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INTERPLANETARY TRAJECTORIES*
F. G. Gravalost

The aim of this work is to solve the two-point ""limit
problem' within the gravitational field of the solar
system. To make possible a concise mathematical
formulation of the problem, a method is presented for
the definition of a physical model '""ad hoc" to whatever
interplanetary trajectories must be studied. Picard's
iterative method for constructing solutions, with an
essential modification found empirically, is given and
numerical results systematically obtained are presented,

INTRODUCTION

In recent years, considerable work has been done on the problem of de-
termining interplanetary trajectories, both in the United States and
abroad, At home, various n-body programs, which are a mixture of
astronomical and numerical integration techniques, were developed.
These programs can be used directly for the solution of the initial bound-
ary —alue problem: '"Given the position and velocity at a given instant,
determine the corresponding trajectory.' By application of a trial and
error procedure these programs have also been used to solve numerically
the boundary value problem we call the "limit problem'': '""Determine the
trajectory that goes through two given points at two given instants.'" The

mathematical foundations that justify this type of approach were given at

*This paper was prepared with the collaboration of A, J, Dennison,
Mathematician, Navigation and Control - Engineering, and M. McDevitt,
Engineer, Flight Mechanics - Systems Engineering, Missile and Space
Vehicle Department, General Electric Company, Philadelphia

+Consultant, Applied Mechanics - Systems Engineering, Missile and
Space Vehicle Dept,, General Electric Co,, Philadelphia




the turn of the century by Paul Painleve. He showed that the singularit-

ies in the equations of celestial mechanics are always removable, From

these thoughts sprang epoch-making papers by Levi-Civita and Sundman.
Recently, Benedikt{l) has determined the technical value and limitations

of Levi-Civita's work, My teacher, the late Professor G. D. Birkhoff,(z}

elucidated Sundman's paper and made it accessible to a large public,
However, from the point.of view of scientific engineering, one is not con-

cerned with ""collision trajectories' in the sense of modern dynamics,

Instead, it is the "limit problem' that has primary importance in tech-

nical applications,

The present work is divided into three parts, In Part 1 the physical

model-is defined. Although we have only dealt with trajectories from
near the earth to the moon, the method outlined for the selection of the

relevant planets, as well as the form of the corresponding differential

equations, is completely general, This is, in spite of its simplicity, an

essential novelty of this work,

Part 2 is divided into sections that, logically, are quite apart. Using
ideas E. Picard(3) first published in 1893, the two-point limit problem
is rigorously formulated in an integral form. Trying to use Picard's
method of successive approximations for the actual construction of so-
lutions, a cyclic process was devised - section 2. 2 - by means of which

solutions were obtained even for cases when the original iterative process

is divergent. This scheme, as presented here, has no scientific value,
However, if numerical results are viewed as phenomena, this cyclic

sch~me become<s a very interesting experimental tool, by use of which

solutions can be obtained and the nature of the specific problem at hand

can be analyzed, This work is not concerned with the determination of
the general conditions of applicability of this scheme; but, it is hoped,

this and related questions will be studied in a forthcoming paper.
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In Part 3, numerical results of high accuracy are presented. The nu-
merical analysis that should precede, or accompany, the construction

of solutions is outlined in section 3. 3,
i (g PHYSICAL MODEL
1.1 GENERAL CONCEPTS

For any problem involving the calculation of interplanetary trajectories,
and independent of what is the particular problem at hand, the first ques-
tions to resolve are what physical model and what coordinate system of
reference should be used. In this work, a system of Cartesian coordi-
nates at absolute rest - a Galilean system* - is assumed with center at
the Sun, with respect to which another Cartesian system rigidly attached
to it - and, naturally, Galilean - is defined and used as a system of ref-
erence, All the planets and the Sun are considered particles - points
with finite mass - and our differential equations define the motion of a
negligible mass in the time dependent gravitational field created by cer-
tain planets, selected as bearing mensurable influence upon the motion
in question, in their known motions within the solar system. Since we
take the results of astronomical work as physical data, our equations
are very much simpler than those usually used in the so-called n-body
programs; on the other hand, a selection of the planets that determine

the motion must be made "'a priori, "

