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A CONVERGENCE THEOREM ON THE ITERATIVE
SOLUTION OF NON-LINEAR TWO-POINT
' BOUNDARY-VALUE SYSTEMS

by

RO MCGHL and P. KENNETHY

Gronwman Aireraft Engeg. Corp., Bethpage, Long Istand, New 'York {LL.S.A)

Abstract

The nen-linear two-point boundary-value problem occurs quite naturally in studies
in flight-mechaics, e.g., in the numerical application of the theory of the cateulus of
variations and in intercept and rendezvous studics. Computationally, obtaining solutions
t0 this class of problems is fravght with difficolties such that no really satisfactory
systematic procedure is currently available. A widely used procedure for approaching
pondinear probless iy diverse branches of mathematics is the substitution of a stguence
of linear problems for the non-dinear problem in such a manner that the sequence of
solutions 1o the Haear problems appreach in a limiting sense the solution of the non-
Hnear problom. By means of an anaiog to the simple but powerful grometric notion
umderhying the Newton-Raphson method this procedure is applied to systems of non-
fincar differential equations with two-point boundary conditions. The theorem proved
here yvields sufficient conditions for convergence and error bounds (which serve as stop-
ping eriteria for automatic machine computation) for the resulting strongly convergent
sequence. The proof of the theorem, which shows the convergence to be umiform and
rapid (quadratic), is based on the Contraction Mapping Principle, as given for example
by LYUSTERNIK, and is in fact an existence and uniqueness proof for the solution of
the non-lincar system. The motivation for this approach is provided by the fact that the
finear two-point boundary value problem is considerably more tractable numerically,
so thit the theorem proved here provides suppott for what may be a powerful method
for solving nen-lincar boundary value problems by means of high-speed computers. This
nuty be particularly so with regard te systems of higher dimension (of great importance

* The writers wish to express their appreciation to H. J. KELLEY for valuable dis-
cussions concerning the nature of the problem and the approach treated here, and to
G. PINKHAM for suggesting a simplification of the numerical procedure for solving
the finear system, I addition, we are indebted to G, TAYLOR for his able programming
of the numerical example, Portions of this work were generated in connection with

AFOSR Contract No. AF 49 (638)-1207.
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in flight mechanics). A few cxamples of the application of ke method vader study here
are available for the case of 2 single non-lincar cquation (HESTENES, KALARBA, of ol).
However, very little is known concerning the application to systems of higher order.
A numerical exampie of the application of the mothod to sysieins of equations is given

in this paper.

Introduction

Consider the following non-linear equation:
y=f{x).

For given y and an approximate solution x==x,, we wish to find v such
that this equation is satisfied. Writing

Fx)=y—f(x)=0

we replace F{x) by
| Fxo)+ F/(xg) [~ x] .

Setling this relation {o zero we solve the resulting lincar equation for xg,
and so forth. In other words we replace the original non-linear problem
with a sequence of linear problems. Geometrically we have replaced
the curve f{x)} with its tangent at x=x,, The following sequence of
lincar equations (the Newion-Raphson sequence) resulls:

Y—f(x) =L %) [Xpa s = %, ] =0 n=0,1,2, ...

This is, of course, a powerful and commonly used method for extracting
roots of non-linear equations, and various sufficient conditions for con-
vergence and error bounds are known. For example, if f(x) is a real valued
function defined on the real line and x; is an approximate solution to the
equation f(x)=0 such that: f"(x,)#0, f'(x) exists and is bounded on the
interval {xg, Xo—20f(xo)/f"(xo)l}, i€, [S()I<K, then the condition
xo)lf "(xo)2| K<} is sufficient for the convergence of the foregoing sequence
{x,} to the unique solution x* of the equation f{x)=0 in the interval

[xa, Xgw2 T ] The error is bounded by

K

lxa+ H Wx*i{}f’(‘x,,)[lexﬁ -

. T 2K . |
x"|!xn-i-i Xu U.,(x"}i;-\n-l-z '\ul .

This latter inequality serves as a wvseful stopping criterion for machine
computation.

