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In the second place, we must always have
11262260,

Finaliy, if G =+ &, the old variables and the position of the body m, 1o
1onger depend on ®; and if L = % G, they no longer depend on g.

Special Case of the Problem of Three Bodies L///

9. Let us return to the special case of the Problem of Three Bodies
which we congidered above,

Two masses, the first egual to l-p, the second equal to u, describe itwo
concentric paths about thelr common center of graviiy assumed fixed. The
constant distance of these two masses is taken for the unit of length, in such
a way that the radii of the two circumferences become respectively u and l-y,
the mean mobion being equal to unity.

Let us now suppose that in the plane of these two circumferences there is
gz third moving body, infinitely small, and attracted by the first two.

We will take as origin O the common center of the two clircumferences, and
we will be able to relate the position of the third mass, either to the two
fixed rectangular sXes (xy and Oxg,or to the two moving axes 0F and 0T de-

fined as in articlie 2. The mean motion of the first two masgses being equal Lo
1, we can suppose that the angle of 0f and Oxl {i.e., the longitude of the

mass u) is egual to ©.

Since the Gaussian consitant is assumed egual to 1, the force function
reduces o n i .
2--—»
Voo BB MMV
Ty ry

calling My the infinitely small mass of the third bvody, Ty the distance bebween
the two bodies my, b and T, the distance from the body 1y to the body of mass
lup, such that

rlem gt (b e g () s Py (e p) SR E P o (2 e (e wY OS],

i ntee(f b )t [k psint ]t (e poose]t,

The vis viva equation is then written ;m‘ T Vo const.
my My

We agree to call -mqR the first member of this equation., R will be & function
of %y, X5 of vy, y2 and of t, and the equations of motion will be written

i
dry__d(mR)  de__ d(mB)
dt Y ! dt d]g '
df: d(mR}) dyy  d{mR)
dr dzi * dt T Tdry

22

[e3



L Let us replace the variables Xy5 ¥ys X yg by thelr values as functions
i " "

of the Keplerian varisbles L, G, 1, g, as has been gaid in the preceding article,
R will become a function of I, G, i, g and t, and the equations of motion will
be written

dlL 4R dl dR 45 dR dg dR

A TA @ d @Tdg  dC T ds

These equations would already be in the canonical form, 4f R only depended
on the four Keplerian variables, but R is also a function of t; it is there-
fore necessary to transform these equations, so that time does not enter ex-
plicitly. To do 80, let us see how R depends on %.

It is easily seen that R can be regarded as a function of L, G, 1, and
g - %. If, in fact, we increasse g and t by the same quantity, without touching
the other variables, we change nelither € nor 1, Ty rg, y§+yg, nor conseguently
R.

This results in

..d.....R.....}.. d.?‘. {3
dt " dg
If we then set
] o e L, xy == G,
| =l plegey
Feu R G,

; F' will depend only on Xi’ Xé, yi and yé and the equations of motion,
' which will be written

def _dF - dyi  dF (1)
b dyy’ ¢t dxy '
will be canonical.
It is in this form that we will ordinarily write the equations of ihis /2k

problen.

When mass u is assumed to be zero, the mass l-u becomes egual to 1 and
is related to the ?r%gin; s reduces 1o /&% + xg, the force function V reduces
1o ml/rg, and we find

i ¥ 1
Re= — = gz —ag
: 2a gl ax
P 1 .
and e gy b 2y
27
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When u is not zero, we see lmmediaitely that F' can develop in terms of the
inereasing powers of p, which allows us to write

Fo Byt pFyoe oo
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We seeithat R

t
»

2

In addition, Fl will at the same time depend on the four variables; but

is inﬂepenéant of yi and of ¥

this function will be periocdic with respect to yi and yé, and it will not change
when one.of these two variables increases by 2T,
1

We observe Tinally that if xi u +x2 the eccentriciiy is zero and the

motion is direct, and that F, then depends only on x;, x. and yi+yé.

i’ 7
On the coatréry, if xix—xé‘, the eccentricity is gero, but the motion is
retrograde, and F, then dependes only on xi, xé and yiw yé.

Use of Keplerian Variables

10, Iet X4, Xp, x3 be the rectangular coordinates of a point; Yys ye,

y3 its velocity components; m its mass. Let Vm be ithe force funciion, so that
the components of the force applied to the point are
dxl’ . dx;, dz";‘
It we set i25

; H .
Fa= o (yi+ri+ri)+V,

the equations of motion for the point will take the canonleal form
dr; dF dy; 47

dt T dy,”  Tdt T dwm
In article 8 we defined & ceriain funclion
S(‘rh £y Ty Gr 8, L)»
We have seen that if we make the change of variables defined by the equa-
tions
45 ds 45 a5
2T gEee @m=h  g=h

the mew varisbles are nothing other than the Keplerian variables we have just
defined.

By virtue of the thecrem of article 7, the equations will retain the
canonical form and will be wriilen

d. _ dF 4G dF  de 4T
& TTTdr & T T dg’  de T T @’
dl _ dr  dg  dF a0 ar
a4l @ oder @ T W8’




In the gpecial case of article 9, it lnvolves 2 degrees of freedom and
can be reduced to the second order.

Reduction of the Problem of Three Bodies I///
5. It is first a gquestion of effectively making this reduction. bl

Let ug first envision the case where the three bodies move in the same plane.
We have seen that the number of degrees of freedom could then be reduced to 3.
Let us atbtempt bo accomplish this reductlion effectively.

We have seen thalt the eguations of molilon could be written

da. 4 ai o od&F 4L dF 4l dF
de T Fdl’ dt —  Bdw’ de Bl Tdr T Fde”
di  _ dFf g gv odb_dF L L
dt = BdLT di T Bait’ de T T FdL de T Flaw
We alsc have dF  aF
do g T
whence the area integral
BT+ §1 = C,

C being a constant.

Let us seth
B =H, FIlM=C-H, ety T fi

whence (if we replace I and 7' by their values as functions of C and H}

av _ dr  dF dF _dF _ dF |
di 7 AT Y R T de T T de” {1)
and the eguablons of motion will become _
aly  dF 4Ly dF i dF
de” T de? B 7 S T T e gk
ae__dF odlt o dF dr _ dF
de” T ALY & T U AFTY @ T dn

There are only 3 degrees of {reedom.

16, Let us proceed to the general case where the mumber of degrees of free-

dom must be reduced to 4. The equations are then written /39
d.  dF dG dr o8 47
dt— Bdl’ P VP di T Fa’
L' 43 Jd6 dF da’ dF
T pdP W T g’ dr T pay
dl _ dF dg _ dF s  dr
dt — 7 BdL’ TN ¥ dit 7 gde’
ar dF dg' dy ay dr

& ST AT TFdS” AT T fae

Moreover, we have the three area integrals which, if we take the plane of
the maximum of the areas as first coordinate plane, are written

§8+§1e!z C, &;30" ﬁ:{(}!wez} - g’*fG"w-e”}.
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We then have

which shows that F depends on 8 and 6' only by their difference 8 - §'; however,
28 as this difference is zero, by virtue of the area integrals, F can be regarded
) ; as no longer depending on either § or §',

indé.
We find also
e:":&(,
whence )
i ¥
df =~ dt’
whence
dFr dF
§25 = a5 (2)
|
i Let us now set
f G=r, @1,
: whence (%)
a BO+P8 =C, BIr e 3 = CBO - PO
s
JCL BRI g G g g (i)
§8W3+QCM'2C’ Es8»_914“3(}mm()'
g whence ,
: AP dF 4G  dF d8 _dF d9'
dat T dG dF T doar T 49 dr
or df dF  dF §r  dF prr
daF T dG T da C 4B §'C
or finally, by virtue of equation (2),
_ dt _ dF
! . ar = 46
e : and similarly
C i
39 dF
ar = g’

The area constant C can be regarded as a given quantity in the problem.