Let these assumptions be examined more closely., The equations of free

dynamical systems are the analytic expressions for the symbolic relation,
Inertial Terms = Acting Forces (1)

Astronomers provide us with the positions of planets in the equatorial

system - shown in Fig. 1 - versus time, with a given reference date,

Since only gravitational forces are considered, and these are defined

*By definition, Galilean systems include also those moving without

acceleration,
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X3 :NORMAL TO THE ECLIPTIC

SUN

0BLIQUITY TO
THE ECLIPTIC

ASCENDING NODE OF EARTH'S ORBIT
DEFINED BY SUN-VERNAL EQUINOX LINE

Fig.l Definition of the Galilean System of Reference

completely by the relative position of the point masses, the right hand
side of Eq. (1) will be written for our physical model with no "error",

if the astronomical data is supposed to be '"exact, "

In Newtonian mechanics the existence of a system of coordinates is al-
ways assumed at absolute rest., Therefore, the error committed when
writing the acceleration components on our Galilean system can only be
examined with reference to motions known to exist and can only be de-
termined with the accuracy with which those motions are quantitatively
known. Let ‘-JG and SS be the angular velocity vectors of the motions
of the center of mass, c. ﬁn., of the solar system about our galactic
axis - the line at absolute rest - and of the Sun about the ¢, m. of the

: o~ . . .
solar system, respectively, both :;G and W being obtained with the

Sun as the reference point for the decomposition of the motions. If
these motions are taken into account, the left-hand side of Eq. (1); i.e.,
the acceleration per unit mass, will be given by the vector.

P - s
v o @ v
+(uG+ S)x
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where the local time-derivative, indicated by the ''dot", is taken with

respect to a system rigidly attached to the Sun, * Thence, the error

committed on the left hand side of Eq. (1) due to the assumption that our

system of reference is at absolute rest is given by
S ~+
(D + 3 xVv

It is known that the solar system moves about our galactic axis with a
periodic motion; let the period by -"I: Neglecting 35, and assuming this
motion rigi&i, for a vehicle moving at, say, 30, 000 ft/sec and for an
optimum relative position of its velocity vector, ‘{"’, and 3 , the error
in position will be less than 4, 500 ft per year of flight time, for T equals

100 million years.

Let it be remarked that, although Einstein's gravitational tensor is inde-
pendent of any specific system of coordinates, in order to write the differ-
ential equations of motion for the known integrable cases (Schwarzchild,
Painleve’), a system of reference at absolute rest must also be explicitly

assumed within the framework of the General Theory of Relativity,
1.2 PHYSICAL MODEL FOR EARTH-MOON TRAJECTORIES

The motion of a space vehicle - as a point mass - will be studied in the
gravitational field created by the Sun, the Earth, and the Moon. The

qualitative reasoning for this selection runs as follows: Although, for

relatively short intervals of total flight time, the influence of the Sun
may be negligible, there will always be a portion of the flight under the
almost exclusive influence of the Sun, Moreover, to account for the
presence of the Sun does not bring any extraneous complexity in the com-
putations, for the distances from the vehicle to the Earth and to the Moon

must be calculated using their coordinates in the equatorial system.

An example of the quantitative analysis that should precede the selection

of planets will show how insufficient a reasoning such as that in the

*In Newtonian mechanics, ''all the clocks are synchronized'; thus, only
the relative motions need be considered,
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?}: above paragraph could be, In Fig. 2, the motion from a point Pl to
ﬁ‘f‘ another point PZ is shown as being uniform, for given Julian dates. The
{i forces per unit mass exerted upon this particular motion - the simplest
,: that can be assumed - by different planets are given in g's in Fig. 3.

i I From this graph an upper limit for the effect of neglecting, say, Jupiter
:" is found to be about ten million feet in positional error for 75 hrs of
} flight time, a magnitude considerably larger than the numerical error
f:*: of our solutions (see Part 3). It should, however, be noted that just the
j‘ addition of another term in Eq. (3) would not avoid this error; to account
L for such effect, the summations in Eq. (10) must be adequately arranged.
: By use of ephemeris tables, the coordinates of the Moon and the Earth,
;'%'::' in our Galilean system, 0 - xl, x 2, x3 at specific intervals of time,
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these data are given at discrete
points, we shall write e
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X S d = constant
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} x* = xi i=1,23 ' 3
.?. - xE{t) (i=1,2,3) \(,-mm
& (2) B woon—
¥ xi 2kl P -
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e and suppose these functions to .
be - as they are - continuous in o4
the interval of time in which the /
“.‘ motion takes place, We shall /
= that, with our f lati
? see at, wi our iormulation .0‘5 //

of the problem and method of

solution, the data can be treated g's
as given by functional relations

without direct reduction to ana-

lytic expressions.

