PRINCETON MATHEMATICAL SERIES

Editors: MarsToN Morsk, H. P, RoBerTson, A. W. TucKER

1. THE CLASSICAL GROUPS
THEIR INVARIANTS AND REPRESENTATIONS

By HERMANN WEYL

2. TOPOLOGICAL GROUPS
By L. PONTRJAGIN
3. AN INTRODUCTION TO DIFFERENTIAL GEOMETRY,
' WITH USE OF THE TENSOR CALCULUS
By LUTHER PFAHLER EISENHART

4. DIMENSION THEORY
By WITOLD HUREWICZ AND HENRY WALLMAN

+ 5. THE ANALYTICAL FOUNDATIONS OF CELESTIAL
MECHANICS

By AUREL WINTNER

THE {kNALYTICAL FOUNDATIONS
OF CELESTIAL MECHANICS

BY

AUREL WINTNER

i

1941
PRINCETON, NEW JERSEY

PRINCETON UNIVERSITY PRESS
LONDON: HUMPHREY MILFORD
OXFORD UNIVERSITY PRESS



346 THE PROBLEM OF SEVERAL BODIES [cr. V

is. Until Birkhoff realized and further developed Poincaré’s geo-
metrical ideas concerning dynamical systems with two degrees of
freedom, the answer to the question used to be this: On the one hand,
the problem of three bodies cannot be “solved,” in view of the estab-
lished non-existence of integrals of specific type (§129, §320 bis);
while, on the other hand, the problem of three bodies may be con-
sidered as “solved,” in view of the convergence of certain expansions,
established along the whole t-axis (§432 bis). To-day one is inclined
to consider the first of these statements as inadequate, and the sec-
ond as quite meaningless, and accordingly to formulate the problem
of three bodies in terms of an “incompressible flow” on a seven-
dimensional manifold, as follows:

For a fixed pair of values of the conservation constants | C|, k, con-
‘sider all those solutions ¢ = £:(f) of the problem of three bodies
which are continuable for — «© < ¢ < + «, where it is understood
that the latter restriction is necessary only when C' = 0. Whether
C =0 or C#0, the reduced state of the solution § = &();
1 =1, 2, 3 at a fixed ¢ is represented by a point of the manifold
M; = M;(|C|; k). Thus, the whole solution & = £(f); — « < ¢

<+ », (i =1, 2, 3), is represented on M; = My(|C|; k) by a
path which degenerates into a point only in case §; = §;(¢) is a solu-
tion of relative equilibrium. These «7 paths, which do not inter-
sect each other, determine on M; = My(| C| ; h) a transformation
group 7¥, — © <t < 4 =, of the type described in §121 (at least
if the case C' = 0 compatible with an unrestricted solution, or rather

~any such solution on M;(0; &), is excluded). It is easy to verify that
the “flow” of the paths which is defined on M1(| 0[ ; h) by the trans-
formation group 7¢ = r‘([ C|;h), = © <t < + «,is incompressi-
ble in the sense of §122, if the topological manifold My is thought
of as embedded into a canonical phase space (e.g., into the
(I, - - -, ps)-space of (32)—-(33), §394). And the problem of three
bodies requires, for arbitrarily fixed ([ C| ; h), the topological investi-
gation of this flow.
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The Restricted Problem of Three Bodies -

§441. Let Py, P; denote the two particles in the problem of n = 2
bodies. Let the total mass be the unit of mass; so that the mass of
Pyis1 — p,if pdenotes the mass of P;.  Thus, §343 (in conjunction
with §207) shows that the equations of motion are given by (2i),
§241, where 2, y denote the Cartesian coordinates of P;in an (z, y)-
plane which contains Py for every ¢, has Py as origin, and possesses
coordinate axes which are parallel to those of an inertial coordinate
system.

Suppose, in particular, that the integration constants determine
the motion of P; about P; as a circular path. Choose the unit of
length to be the radius of this circle. Then §276 shows that P, has
in the (z, y)-plane a constant angular velocity, n, and that n?-13 = 1,
80 that, by the end of §214, one can choose n = - 1 without loss of
generality. Thus, the coordinates (z, y) of P; at an arbitrary date ¢
are (cos ¢, sin t), if the direction of the positively oriented z-axis is
chosen so as to point towards that position of P; which belongs to
t=0. .