If therefore in F we replace G, G', ® and @' by their values (3) and (4),

¥ depends only on L, L', &, t', g, g', I and I'', and the equations of motion can
be written

ar. _ dF dr _ dF AN dF dr dF
AT FA LT pEp @ T R @< iy
ac _ dF dg __ dF dar dF dg’ dF
de 7T g dr = 7 §ar’ di T TR dc T gar

and there are now only 4 degrees of freedom.
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Form of the Perturbative Function

7. It is dmportant to see what form funciion F assumes when we adopt the
variables of the two preceding articles. Let us first suppose that we take the
variables of article 15 and that the three bodies move in the same plane; function
F, depending only on the distances of the three bodies, will be developable in
terms of the cosine and sine of the multiples of 1 - '+ h; the coefficients of
this development will themselves be developable in terms of the incressing powers
of

ecosl, esinl, e&'cosl’, e'sinl,

designating the eccentricities by e and e'; finally, the coefficlients of these
new developments will themselves be uniform functions of L and L'. {ﬁl

For brevity, I will set
BL=a, BHE=4%

we will then have, according to the definition of H,

o= L YRTHE, o= L YRVIOTSGR,

Let us add that F does not change when I, 1" and 1 change sign; conseguently,
if we develop F in ferms of the cosines and sines of the multiples of these three
variables, the development can contain conly cogines.

We will therefore finally have
Y #
Fo: BA(A — 120 [A e (1 CYT cos{mg b g I o mg k),
P and q are positive integers, my, mp and Hiz arbitrary integers, A is a coefficient

which depends only on A and on A'. What is more,[ma—mll iz at most equal to p and

can differ from it only by an even number; similarly, im5+m2I is at most equal to g
and can differ from it only by an even number.

Such a development is valid when A - H and A' - (C-H} are sufficiently small;
we see that for

A=l
all terms vanish, except those for which m3 = m, .
Similarly, if we have
A= G H,
all terms vanish except those for which m3 wwmQ.

If, conseguently, we have st the same time,
A=H, A=C-H,

all terms will vanish except those for which my= m = — m;,
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such that F becomes a function of 1 - 1"+ h.
If, in one of the terms of the development of F, we make Z&a
A=—H, N=H-C,
this term will still vanish, unless
iy = Ay e o Yy,

We might be tempted to conclude that, for
m e H A= H - O,

F is still a funetion of 1 - ' + hj but this is not so, for the development is

valid only for small values of A - H and A' - C + H., An anslogous reasoning to
the one which precedes proves, on the contrary, that for A = -H, A'=H-C, F is a
function of ¢ « 1' - h and not of { ~ t' + h,

In the case where bthe value of A « H is extremely small, it can be advan-
tageous to change the special variables.

We have identically
Al Hh e Al k) —R{A—H);

the canonical form, by virtue of article 5, is not therefore altered when we re-
place the variables

by the following
A, A, A—H,

la-h, I, —h
Let us now set
ko= hY, Q(AmH)COSkEE', s Q(A:Mﬁm)sinhmn';.

by virtue of article 6 the canonical form of the equations remains when we take
as variables
A 1 A,! a. ¥
k" z’! *
It is of advantage that function F, which remains periodic in A¥ and t7,
is developable in terms of the powers of g% and T when these two variables are
sufficiently small.

18, ILet us now take the variables of article 16, i.e., 43
L =A, FL= A, Br=~H, Br= 1,
i, v, ' £

The variables H and H' are manifestly subjlect to certain inequalities;
we have
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CHAPTER 5. NON-EXISTENCE OF UNIFORM INTEGRALS v///l

81. Let us reburn to our canonical eguations 233
d:a“; - aF {{)" dF
d T &y dl T dn
g ‘ (1)

FoFor puFy s+ p'Fp el 0,

I first assume that F which does not depend on y,, depends on n variables
ol i

| Xy and that i1ts Hessian with respect 1o these n variables is not zero.

I propese to demonstrate that, except in certaln excephtional cases which we
will study later, equations {1) admit no other analytic and uniform integral thean
the integral F=const.

This 1s what I mean to say:

Let ¢ be an analytic and uniform function of values s, ¥, and p, which must
in addition be periocdic with respect to vy,

I oam not required to assume that this function is analytic and uwniform for

ks

all values of g, y and .

Y
N
M

I assume only that this function 18 analytic and uniform for all real values
of y, for sufficiently small values of u and for the systems of values of x be-
lenging to a certain domain D) the domain D can in addition be arbitrary and ss
small as desired. Under these conditions, the function § can be developed in
rowers of p and I may write

G o= by - pdy - ptdr

&, . being uniferm with respect to x and y and pericdic with respect

8,
I say that a function ¢ in this form cannot be an integral of equations (1). /234

The necessary and sufficient condition for a function ¢ to be an integral is
writien, resuming the notation of article 3,

[F, ®j=o,
or, replacing F and ¢ by their developments,

Q m {Fo; Do)+ (i Fy, Ppl {Fa,® D
o p¥ ([ Fo, B ] 4 [Fy, @y J - [Foy SpD bl

. We therefore will have separately the following equations, which I will use later
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[Fe, Py]=0 (2)

and
EF $y]+ i ¥, $] =0 (5)

I say that I may always assume that éo is not a function of FO'

In fact, let us assume that we have
o= (Fa)-

T say that function ¢ generally will be a uniform funciion, when the variables

x remain in the domain D.
We have in fact

Fg me Fo(xg, Egy v Lake

We will be able to solve this gquation with respect 1o X, and write

Fy = &{ Fe! E2 TN ETON

and © will be a uniform function unless =0 vanishes within domain D.

dxz

Replacing Xy by its value © in
N ]
Yy Yar +«-s¥n
it follows that
&, (z'ly'r!) e xu) mt‘( (Fﬂ! Ty, ‘“9”.!!)_
AT L TRERE ¢ ’ flr.}'!s-“‘)‘n
& is s uniform function of x and y; 1f we here replace xy py the uniform func-

o
tion ©, we will obtain & uniform function § of FO, of Xps weer Xy and of ¥y, but
by hypothesis this function $=¢ is a uniform funetion of FO'

Therefore, &=y 1s & uniform function of FO'

This result holds provided §§“
1

equaliy well 1f any one of the derivatives ggg does not vanish in domain D.
1

This granted, if ¢ is a uniform integral, the same will be true for

202

O goes not vanish in domain D) this will hold
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& —§(F).

@»g(F) can be déveioped in powers of w and in addition is divisible by 4, since
§0w$(€3 is zero. Let us therefore set

® o §{(F) o @
$* will be an anslybiec and uniform integral and it will follow that

LR SR O T TN
In general, éé will not be a function of FO; if this were to happen, we would re-

peat the previocus operation.

I say that in repeating this operation, we will in the end arrive at an inte-
gral which will noit reduce to a function of FO for w0,

At least this is true whenever ¢ is not a function of ¥, in which case the
two integrals F and ¢ would not be distinet.

In fact, let J be the Jacoblian or functional determinant of § and of F with
regspect to both variables x and y. I may assume that this Jacoblan is nobt identi-
cally zerc, because if all Jacoblans were zero, § would be a function of F, which

we do not assunme.

J will be manifestly developable in powers of u. In addition, J will vanish
with iy, becauge @O is a function of FO. Therefore J will be divigidble by a cer- 236
tain power of w, for example, by Qp.

Now let J' be the functional determinant or Jacoblan of $ and of F; we will
nave
I ul,
v e s . e . -1
such that J' will only be divisible by u? .
Thus, after p operations at most, we will arrive at a Jacobian which will no
longer vanish with p and which will consequently correspond to an integral which

will not reduce to a function of FO for w=0.