For this physical model, the o

equations of motion of a particle
of negligible mass - with respect

to the gravitational masses in- o8

/-r— APTER

volved - take in our system of

coordinates the following simple

form.
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o 2)-3

K [dl_XIngl[dJ <]] E 2
3 . 2)-3 :
+Rg[xL® -x]] j'2-_;1[::1’.3&) - x]] z 2 (3) ]

3 9, .3 3 . 8
o= [ -+
-X Xap(t) - x p—
+KM["M(t) ijﬂ m® > (4] =1,2,3)
b
where Ks, K , and KM are the products of the universal gravitational , i
constant times the masses of the Sun, the Earth, and the Moon, respec-
tively, For other interplanetary problems that require taking into ac-
; count the presence of other, or of additional planets, the corresponding
differential equations will remain of the same general form, -
2, THE LIMIT PROBLEM E N
2.1 MATHEMATICAL FORMULATION x
Equations (3) are of the form Y
wi i .. T
x =g (x%, 1) (4,j=1,2,3) (4)
v
and a solution is sought such that o
xi(t)) = al (5)
xit, + T) = bl
i, e, the solution that goes from Pl: [a.i) to Pz: (b i} in the interval of t1
time T. The constant ty is an additive constant and will be always taken p:
equal to zero, .
If a solution, xi' = xi(aj, lj, t), of the initial value problem
x1(0) = al
“.

x10) - &




were obtainable in closed form and the equations

xi(al, @J, T)= bl

for ! had a solution, the limit problem defined above would be solved,

x This approach is only possible in trivial cases,

(3)
3 To use Picard's thoughts for the solution of our limit problem, let the

gi(xJ, t) of Eq. (4) be the functions in the right hand side of Eq. (3) and

xi(t) = xi(ad, b, ¢) (6)
be a solution of (13) satisfying the conditions of Eq. (5). Then, the
snal integral relation, T '
'spec- o : : t i ; :
x't)=a'+ —[(b1 -al)- f('I' -0gt &), 1) dr]
ac- T 0
nding A (7)
t
i,j &
+ ) (t-r)g" (x'(r), r)dr,
0
will be satisfied identically in t and, conversely, any set of functions
"'_ xi{t) satisfying Eq, (7) is a solution of Eq., (3) plus Eq. (5), as can be
verified by derivation.

(4) The right-hand side of Eq. (7) may be interpreted in a dual role: As a
vector operator, ri [xJ (t)] , that permits obtaining sequentially from
any given set of functions xfl'l(t) another set,

(5) k.

_--._ : i _ ] 8
; pe1 ® = T[x] o] | ©
of that always verifies the conditions of Eq, (5), and as an operator that
taken

provides the means '""to check'" whether any given set of functions x }(t)

verifying Eq. (5) is a solution of Eq., (3). For, in that case,

@) = [zl o). (9)