Non-linear two-point boundary-value problem 175
Now consider the following non-linear differential equation with non-
homogeneous boundary conditions:

trla)=u,

Foru e, xy=0 u () =1,

By ansiogy with the previous case we obtain
Fany sty ttyy X3+ F e, ity X Fitey 6) - 11,(x)]
A Foditns ooty XYt o ((3)— 1ei(xY]
+F oty ol uy, a3 —u ()] =0,  n=0,1.2, ..
where #e{y) is an approximate solution for the non-linear equation. Sup-
pose the original equation may be written as
Fu", o', u, Xyt ~f{0', 11, x)=0,
Thea we have F=fi. Fpm=-—fp and F,.=1}, which yields
U =t e )L g 3 [t () = 10,()]
St 1, X [ty ((X) — 11, (x)]
::i}g;:: n=0,1,2,..

As befere..we have replaced the non-linear problem with a seguence of
finear problems. In what foliows we shall generalize this approach to
vector vaiued functions and prove a theorem that yields sufficient condi.
{ions for convergence and error bounds. For clarity of presentation, we
shall first obiain the result for a single equation of the form v”{x)}=f{u, x).
After introducing the appropriate generalizations, we prove the theoremn
for systems. This is followed by a brief discussion of a numerical procedure
for obtaining the solutions to the sequence of linear systems. The results
of a numerical example, concerning the solution of a problem of rocket
flight, are included in the attached Appendix,

Discussion

THEOREM [ Consider the nen-linear two-point boundary-value prob-
lem,
d'jdx = (u, x)  wl{a)y=u, u{b)=u, {L)

where f{u, ¥} has the following properties for xefa, ), uefu,—K, uy+K];
top{ VY= {Hb—a)} [~  x+bu,—au,]: 1) flu, x) is continuous; 2) fi(w, x)
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= 3ffou (u, x} exists and is continuous, and 3} f,(u, x) is M, Lipschitzian
with respect to u, i.e., [f(uy, X)—1(1; , X) <M juy—u,l.
Defisie the following sequence of linear differential equations:

dz“w& 1 jdxz Wf;(!!“ ¥ X) [“ﬂ 4 1(.3() - un(x)} +f(uﬂ E] x)

“u(a)mua “n(b)mt:tbs r:m0,1,2,... )

(2)

and uo{x) an arbitrary continuous function on [a, 5] such that max [t1,£5)
__uw(x)gs:\x. xefe bl
Then for a sufficiently small interval fo, 4] the unique solution to £¢1.
(1) exists and 1) the sequence {#,(x)} converges uniformly to it; 2) the
convergence is at least quadratic; and 3) a bound on the error is given by

o 2
::}::;}!un + (X))~ e (x)] {“(1 ToHKE D LT;:";J“ n 1(X)~ "n(x)l] .
where a is a positive number given befow and u(x) is the solution of Eq. {i).

Proof. it follows from 1,2, and 3 that there cxists My, M0
such that if(“r x)! "-<-.M2: !ﬂl(u) x)ngaa and if(“z H x)"“j{”l L] '\‘)f*:“;
S Mylup—us|. Let me=max{M,, M,, M,} and define the following com-
plete metric space S

S {u(x)u(x) continuous on [a,b]; u(@Y=u,, w(by=uy; plu, Ua) <K},

where
Pty tp)= max }!tt;(x)wz(x)i.

Define the operator 4 on S
A (x):"um‘r(x) - IK (x 3 S) {fu(u E) S) [Au (S) - (S)} +f(H > S)} ds 3

here K(x, 5) is the Green’s function

s b
a«»b(x—a) for x<s

K(x, 5= } K (x, 9]<i (b ~a).
s—a

(x-b) for x>

a—b

c; condition (m/4) (h—a)2<1 is sufficient for the existence of unigue
wt
A maps § into §, for arbitrary ¥ ¢ § implies

(A, )= max |4 ()~ (5] g%’; (b—a)'[p(Adu, wy+1]<

Non-linear two-point boundary-value problem i

<o (b= a)'[p(Au, ) +p G, 1) +1]

or
i 2
—{b—a)y{K+1)

olAn, tig)< - <K
1. - “:{“ (b - a)z

for (b—a) sufficiently smail. This implies A e S.
Furthermore, for arbitrary u, 4;, € 5 we have