Consequently, if there exists an analytic and uniform integral distinet from
¥, but such that @O is & function of FO’ we will always be able to find from it

another of the same form and which will not reduce to a function of FO for wsO.

We therefore always have the right to assume that éO is not a function of
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82. I now say that &, cannot depend on Y-
if, in fact, @O depends on y, it will he a periodic function of these var-

iables, such that we will be able to write

Py oo ¥ A8t’:ﬂm‘yﬁ-mgﬁ,,‘wn,y”} - %A :'
o, being positive ar negative integers, & peing functions of Xy and the notation
¢ representing for brevity the imaginary exponential which mualibipiies A.

This granted, we have

d¥s dd,
{Fm ‘1’0}3 _&N;; d}:’
dF
since FO does not depend on y and values §§w‘are ero.
h
On the other hand,
%-,;f I Wit

so that equation {2) may be written

— dF. _  dFs dFo\ ,
\/-—»iﬁz& (ml t?.’;: b My 2-;; b Wl R’;‘;)zm--—ﬂ,

and, as this must pe an identity, for all systems of integral values of m, we will
have * 237

dF,
AZmy; -a';} == 0y

cuch that we must have identically alither
A=o (E’L)
or
dFe«-—
Em,%mo. (5)
From identity (5) we may by differentiation deduce

iz n
¥, .
Emra"“m;;m‘) (K=, n oo n)

iz

Now this can take place in only two manners:

20k




Either
L PR TR ] PR+ N
or the Hessian of FO ig zero.
Kow we have assumed at the beglinning that the Hessian was not zero.

Therefore A mist be identically zero, except for the term where all ms are
ZEXC.

Thig is the same as saving thab é reduces to a single term which does nod
depend on y.
Qo Ei DC

Let us now examine equation {3). A4s Fr, and 8, do not depend on y, this
equation can be written

Zd% dFy | T, %,
dz: dyq

On the other hand, FJ and @l are periodic with respect to y and conseguently can
be developed as exponentials of the form
gm{f‘"dﬁ-mlh-ﬁ..‘d-m,‘yﬂ’

mi being positlve of negative inbegers.

For brevity I will,as above, designate this exponential by [ and I will write/238

F‘::XB(, ¢tm£(}§,
B and the € being coefficients depending only on x.
We will then have

dP,

4aF, = VB myl, T w2  ZTEC Y,

Ay
such that egquation (3), divided by /-1, will be written

—.zBﬁ(E;m; :{w)ﬁw Cy (Em, %-gg) =
i

Since this equaticon lg an idenitity, for asll systems of integral values of m. we
must have i

dd, dF,
Bzm,%:..c}am, P (6)
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Relation (6) must hold for all values of x. DLet us then give x values
such that

ﬁm;%mo: (f)

the second member of (6) vanishes. Whenever values x satisfy equation {7}, we
must therefore have either

Boeo (8)
oY
s gt = (9)

Punction F. is one of the given conditions of the problem and the case Cconse-
quently will pethe same for coefficient B, Therefore it is easy to recognize if
equality {7) implies equality (8). In general, we will state that this is not
tyue and we must conclude that equality (9) is a necessary cousequence of equalltly

(73.

Now let Pys Por v P, be a certain number of integers. Let us consider
that we give x values such that {259
wﬁ—«“ﬂm mw{.{-(igm.
pidr; © prdzy | Petl¥a (10)

We will be able to find an infinity of systems of integers, My Ty e s such
that

Py my Pyt b Ny Pa == 0.

Yor each of these systems of integers, we rrust have

dF
Iy 2;1:_ w O
and, conseguently,
Em;%zfmo

Comparison of these Two eguations shows that we must have

dF,  dF, dF,
dr,  dra _ _ .,
déﬁ‘“?ﬁﬁ‘“'““*?ﬁq’
dzy dzy Ar,

i.e., that the Jacoblian of FO and of @O with respect to two arbitrary components

af the vector x must be Z2ero.
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This must hold true for all wvalues of x which salisfy relations of form
. aF
(10}, i.e,, for all values such that EES be commengsurable among themselves. In
- i
an arbitrary domain, however small it may be, there 1s therefore an infinity
of systems of values x for which this Jacoblan vanishes, and ag this Jacobian is
& continugus function, it must wvanish identlcally.

To say that all Jaccblians of FO and of @O are zero is therefore to say that

@O is a function of ?O. Now this is contrary to the hypothesis which we have

assumed at the end of the preceding ardicle.
We mast therefore conclude that eguations {1} admit no other uniform inte-

gral than F=C.
Q’t Ev DO

Case Where the B Vanish

83, In the preceding demcnstration we assumed that coefficients B were not
zero., If one or several of these coefficients vanished {and especially if in- el
finitely many of them vanished), we would have to examine this reasoning.

To make pogssible the statement of the consequence to which I will be led, I
will be forced to introduce a new terminology.

To esch system of indices ny My ey mﬁ (where m, are integers) there cor-

responds a coefficient B, I will say that this coefficient is secular when X,
take on values such that

dFe«....
Em,:?;;mo. (?)

The following will justify this definition.
When, in the calculation of perturbations, we assume that the ratios of the

mean motions are commensurable, some of the terms of the perturbing function cesse
belng periodic, and we can then say that they become gecular: what happens here

is completely analogous.
I will say that two systems of indices (m., m,, ..., m ) and {(m!, m’, ...,
A 2 n 1 g

m’n) beiong to the same class when we have

and that two coefficients B belong to the same ¢lass when they correspond to two
systems of indices belonging To the same class.

In order to demonstrate the theorem of the preceding article, we have assumed
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that none of the coefficients B vanishes in becoming secular.

I order for the resuld to be true, 1t is sufficient that in each of the
clazsses there be at least one coefficlient B which does not vanish in becoming

secuiar.

Let us assume in fact that the coefficient B which corresponds to the sys- ok
tem {ml’ T, vy mh) vanishes, bubt that the coefficient B’ which corresponds to
to the system (mi, My v mﬁ) does not vanish.

If we give x values such that

dF,
Sm; *3;: sy,
we will have egually
Em}%‘: s O,

and consequently

dda ¢ ,» A%,
Bszﬂ; =0, BEm} 7,

=y,

Prom the first of these egualities we cannot deduce

, d¢
= m} mdx: -~
and, consegquently,
dd,
il i

The rest of the reasoning is carried cut as in the preceding article.

Before continuing, let us first consgider the particular case where there are
only two degrees of freedonm.

There will then be only two indices m., and m. and one class will be entirely

3 2

defined by the ratio of these two indices. Let A be an arbitrary commensurable
m

numbery let € be the class of dindices where~_}zk. For brevity I will say that

2
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e
=
fot

this clasg € belonge to domain D, or is in this domaln if we can give 1o x, a
: PRI, a4 i s i
system of values belonging to this domain, and such that

d¥, d¥,
12;;-—!*}3_-—:“

I will say that a class is singular when all coefficlents of this class van- /242
ish in becoming secular, and that it is ordinary in the opposite case.

I say that the theorem will still be true if we assume that, in any domain
& being part of D we can find an infinity of ordinary classes.

Let there be, in fact, an arbitrary system of values of Xy and X such that
we have at this polnt

dFy | dFy

g e = 0.,
dx‘ dx,,

!
et us assume that A 1s commensurable and that the class which corresponds to this
value of A is ordinary: the reascning of the preceding sriicle can then be applied
to thig system of values and one must conclude that, for these values of Xy and of
the Jacobian of F

X and of @O with respect to x. and to x. vanishes.

