condition that the perihelial distance is smaller than, or at the

L4 L
Hyperbolae
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Fig. 56. The possibie orbits for a voyage from the Earth to an inner pianei.

most equal to the radius of the planet’s orbit, so that

rn=n
or
ae—1D=nr
or
a(e* — 1) = rale + 1)
or

pP=ne+1)

This is the same equation as one of the equations for the elliptic
orbit.

b e i b b — e ke e e
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For an outer planet we can derive in the same way that
pse+l

which is again equal to one of the equations for an elliptic orbit.

If we now draw a graph on squared paper, with ¢ for the ordi-
nates and p, on the same scale, for the abscissae, we obtain for
an inner planet (Venus) Fig. 56.

In this graph, the lines GH and HJ are the limits for the
possible elliptic orbits while the line JL represents the limit of
the possible hyperbolic orbits.

All possible elliptic paths are therefore comprised within the
triangle GHJ. For the parabola, ¢ = 1, and all possible parabolic
orbits are on the line GJ, the maximum of p being 2n.

All possible hyperbolic paths will be found between the verti-
cal axis and the line JL. The hyperbolic area is unlimited, unlike
the elliptic area.

=10y

Fig. 57. The possible orbits for a voyage from the Earth to an outer planet,

In Fig. 57 we have shown the situation for a voyage to an
outer planet (Mars). We see that the angles included by the lines
GH and HJ with the vertical axis are simply reversed. The
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maximum p of the parabolae is 2.0. For the point H we have
in both cases

The eccentricity of this point is
n—1

e
Atn+l

(+ for outer planets, — for inner planets).

The point H is a very important one in this diagram and we
shall have to refer to it later.

The following values are applicable for n:

TABLE 9
RELATIONS BETWEEN THE RADI OF THE PLANET ORBITS
From|to Mercury Venus Earth  Mars Jupiter Saturn
Mercury — 0.535 0.387 0.254 00744 0.0406
Venus 1.868 — 0.723 0.475 0.13%0 0.0758
Earth 2.583 1.382 — 0.656 0.1923 0.1048
Mars 394 2106 1.524 — 0.293  0.1597
Jupiter 1344 719 5.20 342 - 0.545
Saturn 24.64 1319 9.54 6.26 1.833 —

5. THE ENERGY REQUIREMENTS FOR INTERPLANETARY ORBITS

The characteristic magnitudes of the interplanetary orbits
which interest us most are

(1) the required amount of energy,

(2) the duration of the voyage,

(3) the configuration of the planets (Earth and planet of
destination) at the moment of departure.

We have shown in Fig. 58 the speeds for the entry into, and
exit from, the elliptic path.

The letters in the illustrations have the following meaning:
Va is the linear speed of the Earth in its orbit, ¥ is the linear
speed of the planet in its orbit, ¥; is the speed in the elliptic
path at point A, Vz is the speed in the elliptic path at point P,
61 is the angle made by the direction of the velocity ¥ with the
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tadiu_s n, ¥z is the angle made by the direction of the velocity
Ve with the radius r.

Fig. 58. The velocities for a voyage from the Earth to an outer planet.

If we assume that the planets move in circles round the Sun?
the directions of the velocities ¥, and ¥, are perpendicular to
the radii r; and 'rg.

We know that

Vot = —
r
o=t
ra
2 1
Vit =pu (- ——)
r a
2 |
re=n(G3)
rs a
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Let
r a
n= .._: and g =—
rn r

We have then

2
ya=re 86)
n
Vit = V.2 . 87)
q9
Vi = Va2 4 = (88)
qn

In order to adapt the initial speed ¥V, of the space ship to the
speed Vi of the elliptic path at the moment of departure, we
must give the space ship an additional speed Via.

We have according to the cosine rule:

Viia = Vi + V3 — 2V, Vicos (81— §n) (89)

We must therefore calculate ¢, and we find this angle from the
equation for the direction of the tangent to a curve:

de
tan g = —r —dr»—
We know the relation between ¢ and r from the equation
__all—é)
1 +ecosg
We can derive from this that
dp 1 4 ecosg

dr resin @
so that
lau9=—1r—g—=—%t (%0)
In eqn. (89) we have
cos (h — 4n) = sindh = “::—L— o on
Vcottd + 1
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By substituting eqn. (90) into eqn. (91) we obtain
1 - I + ecos ¢

e gipt
V————f‘—ﬂ

(1+¢&cos g)?

We can now eliminate @1 from this equation by using the
equation :

cos (h — in) =

Vﬁ— &2+ 2ecos w1

a(l — et)

n= — -~
I+ ecosg

We obtain then, after a few transpositions, and keeping in
mind that

a
g =—
r

1 — et

cos(ﬂ.—~iu)=qV2q_]

If we now substitute eqn. (92) and (87) into eqn. (89), we have

(92)

29 —1 29—1 /1 — et
V’n=V'n+V=¢"-—‘—-“"V'n ————
' q ZQV q VZe—l

and we obtain from this after a few trans positions

Via ‘/ — ]

— o —_— ) —

o =F3—2 Ve —ey .
Now let us reintroduce p, with

a(l —¢e?)
= =q(l —ey
ri
and we have then
Vl.a |

Vo =¥3—2 - ©3)

At the end of the voyage, we must adapt the speed ¥, of the
space ship to the circular speed Vp of the planet P. We have 1o
apply for this purpose an additional speed V.