Aty Auy= | K{x, s} { £, ) [Auy(s)— ()] —filtey , ) [Auy (5)—1,(s)]
, —{f(uy, )—fluy, 5)1}ds or,.
Aty = iy = KG9 {9 [Au58) = A (] +Ailez 59 [1,05) = 439
Ly Sy Ak, Y] (8) — Au )]~ f (g Y~ Fluy, )]} ds
from which,

olAny, Affz)%%{(l"”ﬂ)z [o(Aug, Auy+p(uy, i)+ p(uy uy) p(uy, Auy)

o0y, 1] (=) [ (duy, Aug) +2(K+1)p (uy, )]
4

or
2 (b—a)(K+1)
pldn, , Augy< plug, ),
m
lm»;r (b—a)?

For sufficiently small (b—a), (m/2) (b~ a)? (K- Dfi1—(m/4} (b—a)T=a<l,
i.e., 4 Is a contraction mapping.

It follows from the Contraction Muapping Principle® that the operator
equation 4u==y has a unique solution in S, and that the sequence {u(x)}
converges uniformly to it; where 4 ==Au,, n=0,1, 2, ..., and wy(x) is
arbitrary in S. Since the sequence {i,(x)} is equivalent to the sequence of
solutions to Egs. (2),% and the operator equation Aw==n is equivalent to
Eq. (1), part 1 of the theorem is proved. Toward quadratic convergence

w. f. have for u()==lm u(x},

Lo~

|tns s ()1 ()] =] K (x,5 { fdu,, 5) [the5 1 () — ()]
+ [f{“n * S) “‘f{u ¥ 3)]} dst
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or, by the mean value theorem,
.3
[t s XY =1 )} =] [ K (x, ) {fiftt, 8 [0, () u(s)]
+f @, 8y [u, ()~ u (s)]} ds

where @(s) is such that p(@, u)<p(u,, u). Equivalently,
[#0s 2 ()~ (x)] =] fK (e, ) {{Lfu(tn, ) foldt, )] [ty 5 () — 10, ()]
A, 8) [ty ()~ u (s)]} ds] .
But this implies
L CAR u)g%i (b.—ﬂ)z LoCun, ) pGtyey, )+ p gy, )]

i
Ji B [0ty 1) Pt 1, U+ ety s wy],

and since plugy s, 0,) 5Pty , 1) -1 plu,, uy-22p{t,, 1), where the Intier
inequality follows from the contraction property, we have

PGt WY (b=)* [26% s )+ (s, )]

or equivalently,
Llo—ay? .
£ (u,,+ i H) g P ( Wy H) T e ) (un E H)
i
;ML, (b—a)? K+

which establishes part 2 of the Theorem.
For part 3 we observe that the contraction mapping theorem implies

1 .
plu,, u)gl—:»a» Pty ,8,) . This inequality together with the inequality

just proved imply

o
PlUpsy, W) m(k“m"ima); £ (“uH * n)

‘which completes the proof.
For the purpose of generalizing the above resuit to systems of equa-
tinme sy lnbendnens tha Frallmaving vactar nntatinn -

Non-linear two-point boundary-value problem by
Uls=FU.x): UWay=U,, U{!a}*-:U,, for the system,

. 1
”{2) ::f( ]{H{”, !‘{2} . ﬂ \} u(”(ﬂ)‘*!t u”’(b)*-*uf,”
'
W VD Bty @)= u ™, ¥ (b) = ul™

amd

(§3] Ll (K% R H i
S w™ g, :f o a5

JU, x)= .