O 1 2
However, by hypothesis there exists, in asny domain & so small that it ig part of

D, an infinity of such systems of values of Ky and of X Conseguently cur Jacobian

2?

mast vanish at all points of D which shows that @O is a funciion of FO. From this

we would conclude, as in the preceding article, that there exists no uniform inte-
gral distincet from ¥F.

The case would not be the same 1f we could find a domain D of which all the
classes are singular.

We eould then ask if there does not exist an integral which remains uniforn
not for all values of x, but only for those values which do not leave domain D,
We would see, in general, that while this would not be true; it would be suf-
ficient, in order to be certain of 1t, to consider in the equation

[F, #}=o,

not any longer only the term independent of p and the terms in b, but the term in

u? and the following terms.

I do not insist, this has no interest, for I do not believe that in any
problem of Dynamics occurring paturally it heppens that all classes of a domain
D are singular without all coefficients B vanishing in becoming secular.

Let us now proceed to the case where there are more than 2 degrees of freedom.
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The results will be analogous, although their statement will be more complicated. f2h§
Ll Let
Fi! P!: saey Pu

be n arbitrary integral numbers. Let us consider all systems of indices My, T,
o omo which satisfy the condition

P My Py -+ MaPa-i. oo Mg Py o 0,
T will say that all corresponding coefficlents belong to the same Tamily.
Let there be q classes defined by the following systems of indices
Ty, Mlas, ..., Pgg
My, Mya, ..., Bay

ey Preay ey

Mgy Mag, ..y m,{‘q.

If one cannot find q integers
Ay By, oy By,

such that one hasg

Fum g
Zaf”"k.i':go (‘{'“‘"M’:;! A ey B)

[N

I will say that these 2 classes are Independent.

! T will say that a family is ordinary, if we can find in it n-1 independent
and ordinary classes, and that it is singular in the opposite case. 11 willil be
8 singular of the first order, if we can find in it n-@ independent classes, ordi-
nary and singular classes of the g~th order, if we can find in it n-g-1 inde-
pendent and ordinary classes and no more.

I will say that a family defined by the inbegers (pl, Poys ""pn) belongs Lo

a domain D, if there exist in this domain values of x such that

J
.
E:
i

dFO — dF# . — ch
pPdz, “p,d:cg RS P;;ﬂ'x‘n
This granted, I say that if we can find in all domaing & which are part of by
D an infinity of ordinary families, there can exist no uniform disbinet integral
of F,
The reasoning of the preceding article is, in fact, applicable to all syse

tems of values of x which correspond Lo an ordinary family.
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The Jacobians of FO and @O, with respect to twe arbitraries of variables

%, must therefore vanish an infinity of times in all domains & that are part of
D, which can occur only if they are identically zero.

I now say that if we can find in any domain & which is part of D an infinity
of singular classes of the g-th order, the number of distinet uwniform integrals
which equations (1) can have is at most equal to gtl {including the integral F).

Let us, in fact, assume that there are g2 distinet integrals; let

F, @1, &, .., &1
be these integrals and let us assume that for u=0 they reduce to
For @0, @3, ... $f*% (1)

Let there be a system of values of x corresponding to an irregular family
of the g-th order. Let us set

J'IWQWI«‘"»F.
There will exist in this family p ordinary classes. Let
Mg, Pk ooy Map (Ami, g, 000 p)
be the systems of indices corresponding to these classes.
We will have for the values of x under consideration
(£ ]

o dF, deph
PR f e 23 el g
E Ll Emi‘k dz, =°

=n Fozm

(hemtymy oo pyhety a0, 941

We will deduce from this that the Jacobians of the g+2 functions {11) with
respect to g+2 arbitrary coordinates of x must vanish for the considered values
of x.

And since this must teke place an infinity of times in each domain 5, we will/245

conclude from it that these Jacobians venish identically and consequently that
ocur gt2 integrals cannot be distinct.

These considerations present no additional practical inbterest, and I have
presented them here only 10 be complete and rigorous. We can obviously construct
problems artificially where these various circumstances are encountered; but in
probvlems of Dynamics pecurring naturally it will always occur either that all
clagses will be singular, or that they all will be ordinary, with the exception
of a finite number of them.
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8k,

;B Let us now proceed to the case where
Efé ables Xps Epr ocres X

n
I will assume thatb FO depends on Xy

and xz

respect to these two variables is not zero,

and thelr conjugates yl and ¥, on one hand, and

| other hand, T will agree to designate

Ty Fiy vanr Ty
,rh )'h Fap }’n
by the notation
B By ey Epeny
i, U3 ...y Ugey

We will first observe that the conclusions
exists a uniform integral & distinct from ¥, it
that @O ig not a funchion of FO

This granted, we musit firsit have

dF, d,

df}

{Fﬂr 4'0} = d‘x‘

Let us set
L= cm{"h J’s*‘”‘a?’x’,

we can write

‘Ppm }.‘-Az

X

values A being coefficients depending on x "
[

:]" x

being not zero, we cannot have identically

dfy
m‘*&";c; = Dy

dr,
uid dx1

. are both rero.

unless m
e

1 and

212

! i In order to note well the difference between these Two variables x

This relation must be an identity and, on the other hand, the Hessian of F

Case Where the Hesslan is Zero

¥ does not depend on all vari-

0

only, and thet its Hessian with

and x,
1 P

the ¢ther variables x and vy on the

of article 81 obtain and, if there
is always permissible to assume

dFy d¥ _
4_dft3;;m

i+

[ah&

z and . If then follows that

e dFe dFoY
v’ ]}:A{(mg»&;:-fwm‘ -a--;:-;)wo.
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From this we would conclude, as in article 82, that éo depends neilther on
¥y noT On Vi

Tf we then write equation (3), we will have

db, dFy  ddb, dF, | dF, d¥

T dz, dy, T des dys T dz dy
ng d‘t’; E(ng d‘i?g ng dd}g)

"""""" ds du; - dug dz

Let us alsc set
Fs= ZBY, &, = BCL,
When it 18 necessary to indicate the indices, T will write
Fo= X Bmimle“’:"‘;‘ms?l‘*‘md’ﬁ.

Tt will follow that
d®o\ dF, dB d¥, .dB dcp.,) B

Tnis relabion must be an identity; we can therefore equate to O the coefficient of
an arbitrary one of expeonentials £. We will in addition give x values such that

L LI
Yz tdm (12)

so as to make the terms which depend on € vanish.

Tt will follow thatb ol

dibe dd, [ dB i",‘i’.?_.i‘@ffx)-
“B(m‘ﬁ+m‘%)+2(3§ du;  dw da) T (13)

, a3 belonging to the same class

We will consider two coefficlents B s B
s Iﬂp Hll, Z‘f‘..g

guch that

By ALY e Py B O,
Ty
and for brevity I will say that the coefficient B belongs to the class —

m 27 mr
1 ) m,,

T+ follows from this definition that the coefficlent BO 0 belongs to all classes
gl the same time. ?

According to the preceding, if we give x values which satisfy relation {12},
relation (13) must hold for the coefficients of B of class Il

P
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Then let p and g be the two first integers among those, such that

]

23
@ 1y

Let us seb
{ == oY iterirgn
and
de dP,
Py= Bapoe 2, —tH =p E;f -t g %B .
If we give x values such thab
PR-LLNPR-LL
dx,y &y ( pa)

we must have

H‘m}‘ E(di);cl% dﬂadﬂ’e)w,

P: 74 ds; du;  du; ds; ( 13 a}
and this for all integrsl values of ), positive, negative or zeroc.
This can only take place in two-ways:
{1) Either we have
He=o, d‘:’:mo, %‘«:ﬁmo (i=1,9,...,n—a),
from which U8

‘ JF‘ d“’o an d‘t’a

We would deduce from this, by reasoning quite similar to that of article 82, that
@O is a funciion of FO’ which is contrary to the hypothesis made at the beginning.