Now consider a third particle, P, which moves in the (z, y)-plane
in such a way that, while it is subject to the Newtonian attractions
of Py and P, it does not disturb the Keplerian motion of the two
bodies P;, P;. Although this assumption is at variance with New-
ton’s law of gravitation, it gives a reasonable approximation to the
actual situation in case the mass of the “infinitesimal” body P is
much smaller than the mass of either of the “finite” bodies Pi, Py.
The resulting model is called the restricted problem of three bodies.

It is a problem with two degrees of freedom. In fact, one sees
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348 THE RESTRICTED PROBLEM [cH. vI

from (11,)-(11s), §342 that if %,  denote the coordinates z, y of P,
then ' '

T

B+ (1 — 0) ——— =
<€ +( F+) (£2+j2)g s,
4
- 1- 0) ——— =
Y +( b+ )(£2+5}2)i Q?:
Q=y-( 1 Zcost- Fsint )
| (& = cost)?+ (5 — sin)?|} | (cost)* + (sin )21/’

since 0, 1 — g, u are the masses, and (z, 7), (0, 0), (cos ¢, sin ¢) the
coordinates, of P, P, Py, respectively. Clearly, one can write these
equations in the form &'’ = T, '’ = T,, where U denotes the (non-
conservative) force function U = T(%, ;6 = (1 — p)/(2* + 72}
+ Q. Accordingly, the equations of motion of P have the non-con-
servative Lagrangian function I defined by

W L=3@"+5y)+T; 1) T =+ 5+ uFGE 5;0);
' (1) F = ((£ — cos 1) + (§ — sin £)?)~}
— (22 + 5%~V — (T cos t + § sin 8).
§442. The restricted problem of three bodies was first considered
by Euler in connection with one of his lunar theories. The mathe-

matical and astronomical significance of this model was, however,
understood only much later.

First, Jacobi observed that the problem is, as a matter of fact, a
conservative problem with two degrees of freedom. In order to see
this, it is sufficient to replace (%, 7) by a coordinate system (¢, 7)
which rotates about the common origin, Py, so as to transform P, to
rest; so that

(2) §==Tcost~+ jsint, n= — Isinit+4 §cost

the coordinates (cos ¢, sin t} of P; thus being transformed into (1, 0)
for every ¢. Substitution of the inverse of (2) into (1,)-(1;) readily
shows that if one puts L = L in accordance with §95, then

@) L =3E+ ) + (" — n&) + {38 + 2 + U};
B2) U = (& + n)} + uF;
@) F=(E—-12+n)t4+ @+ ¢
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And (35)-(3;) imply that the Lagrangian function (3,) is, while irre-
versible, conservative. It follows, therefore, from §155 that the La-
grangian equations [L]i = 0, [L], = 0 of P admit the integral
3(¢2 4+ n'2) — { } = const. This integral, which is called the in-
tegral of Jacobi, expresses the conservation of relative energy, the
term 1(£* + 5% of { } representing the force function of the centrif-
ugal forces, which are introduced by the uniform rotation (2); while
the term (&7 — n¢’) of (3,) corresponds to Coriolis forces, which do
not appear in the energy (cf. §155).

This conservative formulation of the restricted problem of three
bodies became fundamental, first in Delaunay’s elaborate lunar the-
ory, and then, under its apparent influence, during the last quarter
of the 19th century. On the one hand, G. W. Hill developed at that
time his lunar theory, which is based on (3,)—(3;) and, as elaborated
in its details by E. W. Brown, is to-day the most precise treatment
of a problem ever dealt with in celestial mechanies (precision being
meant in both the theoretical and the numerical sense of the word).
On the other hand, it turned out that the model of the restricted
problem of three bodies yields a tolerable approximation in many
cases of minor planets also.