N, 0k At ] . N3 I3 ) !
Sae e w, L B i UL ¥, x)

The /™ are defined on the N-+1 dimensional closed domain D given by‘
[ MK xe[a, b]  i=1,.,N
arud

1
tog (x) = 7 [0 ~ ) x4+ buf? ~ aul]

We shall now state and prove the main theorem of this paper.,

THEOREM IL Consider the following system of pon-linear differential
equations and two-point boundary conditions:

AU =FU,x); U@=U,, U@p)=U, )

where the fC@™M, 0™ x), i=1, ..., N, have the following properties
onD: 1) thef‘"(u‘”, ey ‘“, x) are contmuous 2) f8HeD, ., ™, ),
J==1...., N, exist and are continuous; and 3) the £}, (', ..., u®™, x)
are L:psahxman with respect to U, i.e,, there exists N2 numbers such that

-

IFw, e, ) - fE, L ud, <My, Z - uP]
for an arbitrary pair of points (Uy, ), (U, x) in D, Define tlxe foiiowmg _
sequence of systems of linear differential equations:

2
d n+t

««««‘T«EMMJ(U,,, D {Upes ()~ U, ()] +F(U,, x)

Uidad=0.. U=l n=0.1,..

B T T O T e
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and Uy(x) is such that 4§’ (x), i=1, ..., N, are continuous on [a, b} and
max ful ()P OIK, i=1, ..., N.

x

Then for a sufficienily small interval fa, b] the unique solution to system
(3) exists, and 1) the sequence {U,{x)} converges strongly to it, 2) the con-
vergence is at least quadratic, and 3) a bound on the error is given hy

pz(Uu%vt s Un)

a .
#Wasy, U}éﬂwo)z NETD

where the metric p and the number ¢ are defined below and U{x) is the

solution to system (3).
Proof. 1t follows from I, 2, and 3 that there exist numbers P Ry,

Q¢ such that [f0GY, .., 0igP,, _

i
PG, i, ] <R,

and

[FO@D, ooy ™, 1) mf O, L u, x)lﬁgi‘g,;& [~}
Let mi= maxN{Mu, Ry, P, Q1) .and define the compicic metric space S
§=={U(x) | «'”(x) continuous on [a, 5]; ' (@)=uV; e (By=u";
max u () —u()]<K, i=1,.., N}
x
with the distance function p((;’, » Uy) piven by
P(Us, Up)= 3 max [ ()~ 3]
had x
Define the operator 4 on S:

AU = (X) e _fb}((x, s} U, AU (- U@+ FU, )} ds

where

Smn

b (x—~ay for x<s
a—b
K{x, )= 3 [K (%, 9] < (b—a).

il {(x—b) for x3zs
a-b

¢ condition N/(4) m{(b—a)2<1 is sufficient for the existence of unigue
U. We will now show that 4 is an into mapping on S, Arbitrary Ue §

Tlag
e Tras

Non-linear {we-point boundary-value probiem m

N
AAU, U = 3 max A il < z\"%l- (b—a) [p(4U, U)+ 1]
oy
SN L (0= [p(AU, U+ p (U, Up)+1]

<N 3;_' (b—a)* [p (AU, U)+ (VK +1)]

aF
. N 2 (b—a) (NK+1)
# (‘"z U! Uu!')““(\ - QK
?

{~N ‘-Z*{b—‘ﬁ)z

for (h—a) sufficiently small, fe, AU& S,
Furthermore, for arbitrary U, and U, in §, we have

b N
AV~ AU = [K(x, )T, 9 [AU; = Us]- T (U, 9[AU,~U ]
+F{Uy,0)~F(Uy, $)}ds
]
= _’.K(x, S) {J(UI N S) {AU;“‘AU;]"‘J(U; N S)[Ui“Uz}
- H[IU, =T Uy, 9] [U, - AU,] '
+F{U,, )~ F(U,, s)}ds,
This implies '
N
AU, AU = T max [duld? - 4uPf <N i;i (b—a)* [p(du 5, AU
i=1 x
+p(Uy, U +p Uy, U p(Uy, AUD+p(U,, U]

gw—;i(b—«)‘ [P (AU, AUD+p(Uy, UD{p(U,, Uy

+p(AUZ » Uab)"‘l“z}}
<N 1 (b=)* [p(AU,, AUD+2(NK+1) p(U,, Up]

or
m 2
N (b—a}y (NK+1)
p(dU;, AU p(U,, Uy).

m
~N e (b—a)?
i (b
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For sufficiently small (b~a), IN{(m/2) (b—a)2{NK+1))/1 — N{m|$ (b~ a)?
=g}, Le., A i 2 contraction mapping of § into §.