(2) Or, on the other hand, if the Jacobian of 2n-% arbitrary choices of func-
tion DA with respect to the 2n-3 variables E; Zy and ug is zerc.

From this we would conclude that, if we give Xy and X, constant values sat-

isfying condition (12a), a relation will result between 2n-3 arbitrary choices of
functions D}, such that all these funcbions can be expressed by means of 2n-b
from among them.

We can state this result in still another way.
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Let us consider the following expressions
¥ e
By ogBap iy {14}

If we assume that we give x, and x, constant values satisfying equation (12a},

1 2

these expressions (14} depend on 2n-4 variables only, namely Zi and .
i

IT there exisis a uniforn integral, all these expressions are functions of
Zn-5 from among them; or, in other words, we can find a relation among an arbi-
trary choice 2n-b from among them.

What is the condition for which there exist ithree uniform distinet integrals
F == const., % == coast., 4 = const.?

&  and Y. be the values of these three integrals for u=0. We could

let FO’ o 0

demonstrate, as above, that we can always assume thal there is no relation whab-

gver bebween Fo, éo and ?O.

We would then find, by setting

. ek 4

that we have

, dDy dDy diy  dDy dbe\ _ ..
R ()= (150)

Thus equation {12a) implies as a necessary conseguence, not only egquation {2&9
{13a) but equation (13b). By reasoning quite similar to the preceding, we would
see that this can cccur in only itwo ways:

Bither there is a relation between F

éo and Y., which is contrary to the
hypothesis which we have just made;

o’ o

Or, if the Jacobian of an arbitrary choice Zn-3 of Tunchtions Dh is zero as
well as all its mipors of the first order.

From this it would resuli that, if x, and x,., satisfy copdition (12&), there

o

is asmong an arblitrary choice 2n-3 of DR not one, but two relstions.

In other words, expressions (1%} can be calculated by means of 2n-3 from
among bthem. :

Expressions {14)which depend on the coefficients of the development of the
function Fl are given gquantities of the problem, and we will always be able to
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verify if there are one or two relations among 2n-4 of these expressions.

Genérally, we will discover that there is byt one, and from this we will
comelude that there exists no analytic and uniform integral other than F.

What will happen, however, if this is not s0? To be able to state the result
in a complete and rigorous manner, I am going to make use of a terminclogy anal-
ogous to that of the preceding article. I willssy that a clags is ordinary, if
there is no relation between 2u-k of expressions {14) formed with the coefficients
[ of this clasgs, that it is singular of the firsit order, 1f there is one, singular
3 of the second order, if there are two, etc. More generally, a class will be
1 gingular of order g if there are g relatlons among an arbitrary cholce 2n-3 of

guantities DA,

Let & be an arbitrary domain including an infinity of systems of values of

x2 of » and of u.

ITf we can find in the domain § values of Xl and XP

I will say that the class-§~belongs to this domain. I have sald of the values of

3 X 1’

satisfying condition (12a),

Xl and of xp and not of the valueg of Xl’ xe,z and of u,vecause the first member

of (l2a) depends only on xl and xz.

T will then be able to state the following resulb:

T will designate by D & domaln including an infinity of values of x,, = of 250

l)
z and u.

If in every domain & that is part of D, we can find an infinity of ordinary
classes, we will be certain that there does not exist outside of F any other intee

gral which is analytic and uniform with respect to %, to y, to z and to u, and in
addition periodic with respect to ¥y and to Yé and which remains such for all real

values of y, snd of vy,., for sufficiently small values of u, and for the values of
1 2

Xy X, of z and u which belong to the domain D.

If in all domains & that are part of B, we can find an infinity of singular
classes of the g-th order, it will not be possible for them to exist more than
g+l distinct uniform integrals, including F.

Application to the Problem of Three Bodies

85, T shall now concern myself with applying the preceding ideas to the
various cages of the Problem of Three Bodies.

Let us begin by the particular case defined in article 9. In this case, we
have 2 degrees of freedom only and four variables
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z‘i.—:,:[,, 2"‘3::.“6,
yre= yi=g -1

(ef. article 9); we have, in addition,

t
Fa-—w ";‘f b Xy

)

problem 1o the case where the Hesslan is not zero.

The Hessian of F. is zero, bubt we can, by the artifice of article 43, reduce the

I, therefore, a uniform integral were to exist, it would be necesgary that
in the development of Fl {which is the perturbing function of the astronomers),

in terms of the sines and cosines of the multiples of ¥y and yg, all coefficients
vanish at the moment when they become secular.

Examination of the well-known development of the perturbing function shows
that this is not the case.

We must therefore conclude that in the particular case of the Problem of 251
Three Bodies there is no uniform integral distinet from F.

In my memoir in Acta mathematica {Vol. XII1}, in order to establish the same
point T made use of the existence of periodic solutions and of the fact that the
characteristic exponents are not zero:. The demonstration which I give here differs
fromthat of Acta only in form, bub it lends itselfl better Lo the generalization
which will follow.

Let us now consider & somewhat more general case of the Problem of Three
Bodies, that where motion oecurs in a plane, and let us assume that we have re-
duced the nmumber of degrees of freedom to 3, as we have zsid in article 15.

We then have six conjugate varisbles, namely

BL, FL, BH=H,
L I o=,

Let us assume that we develop the perturbing function F
manner

1 in the following

Fy== X Bm;m‘ eV—iim s maf'),

the coefficients Bm1 will be functions of BL, B'L', H and h.
ERLTY

Let p and ¢ be two arbltrary integers first among them; lebt us form the ex-
pressions

¥ o , . i
B;,,_L,B;-:J,q {(k, ¥mo, =t 29, ..., 0d fnf ) ( 1@)
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1

it
4
It

Let us give L and L' values satisfying condition (lEa), i.e., such that the
4

relationship of the mean motions is egual to >

In order for the problem to admlt a uniform inbegral other than the vis viva

integral, it would be necessary for there o he a relationship bebween two arbil-
trarily chosen from among them {n=3, on-b=2}, i.e., that all these expressions {1h}be

Tunctions of BO o i.e., of the secular part of the perbturbing function. Now
3

examinabion of the well-known development of this funciion shows that this is not

the case.
We must conclude that, outside of the vis viva integral, the problem admits
no uniform integral of the following form /252

(L, L, H, 1, I, h) = const.

pericodic in | and 7.

But this is not sufficient for us: we must still demonstrate that the pro-
blem admits no integral of the following form

(L, L, 0,0, LI, » o)== const.,

where the function % depends in an arbitrary manner on ® and on ® instead of de-
pending on the difference wm-w'.

To do so we must take the problem with 4 degrees of freedom, as we did in
article 16.

We will then have elght conjugate varisbles

sL, ﬁ’l"'f ﬁn’ piﬁ'l
i, I w, .

snd expressions (14) then depend on I, L', 1, ',
Ty s,
When we have given ©. and L' constant values such that the relation of

The ccefficients B

and .

mean motions is equal ﬁol%, expressions (1h) will only depend on the four wvariables

n, ' ®and w.

In order for there to be a uniform integral other ithan that of the vis viva,
it is necessary that we have a relabtion among four arbitrarily chosen (2n~hm&,
n=it Jof the expressions (lh); this is whabt occcurs since all these expressions are

only functions of three variables 17, 1 and T -0,

Therefore nothing opposes the fact that there exists an integral other than
that of the vis viva, and in fact there does exist one, namely the areal integral.
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In ofder for there to be two integrals, it would be necessary that there be
a relationsghip among an arbitrarily chosen three of these expressions, that is to
say, that all these expressions depend only on two of them. This is not the

SREE.