With gi(x]i_l k), Y= EL(t), the operator r, may be written in the compact

form,




xh+1(t)=a + ?[(bi_ai)“f(T-r)E;(r)dr] ori_

0 -
(10) : To «

+0f(t -1) g () dr = g[xd ). tion

= e o i i : L
The operator [‘i , giving the derivatives of X, x I(t) from x h (t), is . -
defined by the similar formula,
: | .
3 an
h+1(t)"_'(b -a ) f(T-r)gh(r)dr] . |
' £ Lipe
11 i
(11 3 the :
+ fa;(r) dr = fi[x; ®)] - i Hete
/ 0 _ (] I.r’.st(
Both r‘l and f‘i may be obtained from Eq. (4) by formal integrations, alwa
: give
2,2 METHOD OF SOLUTION
: the =
Picard's iterative method - with some essential modifications - is used -
to construct solutions.
’I‘ake , as "initial guess'' of the solution, an arbitrary set of functions
x 0 (t), verifying the conditions of Eq. (5). Repeated use of the operator ¥
r'i and of l.‘i yields the double sequence of functions
j 2Med (1) h(,j i
qlxp @], rifxde], - Tlxo®l-xy0 02 3
r.[x] [x @], - [xd 0] .
1["0 ®], 5 [} @], 1.'1["‘11(") (13) L
g
If the limit Bt 3 #
lim T, [x%,(t)] = lim x ft) = X (t)
Nse * = F h+o (14) 2:-
exists, then
L _ el 2 *In al
,. I[hm X (t)] =X (t) (15) ies fc

*Although [xj (t)] is call i an operator, it is nothing but a convenient
1

;‘. notation; for l"i] [xlo(t)] is not well defined,
i

566




(10)

(11)

ns,

s used

ions

yerator

(12)

(13)

(14)

(15)

wenient

and xi(t) and xi(t) are the coordinates and the velocity compdnents of our

original dynamical problem.,

To obtain the conditions for convergence for a single differential equa-

¥ tion, Picard wrote the sequences (12) and (13) in the form of series,
;. XB&)+[xi&)-xa&ﬂ-+ ----- [xha),xh_1@ﬂ+ _____
X0 @ + [ ® - x5 ®)] + ----- [£,® - %} _,®]+ --—--

and found that, if the right hand side of Eq. (3) (i=1, only) verifies
Lipschitz's condition and both T and the absolute value of the slope of
the straight line joining the points Pl and P2 (in the x-t plane) are suf-
ficiently small, a solution of Eq. (4) plus Eq. (5) exists and is unique.

F Instead of discussing these questions in general terms, something which
always implies the "a priori" selection of dominant constants, we shall
give numerical techniques that provide simultaneously the solution* and

the analysis of the specific problem at hand.

. T i I e ‘ i Y i D e e S T
e, o A 3 s i . = 8 e A ek e
g )‘_‘mhvﬂﬂm.“-ﬂ-n‘:\:;d-m“n it D T e e Y8

In essence, these numerical techniques consist of the following steps:
# i. - Divide the time interval (0, T ) into n parts, which need not be
equal,

ii. - Compute the values of xiE(t) and x;i{t) at those n values of t,

(If, by electronic machines, these values are computed as
needed, considerable storage space is saved, but the compu-

tational time is increased.)

3 iii, - Select an arbitrary set of functions x[;(t} that verify conditions

- of Eq. (5)

iv. - Set an algorithm to carry out the operations in Eqs. (10) and

(11); i. e. arrange the necessary calculations to obtain

*In all the cases studied solutions were obtained; these included trajector- 145
i
ies for T = 84 hours. q_i
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ri[x:l"l(t)] and Fi[xll'l(t). from x; (t) at the selected values of t,

v. - Examine whether the differences

[ m ml (16)

[xho] -2 o
Fi[xh(t) X (t) (17)
are, for all the n values of t, smaller than prescribed numbers

- defining the accuracy of the iteration process - from a certain

h onward.

vi, - The examination of numerical results shows that each of. the -
sequences (12) and (13) separates into two distinct sequences, **
corresponding to the odd-and even iterations for each of the

xi(t),

i i i
=@, x}®), —---xb © —-- .

x3®), x4 ---=-xb @) -

(and the same for their derivatives).

it

One observes further that these double sequences converge to a common

limit, or diverge from each other, depending - as it should be - on the

physical nature of the problem under scrutiny. In both cases, rates of

convergence, or of divergence, of the sequences x2h+ 1(t) and x h(t}

are extremely small (very near unity) and almost identical. Therefore,

the following simple, but essential, modification in the iteration process

was introduced: After an arbitrarily selected number m of iterations, an

average is taken of the last two, and the result, -
i i

xaﬁﬂsxmm;xmdm: (19) 4

is used as a new initial guess, x.i 1f_t} of the.solution. This mixed cycle

of m-iterations and an average is repeatedly applied, and the resulting

sequence for the xo k(t) can be described by use of the operator l" in 1

**The mathematical reasons for this phenomenon will be discussed in a
forthcoming paper.
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the following manner,

rit[xd @] + i [x) @]

and so forth, To the sequence

j ) B e
Fi["o,l(t)]’ Fi["o,z(t)]’ ’ l“11["‘0,k(t)] (21)
there corresponds the sequence,

ti[xh @), y[xdp @) - , Bylxd, O] -

for the % (t).