“The contraciion Mapping Principle impiics that the operator egitalion
AU=={/ has a unique solution in §, and that the sequence {U,(x)} converges
strongly to it; where U, =AU, n=0, 1,2, ..., and U, is arbitrary in §.
Since the sequence {U,{x)} is equivalent to the sequence of solutions to
system {4), and the operator equation AU==U is equivalént fo system (3),

part 1 of the Theorem is proved.
Toward quadratic convergence we have for U(x)== lim Uyx),

]
lUn+1 (X)— U(x)lmi ,{K(xs S) {‘I(U;H 3) {U!H"i (S)_ U,,(S)}
4 [F(U,, s)=F (U, $)]}ds].

We replace the last iferm in the curled bracket with terms of which the
following is typical;
FOD, a5y f D, L w5 mf:{‘)}(mgm’ s P )

s [ — DT 4 f B PuD, L, D™, ) [~ ™) Jeml,2, N

This equality folows from the mean value theorem for functions of several
varigbles, where for each sefa, b ‘*’g is & vector on the line segment
joining U to U,. Adding and subtracting appropriate terms, as before,

we obfain X
m .
pWUas i, VIS 0=’ [0 W1, U {p(Uy, QO+ 40 W, P}

+Np Uy, 1]

where p(U,, ”,’Q’)Qp(U,,, Uy, j=1,2,..,N), from which, p(U,s;, )
“'~<-N {mlq') (bmﬂ}z{p(Un+ ir Uu) P(Um U)+p(Uﬂ+ i» U)} Since p{Uﬂ'l' i Uu}
gp{vx-i- is U)+P(Um U)<2p(Um U)’ wehavcp(U,,+ E3 U) "-<-N(m/4)(b_a)zx
X(2p2(Uy, V)4 p(Uys1, UL, Of p(Upss, UYIN(m/2) (b—a)2f1—N(mj4) x
X {&~a)2} p2(U,, U}, which establishes the quadratic convergence.

Part 3 of the theorem is established by the fact that the contraction
mapping theorem implies p(U,, I[N -] p(U, .4, U,). This inequality
together with the inequality just proved imply

P{Upsss U)H(Wk“}l}p (Upar, Up)

which com pletes the Proof,

Non-linear two-point boundary-vaiue problem

Numerical Application

From the point of view of numerical analysis the significance of the
foregoing theorem lies in the fact that the non-linear system is relatively
intractable wheieas the linear system, owing to the principle of superposition,
may be reduced to the systematic numerical integration of initial value

problems. One approach is as follows:
At the -1 stage of the iteration we have the linear system,

X n+ 2(x) J(Un’ x) [baé l{x) L’ﬂ(f)]"‘i'F(U‘, x) - 2
Usetiy tigyenntty); Upa(@=Uda)=U,; -M(b)“uu{b)myh

This is equivalent to the following linear system of order m=2N:

X{()=AOX{N+B()
X=(¥;, Xz, 0005 X) . tela, 8]
xy{a)e=Xy, x{b)=xy
N(a)s=xz, Xy{bYy=xyz
- xﬁ(a)mxi"., xit(b)“"':z,
3 3 3 5

bl ) : -
Generate by numerical integration a set {X 2 ( )}, i=1,2, .., mf2, of
solutions of the homogeneous system X (1)=A{1) X(1) with :mtml ‘con-

ditions
X2 (0)=(0,0, ..., 0, X =1,0,...,0)
2
XD (0,0, 0., 0,X,  =1,0,...,0)

X" @y={0,0, ..., 0, ..., D).

X(£)==A() X ()4 B(r) with initial conditions,

X{P’(a)m(x“, X2g1 .,.,x,,,‘, Ki,Kz, ...,K”) v
7 F

where the K;, i=1, 2, ..., m{2, are arbitrary.
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methods of approaching this problem lead to very considerable difficulties
in practice. The technique discussed herein is systematic and rapidly con-

vergent. and owing to the guadratic convergence, great care is not sequired

The solution X{¢) of the non-homogeneous system with the prescribed
boundary conditions is then given by