Therefore, outside the vis viva integral and that of the area, the problem
sdmits no cther uniform integral.

Let us ab last proceed to the most general case of the Problem of Three 253
Bodies, and let us set the problem as in article 11, i.e., with 6 degrees of
freedom and with the twelve variables:

BL, 86, pe, pL, G, ge.
:‘ g! 8: r: fff’ a"

Expressions (lh), after we have given L and L' proper constant values chosen
as above, gtill depend on the eight variables G, ¢', 8, @'y & &', 8,8'-

in order for these to be g uniform varisbles distincet from F, it would be
necessary for there to be a relationship among 2n-3-2=9-.gq arbiirarily chosen of
expressions (1k).

It is easy to wverify that these expressions depend only on five variables,
namely on

f

Gr' 6’9 £ &

and on the angle of the planes of the two osculatory orbits.

There is therefore a relationship between an arbitrary 6=9-3 of the express-
ions {14).

Nothing is therefore in oppostion to the existence of three new integrals and
they exist effectively: they are the integrals of area. But there isg no relstion-
ship between an arbitrary {5=0-4) of expressions {(14).

Therefore, the Problem of Three Bodies admits no cother uniform integral than
those of the vis vivs and of area.

I have limited myself, in order not to interrupt the reassoning, to affirming
that there exist no relationships among expressions (lh}; I will later return to
this guestion.

It ig known that Bruns has demonstrated {Acta mathematica, Vol. II) that the
Problem of Three Bodies admits no new algebrailc integral beyond the integrals
already known.

The preceding theorem is more general in a sense than that of Bruns, because
I demonstrate not only that there exists no algebraic integral, but that there
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oxists not even a transcendental uniform integral, and not only that an integral
cannot be uniform for all values of the variables, but that 1t cannot remain
uniform even in & restrained domain defined above.

However, in another sense the theorem of Bruns is more genersal than mine;
I esbablish only, in effect, that there can exist no algebraic integral for all
rather small values of the masses, and Bruns demonstrates That there exist none
for any system of values of the masgses.

Proplems of Dynamics Where There Exists A Uniform Integral

86. There are problems where we know the existence of a uniform integral
and where we can propose to verify that the conditions stated in the preceding
articles are effectively Tulfilled.

Let us take as an example the problem of the motion of a moving point M,
attracted by two fixed cenbers A and B.

I will assume, for simplification, that the mobion coccurs in a plane: I
will assume in addition that the mass A is laryge, while that of B iz egual Lo a
very small gquantity i, in such a manner that one may regard the atiraction of
B as a perturbing force.

We will then define the location of the point M by the osculating elements
of its orbit about A, and we will deslgnate these elemenis as the letlers L, 7,
1, W, as in article 10. We will then have

1w : I =
FW;ﬁTﬁ?wmmmzﬁ“zu’ 1= S5

?3 can be developed in the following form

Fi = xB;n c"'r?"”.
The coefficients Bm then depend on L, 17, and ®, and in order for an integral

to exist, it is necessary that there be a relabtionship between three arbitrary
gquantities of the coefficients of the same class {n-2, 2n-2=2; I say 2n.2 in-
stead of 2n-k because FO depends no longer on btwo wvariables x, and Xy, 88 in

i
articles 84 and 85, bub on one variable only), when we give L a value satisfying
relation (12a).

However , here all coefficients B_ {which have only one index) belong to the
same class and one relation (12a) is Written simply m (aFy/dr =0
where L==., There could therefore be difficulty only for infinite wvalues of L.
I1f, therefore, we again take up the abbreviated language of the preceding arti-
cles, of L, NI, and w, but such that, for all these systems, the value of L iz
finite, the class of which all these coefficients B are pari will not bvelong to
the domain D; therefore nothing will oppose the existence of an integral which
remainsg uniform in this domain D.
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et us proceed to another problem; that of the motion of a heavy body about
a Tixed point.

This problem has been integrated in three different particular cases by
Euler, by Lagrange and by Mme. de Kowalevski (cf. Acta mabhematica, 12). I be-
lieve that Mme. de Kowalevski has discovered other new cases of integrability.

We can therefore ask if, in this problem, the considerations presented in
+nis chapter oppose the existence of a2 uniform integral other than those of the
vis viva and of area.

T will assume that the product of the welght of the body by the distance of
the center of gravity to the point of suspension is very smally, such that we may
write the equations of the problem in the form

dx; £ d)’; . JdF

il ke U

F = Fot uF,.

Values x4y and y. form three pairs of conjugate variables; ¥ designates the total
i . I : ] .
energy of the s¥stem; FO ig its semi~vis viva; 4 is a very small guantity and g}l

represents the product of the welght of the body by the distance from the center
of gravity to 2 horizontal plane passing through the point of suspension.

In the case where p is zero {i.e., where the center of gravity colncides
with the point of suspension), the motion of the solid body reduces to a Poinsot
motion. Since we assume p very small, 1t is this Poinsob motion which will
serve ug ag first approximstion, in the manner of Keplerisn motion in the study
of the Problem of Three Bodies by successive approximations.

I must, bvefore continuing, define two gquantities n and n', which I will call
the two mean mobtiong and which will play en important role in what follows. In
the Poinsot motion, the ellipsoid of inertia rolls on a fixed plane; let P be the
foot of the perpendicular lowered from the point of suspension onto this Ffixed
Plane and g the point of contact. Thig point of contact belongs to a curve fTixed
with respect to the ellipscid and called the polhody. At the end of a certain

2

time T, the same point of the polhody reburns to Q' in contact with the fixed plane.

Liet @ be the angle QPQ*'. We will set

and n and n' will be the two mean mobtions.

This granted, we will be able to write the eguations of Poinsot motion in the
following manner:

Let %, v and 2z Dbe the coordinates of an arbitrary point of the s0lid body by
taking the origin of the coordinates at the point of suspension and the axis of
the z vertical.
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Let us set
= nt-+¢ "= n't 42,

¢ and €' belng two constants of integration.

Tet E, and § be three funcitions of n, n' and 1, periodic of period 2r in
i {these fungLions,'as is known, depend on the elliptic functions); let ¢ and @
be two new constants of integration; we will have

x=cos8(fecosl' —ysinl'ysinbcosp(dsinl’ < rcosl’) - § sinb sing,
y == sin@(§ cosl v n sin '} - cosl cosg{fsinl - m cosd' ) §cosdsing,
5w sing(Esind’ -+ 5 cos 'Y+ dreosg.

If we assume thalt the point (x,y,z) 18 the center of gravity of the solid
body, Fl reduces within a coastant factor to z, so that we will be able to write

Fyme 5B, e 1tnisi} 4 2 B,aef~tnt 2R, ., e¥-timi—

the coefficients B depending only on n, n' and

 When we give n and n' constant values satisfving condition (12&), B will
only depend on ¢ such that there will be a relationship between two arbitrarily
chosen from among them.

Vaiues D depend only on ¢ and { in setting, as in the preceding articles,
Dy = Bypag Th,

There will therefore be a relationship belween an arblitrary (23~§m3) of the DA,
Bvery c¢lass will therefore be singular of the first order.

Hothing opposes the existence of a uniform integral dlstinct from that of
the vis viva, and we know, in fact, that there exdists one, namely that of area.

But the gquestlon is o learn whether a third can exist.

For this purpose, let us seek to learn the classes which are singular of
the second order. To do this. it is necessary and sufficient that there be among

three arbitrarily chosen of Dy two relationships, and consejuently that all Dy
ve functions of only one of them. We will thus be led to distinguish several

types of clagses:

{1} The class-%vwhich contains all coefficients B This one is singular

.00
of the second order. We have in fact,
Bm.o= Cmocosy,
C depending only on n and n' and consequently having to be regarded as constant |

m. 0
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ant

since we assumed that we gave n and n' constant values. Then vwe have

By = Cyecongld,
In order for DA to be functions of only cone of them, all Ch o must vanish with

ene excepblon, or the funciion § must reduce to an exponential

c""“’”.