The examination of results is not, however, done on the sequences (20)
and (21) directly. Using the role of FI indicated by (9), the differences
r [ ) ] <l l

i X0,k ®)] - X ® (23)

are examined to determine whether xa k{t) is a solution of Eq. (4) and

(5)*%. It is of importance to examine also the double sequences,

r [ @], r3[xd (@], - oP [ L) (24)
riz[x%,k(t)]’ vy [x%,k(t)]' """ , T ["%,k“"] 125}

(written for m even) and those corresponding to :'cl(t}, for the nature of

the specific problem at hand is defined by the convergence, or diver-

gence, of these sequences.

In general, a solution is attained after 5, 6, or 10 complete cycles -

m equals 20 - even when the two original sequences (18) are divergent,

These are truly remarkable numerical events, for a simple modificatien

to Picard's method - the averaging process - permits construction of

#lz this caww I, [ (0] = Tc:'ri[x%,k(t)]
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solutions in cases where the results of Picard's straight iteration process
tell us that the solution is not necessarily unique,

2.3 FACTORS AFFECTING THE ACCURACY AND THE RAPIDITY OF
THE PROCESS

These factors are:

i. - The number and distribution of the n values of t, between

Oand T '
ii, - The formula used for the numerical integrations in Fi.and ["i
iii. - The number of digits carried out in the computations
iv., - The initial guess of the solution
v. - The number m defining the cycle described in 2. 2vi

These factors are related to each other and to the form in which astro-
nomical data are available., If the n time-values are not coincident with
those for which x ::(t} and x;{{t} are given, an interpolation formula will
have to be used to acquire the needed values of xé and x:d. This formula
should fit consistently with the integration scheme for the calculation of

l"iL and f‘i; i, e., neither the interpolation nor the integration formula
should imply an order of approximation which the other makes it impos-
sible to reach. In this connection, some astronomical work comes into
the picture, for the interpolation formula should be one of those used in

astronomy,

With these ideas in mind, since computing machines have a limited stor-
age capacity and to operate them is costly, the worker must make a
compromise as to what computational arrangement is most adequate for

his purpose,

Once these choices are made, and assuming that our process of con-
structing solutions is converging, the question arises of whether for
different n's there will result different solutions; the optimum solution

to the physical problem is given by that maximum division of the interval

SL
nu
ac

PE€

frc




ITocess

!

(O, T) into n parts beyond which the accuracy of the solution cannot be
improved. This, in turn, is related to the number of digits carried in
the computations: The value of any term in the sums representing the
integrals in ri and f'i for n = n must always be such that, its own indi-
vidual error is adequately bound, and large enough to alter at least the
last significant digit of all possible partial sums. For any subdivision
beyond such fi, the integration process will degenerate; this should be

first detected by fluctuations in the values of xi{t} in some part of the

trajectory.

The number of digits carried in the computations plays another, very

important role,

The sequence of powers of the operator Pi applied to xé{t) represents
successive corrections to the initial guess., Thence, it is clear that the
number of digits carried in the computations determines the degree of

accuracy - and, therefore, of speed - with which these corrections are

performed, i, e, the number h for which

e e] - pcho]] <

is a function of the number of digits carried in the arithmetic operations,

From the above, intuitive interpretation of the sequences l"{l , it is also
clear that the better the initial guess is, the faster will be the conver-
gence to the solution. Since for the cases where the straight iteration

process is not convergent it is not possible to guarantee the uniqueness

of the solution, one should ask whether different choices of xé(t) would

yield different, or differently converging solutions.

The same question is applicable to the choice of m: Does the repeated
application of our complete cycle yield different solutions for different

m's? The dependence on m of the value of k for which
b ] - il )
|r{ [x(},k(t) » ‘i["o,k(t) <

from k on, is obvious,