XO=C oy XD L € X 2H 2 5 € X0+ XY _
® 3 @ 3t O+ n XX in obtaining starting functions. It is sufficient that the trial functions be

here th " ¢ , . not 5o bad as to cause divergence. _
where the m/2 constants, L i=1,2,...,m/2 are determined by the While there exist a fow examples of the application of this method to
boundary conditions at f=5, ) single equations?s 4 very little is known concerning application to systems
Numerical solutions using essentially the method discussed in this paper of higher dimension. Since the 5?""?05"" me{ho‘.j s 2 natm:al analog of
have been obtained by KALABA 3 and HESTENES* for the case of a scalar the Newten-Raphson schome, which has proved its efficacy in a plethoma
valued function. KALABA3 also gives a different proof of convergence for of numerical applications, there is reason to believe that the method sug-
gested hersin may be a potentially powerful tool in this more abstract

the single non-linear equation case under more restrictive conditions.
HESTENES# offers the comment that while in general he feels the solution
for the case of a single equation may perhaps be obtained more readily by
varying arbitrary initial conditions, this may not be true in higher dimensions. ' '

Numerical experiments are in process to clarify this issuc. ' Appendix .

setting.

What follows is an application of the method discussed in this paper
to an intercept problem of rocket flight. The purpose of this example is
the demonstration of the computational cffectiveness of the method. The
sequence of iterates is seen to converge sirongly and rapidly to the solution
despite the fact that the starting function is of the simplest possible form,
namely, the straight line joining the two points in space. o

Remarks

The theorems of this paper have been developed for equations of the
form u"(x)=f(u, x). However, it should be pointed out that no further
essential difficulty is introduced in the handling of equations containing
velocity terms, i.e., equations of the form u’(x)=f{u, w', x}, except that
the dimension of the relevant domain is increased and the corresponding
linear sequence now reads Numerical Example

u;{t l(x} ”fu(un s u; +X) {un-i- 16Xy = “n(x):l +f»’(un > “:; ) X} [:“:;»t i(x) - “a;(x)} T
dfCg, th, X), n=0,1,2, .. e : The problem solved is that of determining the path that a space vehicle

: _ must follow in transferring from a specified position 300 miles above the

with appropriate gencralizations to systems of equations. ! Earth to another specified position 600 miles above the Earth with a fixed
transit time. Since the vehicle is assumed to be in coasting flight, t.hepath

We also note that, from the numerical point of view, the approach
described herein admits of a choice between numerically integrating o functions must satisfly the Newtonian differential equations. The perturb-

sequence of systems of linear differential equations, or alternatively, ob. ing effect of the Moon is included. A schematic diagram, Fig. 1, of the
taining by suitable numerical processes the solution to equivalent sets of problem is shown below where Xo(t)=[xo(¢), yolt), 2,{1)}, the starting
integral equations, Both procedures are currently under study, function, is shown to be the line joining the Initial point X(0) to the final
% ' ' point X(2) and X*(¢) is the solution function. L
The unit of length is taken to be the radius of the Earth and

cipal gravitational constant is normalized to one. This results in
unit of 805.46 sec. L
The system of three second-order non-linear differential equatic
two-point boundary conditions that furnish the mathematical descrip

of the problem are 3

Conclusions

In this paper we have presented a convergence proof for a proposed

method of obtaining numerical solutions to systems of nop-linear differential
sanatinng with fioaonnint haundare candifiane Tt ia knoen that the jgund
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a X xM—x XM
x{hiw w K o b Koy f o
@ r? M( 8 "f:)
- ¥ . —
FW=—K -+ Ky (3’&3—’1—3’;&) 1ef0, 2]
r & ar

e o -4 ZM‘—Z ZM

x (0) = 1.076000 () =0
y{0)=0 y(2)m0.576009
2(0)=0 z(2)=0.997661

x{2)={0, 0.576000, 0.997661)

x*(e)

Xfo}={£.076000, 0., 0.)

Fig. }. Schematic diagram

r=[x*+y* + 227
ru=[x5+yi ekt

8= [ (xp %) + ¥y — yY 4z Z)ZP .