However, in order to sablsfy condition {12a), it is necessary to give n the value

0; what is therefore the Poinsot motion for which n=0? A bit of attention shows

that it is the one which corresponds to the uniform rotation about one of the axes

of inertia. In a similar motion, the function § 1is a constant independent of 1.

This proves that all CR.O are zero for these particular values of n and of n', /258

with the excepiion of CO o
The ciass is therefore singular of the second order.

(2) The classes of the form~%—which contain only three coefficients

Bm.h Bll.ih B-—m,—g-
These classes can be singuiar of the second order only if

Bm.t R me.-»s =

or, what comes back to the same thing, if in the development of grif and of g£-i7
in positive and negabive powers of ell, there are no terms in e+mil(assuming £
and 1 real).

This will not happen, in genersl, when the ellipsoid of inertia is not one
of revolution; bud, if this ellipscid is one of revolution, we will have

o= AcoslBsinlaC, 7= A%cos! B'sinl (O,

A, B, C, A", B, ' being constants. The result of this will be that we have

By = — Bom.-1 w0y

uniess m=1, 0 or -1.

ALl classas-%—will then be singular of the second order, with the exception

1 -t
T and -5

{3) ALl other classes reducing to the single coefficient By o Will be
singular of the second order. ‘

of classes

In summary, if the ellipscid is ocone of revolution, all classes are singular
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of the second order, with the exception of classes %ﬁ % and :%.

Therefore nothing opposes the existence of a third wniform integrel and even
that 1t be algebraic, provided that the Jacobian of the three integrals vanishes
when we make n'=0 or n'=tn. (This iast condition is noi necessary in the case of
TLagrange, that is, 1f the point of suspension is on the axis of revolution, bew
cause then € and 7 reduce to constants, )

. If, on the contrary, the ellipsclid is not one of revolution, there is an 259
g infinity of clasges which are nolt singular of the second order, namely clagsses

%; but let us consider a domain D containing an infinity of systems of values of
n, n'y ¢and 8 and let us assume that for none of these systems is n' a multiple
of n; none of the classes %—will belong to this domsin. Therefore still nothing
will oppose the existence of a third uniform integral, provided that the Jacobian
of the three integrals vanishes when n' iz a multiple of n; here the result is
that this third integral cannobl, In general, be algebralc.

The conditions stated in this chapber belng necessary, but not sufficient,
nothing proves that this third integral exists; it is advisable, before making a

statement, to awalt the complete publlication of Mme. de Kowalevskl's resuits.l
Nonholomorphic Integrals in p
87. Until now we have assumed that our uniform integral ¢ was developable
in integral powers of w. It is easy to extend the result to the case where we

would abandon this hypothesis. Lebt us assume, for example, that & can be developed
in integral powers of Ju; we will be able to write

&= b e P,
8* and ¢ being developablé in integral powers of .
If & is an integral, we must have identically

[F, ] =[F, &) /a[F, ¢ ] =o.

Since (F, §') and (F, #') can be developed in integral powers of u, we must have
separately [F, %'} =[F, ] =o.

Therefore &'and §° must both be integrals. /26

lSince these lines were written, the sclentific world has had to mourn the pre-
mature death of Mme. de Kowalevski. Those of her notes which were found are
unfortunately ingufficient to permit reconstructing her demonstrations and
calculations.
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If,” therefore, we have demonstrated that a uniform integral developable in
integral powers of p camncot exist we will have demonstrated that a uniform inte-
gral developable in integral powers of Ju cannot exist either.

More generally, let
8,(n) Ba(p) - Beli) {1)
be p arbitrary functions of p.
Let us assume that ¢ is of the form

b

P Mgy B {p) - AL b () Ayt (). (2)
A Oy (m) - Ay g pB: ().

+ A pBp ()t A pplp(p) ...,

values A being funchbions of x and y independent of .

We can always assume that among the p functions {1) there are no relation-
ships of the form

?,9;+?,8,+,..+9,,Bpmo, (3)
% qb, ceay q% being developable in powers of u. If this were in fact so, one
of the functions-qi, CNREREY q% will not contain u as a factor; for, if all these

functions contained p as a factor, the first member of {3) would be divisible by
B oand we would make the division.

Let us assume, for example, that ol does not vanish with p; we will be sble

to solve equation {3) with respect to 6, and we will have

%@ @5
@ %

in expression {(2), we will have reduced by unity the number of functions (1).

. will be developable in powers of u, and if we replace Si by this value

Let us therefore assume that these functions are not connected by a relation of

form {%).

We will be able to write

&= 4&8;-{-‘!’,9;»&. e ‘1’,89,
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1’ ey @p belng developable in powers of W. If & iz an integral, we will

have
[F, @)= 8;[F, ]+ &[F, ®y] ...+ 8,[F, ®,]=o0. (1)
1 say that we will have separately
[F, #:]=[F, #;]=...=F, ¢,]=o0. (5)
For, if this were not so, as quantities (F, @i) {i=1,2, ..., p) are develop~-

able in powers of w relation (4) would be of form {3), which is contrary 4o the
hypothesis we have Jjust made.

Therefore relations {5) hold true.

Therefore @l, ég, veey

If, therefore, we have demonstrated that there cannct be a uniform integral
developable in powers of b, we will have demonstrated that neither is there a
uniform integral of form (2).

ép are inbtegrals.

T will add that this reasoning applies when Tunctions {1} are finite in
numoer.

Discussion. of Expressions {1h)

88, I return to the subject which I had reserved sbove, namely the de-
monstration of the fact that there exists no relationship velween an arbitrary
on-b expressions of (14) in the case of the Problem of Three Bodies.

In order to define expressions (lh), we have assumed thalt the perfurbative
function Fl had been developed in the following form

Fim £ Bmimigm:m.hm‘m, ( l)

the coefficients Bm.m being functions of the obther variables
e

L I, 0, ¥ e o

oy
L, Z:’; G, 6’; £y 6", 8, &, 3, .

TL is not in this form that we ordinarily develop the perturbative function in
treatises on Celestial Mechanics.

We take ag varisbles:

The major axes, the eccentricities, the inclinations, the mean longitudes
and the longitudes of the perihelions and of ithe nodes.
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Ho&ever, it 1s easy to see that this gzoes back to saying the same thing.

I we sei

Bmlm‘ s .Cm‘meef»»ﬂm;g«\-m,g wmSem,b },

it will follow thatl

Fi=% Cm‘m'8mim,{h-gq—&}a—m,:r-pg’w‘)l. ( 2)

the exponential facbor depends only on the mean longitudes
g8, Va2 ¥

and the factor Cm depends only on the other variables, major axes, eccentri-
iz

cities, inclinabions, longitudeg of the perihellons and of the nodes. Thus we

will in this way fall back to the usual development of the perturbative function.

Expressions {14} can then be written
I YT
B}Pl‘i Blpxg = Oapig Ciping:

In order for there to be auniform integral, it is therefore necessary that
there be s relationship between an arbitrary 2n-4% (n=b im*the plane, n=6 in
space) of expressions

agCimng (3 M=o, 1,20, %3, .., ad inf.) (1ka)
formed by means of the coefficients of development (2).

Thus, in order to apply the principles of the present chapter, it is not
necessary to make a new development of the perburbstive funcition by means of new
variables, as it would be in development {1). We can make use of the development
already used by astronomers, that is, development (2).