The time interval [0, 2] was subdivided into 100 parts and the necessary
umerical integrations carried out by means of a high-speed digital com puter
IBM 7094) te an accuracy of seven significant figures. The results are

hibited in the included table where for brevity only six points in {ime

re shown, Xy(¢) is the linear starting function; X,{r) is the first iterate;

2(#) the second jterate, etc.; and X*(¢) resuits from the integration of the
non-iinear equations with the initial velocities,

identical.

X
/ 0. 04 0.8 1.2 16

Noa-linear two-peint boundary-value problem 187 .

x{0)=0.101637
7 {0)=0.472285
s{0=0.818022
obtained from the final iterate, _ :
The sequence converged, within the accuracy of our computations, in
four iterations with
p(Xy, Xo)=0.480116
p(Xy, X))=0.133753
PNy, X3)=0004375
p {4, X3)=0.000004

where :
20 S X,,}mmax]x“_ 1(‘)'»"n(‘)l*‘}“maxl}'u+ 1(‘)“}'4(‘)'
i i

+max}z, s () -2,(0)] ug

As a further check on the over-all accuracy, the perturbing force was '
set to zero and the final value of the magnitude of the initial velocity was -
compared with that obtained by the closed form solution for the two-body:: .
problem. Within the accuracy of our computations these values were:

Table I

‘ ——
N 0. 0.4 0.8 1.2 16

Xg 1.076000 | 0860800 | 0645600 | (430400 | 0.215200
X 1LOT6000 | 1045153 | 0.845063 0.610986 | 0.323847
x3 1.076000 1.048799 1 0500816 ;| 0.65700f | 0.346085
X3 1076000 1049839 | 0.902586 | 0.658550 | 0.346867
x4 LOT6000 | 1.045840 : 0902587 | 0.658551 0.346868
x* 1.076000 1 1.049840 | 0902587 | 0.658551 | 0.346868
0115200 | 0230400 | 0345600 | 0460800

Yo 0.

¥i 0. 0.172927 $.324202 0447551 8.537713
¥z & 0.184664 (0.348339 8475158 0.553667
¥3 0. 0.185100 0.349180 QATES6 8554172
¥4 0. 0085100 ' 0.349180 0.4760657 0.554173
r* 13 0185100 0.349180 8476057 0.554173
b 1N 0199532 0399064 0.598597 0.798129
1 12 0.209519 0.561534 C.TIS250 0.931347
Za 13 (3,319848 0.603341 0.822998 $.958980
3 0. £.320602 0.604800 0.824533 0.959854
x4 o. 0.320603 0.604798 0.824555 8.939855
z* 0. $.320603 0.604798 0.824555 0.955855
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* are interestimyg as the possible intermediate orbits whea developing the theory of. utem‘; :

. 13.

MOTION OF AN ARTIFICIAL SATELLITE IN TI‘!B
EARTH’S GRAVITATIONAL FIELD o

by

E. P. AKSENOV

Sternberg Astronomic Instiute, Moscow (U.5.5.R.)

Abstract

The question of the analytical theory of the motion of artificial satellites is _
in seveloping this theory the generaiized problem of two fixed centers is M
choosing, in a suitable manner, the masses of two fixed ceaters and the mpmulwdb-
tance, the force function of this problem represents the Earth’s potential 5 Ay
rately, while the solution is reduced 10 quadratures. Therefore the orbits msuhmm

motion. These orbits are subjected to all perturbations known (¢ be principal; 3%2%}
sateltites problem and this fact does determine their main advantage relative e -

Kepler's orbit.
In the paper these intermediate orbits are considered formerly. There are mtmdlned

the generalized Kepler's elements and then the qualitative picture of sateliite motion”
is described. Also the formulae for calculation of spatial positions of the satelfite aro”
given. Some particular cases are considered: the motion along the surface of an elbpll
soid, circufar and olliptical orbits. An example of the real motion of a satellite is con
sidered. Then the problem of calcilation of other perturbations is discussed, Fot ﬁns
purpose the equations for the oscutated elernents are derived. ‘The perturbations ducto !he
zonat harmonics of degrees 3, 4, ..., 8, and to one tesseral harmonic of dcgrets 2 i'.n thc
series of the terrestial gravitational field, are obtained, i

1. Infroduction

A considerabie numbcr of works on the analytic theory of 'th:‘mov__e_-