The coefficients Cm o cen be developed in increasing powers of the eccentris

172
citles and inclinations. ILel us therefore consider the development of one of these
coefficients in powers of the eccentricities and inclinations. We know {cf., article
12} that all terms of this development will be of the degree ]m1+m2| at lesst with

respect to these guantities and, if thelir degree differs from [ml+m2J the difference

is an even number.

We will therefore be able to write
Cm,m, = ng;m, e C:ig.m, e = ngim, sy
Cﬁ m repregenting the tobtal of the terms of the development which are of the degree
12
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with respect 0 the eccentricities and inclinations.

We will say that CO ig the principal term of C and that the cther
m.m m.m
iz ie
terms are its secondary bterms.

There will be an excepbion for coefficient COO; we have, in this case,

Coozx Gt Clyg i,

Cgo depends only on the major axes, if these major axes are momentarily regarded
a8 constants, as we have done in previocus articles (it ilg, in fact, in assuming

the major axes constant thalt the existence of a uniform integral implies that of
& relationship bebween 2n-4 expressions {14}}; if, therefore, the major axes are

i
i
I
!
i
|
i

constants COO will also be a constant which will play no role whatsoever in the

0

caleulation.

It is therefore Céo which is of the second degree with respect to the eccentri-

cities and to the inclinations, which we will agree to call the principal ferm of

c .
00

1f, then, we replace development (2) by the following

Cle+Cip+ T C,ﬁ.;m;c":?fm:‘f+8‘+ﬁ}+ﬂh{-"+f'+5’??, ( % )

; we will say that we have written ithe development of the perturbaitive function Fi
- reduced to its principal temms.

This granted, what is the condition for which there be a relationship between
an arbitrary 2n-4 of the expressions

CloagCiarg (4 M=o, 1, 3, L), (14)
Let us form a table composed of an infinity of rows formed as follows:

The various lines will correspond to the various integral values of the index
A, positive, negative or zero.

he first element of the row with index A will be f?éh
2 Cyprg

the others will be the derivatives of iy with respect to the different vari-
sblies
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that is, with respect to the eccentricities, longliitudes of the perihelions, to
the inclipnations and to the node longitudes.

Thus, the necessary and sufficient condition for there to be a relationship
between 2n-b=8 {n=6 in space) of relations {14} is that all deberminants formed
by teking nine arbitrary lines in this table be zero.

Heedless to add, in the simplest cases, for example when the three bodiesg
move in a plane, the number of columns and rows of these determinamts is smaller

than 9.
We have seen that all terms of the development of %.m. are of the degree

e

1m1+mqi at least. Therefore, among the elements of row of index A (which I assume

developed in powers of the eccentricities and of the inclinations), the first
X C)\:p g begin with terms of the degree

Lhp-dgl
The cage is the same for derivatives CKP A with respect to © and to 8, while
¥

the derivatives of C with respect to e and to i will begin with terms of the
degree s Mg '

jip-dgt—1.

For the row index O, the first term reduces bo 0; the developments of the
derivatives of COO with respect to W and to 8 will begin with terms of the second

degree, and those of the derivatives of OOO with respect to e and to i will begin
with terms of the first degree.

Cur determinants are in turn capable of being developed in powers of e gpd i.
IT a determinant A is formed by the rows of indices

Ay A kg o.ul, Ay,
all the terms of its development will then be at least of the degree
prgl Gkl [l — 4
I set this guantity equal to a.

There iz an excepilon in the case where thO; all terms are tinen at least
of the degree
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I will still set this guantidy egual to o

The determinants A having to be identically zero, the total of the terms
of degree o will alsc have Lo be identically zerc. Now we will obtain these
terms of degree o in rveplacing in the determinant 4 each of the coefficients

Ckp-%qby its principal o (or Cl 1f A=
Ap, Mg

¢ 0.0
The determinant &O thug obbained will therefore have to be ldentically yero;

now wnat does this condition

aczo
signify?
Let us form the expressions
(CLa P (Clagy (MW=, 2,0, {1ka)

cbtained by replacing, in expressions (1b4)}, each coefficient C by its principal
term.

If in expression (1h) we make »=0, this expression reduces to

CG.O'

We will adjein to the table of expressions {1ibka) the expression Cz) which

(
is a polynomial integral of the second degree with respect to e and to 1.

Thus, the condition aomo slgnifies that there is a relstionship among an arbi-
trary eight of the expressions {1lha) contained in the table thus completed.

Thus, in order for there 1o be a uniform integral, it Is necessary that there
be an integral relationship among an arbitrary of these expressions {1ha),

The coefficients C were infinite series, and expressions {1h) were presented
in the form of the quotient of such series.

On the contrary, expressions (1ka) are rational with regpect to &, i, the sine
and cosine of the ™ and of the 8.

Verification ig therefore facilitated by substitution in the coefficients of
their principal terms.

It even becomes easy for small values of the ftwo integers p and .
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When we thus have proved that the debterminants corresponding to small values
of the integers p and g are not zero, it becomes difficult {o rebain the illusion
+hat the determinants corresponding to the large values of the same integers can
vanish and thus permit the existence of a uniform integral.

A doudbt might, nevertheless, still remain.

We could assume, however improbable it may seem, that among the classes
{to use the language of article 84), there is a finite number of them which are
crdinary and it is precisely these on which verification is based; bubt there are
an infinlty of them which are singular.

In crder to completely erase this final doubt, it would be necessery to have
a general expression of functions (14) or {1ka) for all values of the integers
A A', p and g and this expression could only be extremely complicabed.

Happily, Flamme, in a recent thesis, ' has given the approximate expression
of the terms of increasing rank in the development of the perturbative function,
and this approximste expression, much simpler than the complete expression, can
suffice for our purpose.

Nevertheless, the form which Flamme has given it is nob useful for the prow
blem which concerns us; we will be obliged to complete his resulis and to trans~
form them considerably.

I will, therefore, return to this topic in the next chapter, after having
treated the approximabte calculus of the various terms of the perturbative func-
tion form; although the preceding considerations are of a nabture to convince the
most skepiical, they do not, nevertheless, consbituite a rigorous mathematical
demonstration,

89, One last remark can, o & certain messure, facilitate verification.

Let us again take relabtions (}3), from article 84, which 1s written

d¢n d“'& dBm, e d“’n dBmim, d‘:’a
e Bm.m; (mt ‘“J;‘; e My ‘“‘E;) WZ(mdz‘ R“;; - %dag o dﬁ,’)ﬂ o.

In setting mzmkp, memhq in this eguation, I will obtain a particular relationship

which I will call {l13a); in sebting m.=A'p, my=A'q in it, I will cbtain another

1
particular relation which I will call {13b).
Then let

x -
Max = Bl o, Bihsgs

;Paris, Gauthier~-Villars, 1887.
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will be one of expressions (14) which have played such a large role in the

Myx
preceding arbicles.

Let us mulbiply (13a) and (13b), respectively, by

. x a _,::.3:...

: ) Bipag an Hypag

t

- and add; it will follow that

(o 4o _ dlogy dbe)

e _..d( di; du; du; dzy, =0

|

; or, in adopting the notation of the brackets of Jacobl,
[logMuy, P} =0,

or

[ My, Pel= o
1¢ therefore M and M' are two expressions (1k) belonging to the same elass,
we will have to have

[M, ‘bﬁl - {Bl’, Q’a] w2 £y

or, by virtue of the theorem of Poisson,
[[M, M}, ®]=0,

from which we can conclude that (M,M‘) is a funchion of 2n-4 of expressions (1h}. /26t
at the brackets must be calculated while considering

Tt must not be forgotten th
of +the Problem of Three Bodies, 8%, and

%, and xe-(that is o say in the case

1

8'L') as constants.
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