At the same time, this model aroused the interest of Poincaré,
whose mathematical work in dynamics centered about it. In fact,
he considered (3;)—(3:) as a prototype of those dynamical problems
which have two degrees of freedom and are not “integrable” in the
sense in which a problem with a single degree of freedom is. In one
respect, the irreversible problem (3,)—(3;) is more complicated than
the zimplest “non-integrable” system, the latter being reversible
(and having two degrees of freedom). Actually, there are some in-
dications to the effect that the topology of the restricted problem of
three bodies, and therefore also this problem itself, is, though diffi-
cult enough, toc simple to be characteristic of a “generic” dynamical
system with two degrees of freedom. At any rate, almost every-
thing mathematically significant in the progress of general analytical
mechanics during the 20th century, and in particular the dynamical
work both of Levi-Civita and of Birkhoff, was originally directed
towards, when not influenced by, an investigation of the restricted
problem of three bodies,

Incidentally, the restricted problem of three bodies often (though
not always) indicated what to expect in the problem of n = 3 bodies
proper. For instance, the regularization (Sundman; Levi-Civita) of
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the latter problem in case of binary collisions (§415-§420) was pre-
cedec.l by the regularization (Thiele and Burrau; Levi-Civita} of the
restricted problem (§446-§452).

§443. According to §442, the bodies Py, P, rest at the respective
points (0, 0), (1, 0) of the rotating coordinate system (£, 7); so that
the cenjsre of mass rests at (u, 0), the masses of Py, P; being 1, — i
_resl?ectwely. It will be convenient to replace (%, ) by a new* ‘co:
ordinate system, (z, y), which is barycentric; so that

4) E=z+p, 7 =1,

g;;r;; 30) ar,;‘lg (1 (— pS 0) being the new coordinates of P; and P; for

: us, (z, ¥) is a coordinate system which rot i

about th_e centre of mass of P, and P. Shirottenuntonsy
Substitution of (4) ir:to (31)-(3;) readily gives

(B) L=3G"+y"+ @ —y2)+ Ulsy);
1—»p n b
[G+mr+vl [e-1+w +o]V

if one omits the additive terms un’ and $x2 This omission is justi-
ﬁed by §156, since un’ is the derivative G’ of G = un, while $u®
= const. ‘ ,
. For reasons which will become apparent later (cf. §517), the rotat-
ing _baryeentne coordinate system (z, y) is called the sy'n'odica.l co-
ordinate system. If u = 0, then (5:)-(5.) reduce to (51), §300; so
tél;gi{;} the present terminology is the same as in the limiti;lg casé of
Th(? z-axis of the synodical coordinate system is called the axis of
syzygies. This terminology agrees with that of §327, since the first
two of thf.: three bodies Py, P,; P rest on the z-axis. ]
According to (5:)—(5:), the Lagrangian equations [L], =0, [L],=0
and their energy integral may be written as o

(61) ! =2 =U, y'+2 =U,;
(62) 2t +y't = 2U(, y) — C,

(5) U =%+ 9%+

" if — 3C denotes (as in the limitin
' : _ g case p = 0 of §300) the ener
constant; C itself is called the Jacobi constant. ¥

* This coordinate system (z, y) must not be :
’ confused i
system (z, y) of §441 which now is denoted by (%, j)t’:se with the coordinate
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If X, Y denote the momenta and H(X, ¥; 2, y) is the Hamiltonian
function belonging to (51)-(5:), then, according to §229,

(72) X=z'—y Y=y +3

(72) H=3X:+ 1) — @ —yX) = V&)

(73) Viz,y) = U, y) — $@ + 97

(74 H =h; (Ts) h = —3C.

§443 bis. In terms of the bipolar coordinates (33), §56, one can
write the force function (5:), §443 for two arbitrary masses g, 1 — #

in the symmetric form
U=@Q-p-G+m) +u (7% 4+ ") + const.;
const. = — 3u(l — &), since (1 — Wi + p? =zt 4yt 4 sl — e

§444. If the last sum, which is introduced by the centrifugal
forces, were missing, U would reduce to U= (1— w/r+ p/r;so
that, if also the Coriolis forces, represented in (51) by (zy’ — yz'),
were missing, the problem would reduce to the elementary problem
of §203, which can be solved in terms of elliptic functions.

§444 bis. It may be mentioned that if the two masses are equal,
then it is necessary to disregard only the Coriolis, and not also the
centrifugal, forces, in order to obtain a problem solvable by quad-
ratures (leading again to elliptic functions). Forif 1 — p=p
then U = 3@ + r2) + 3Gt + r&?) + const, by §443 bis; so
that the reversible problem belonging to the Lagrangian function
L = }(z'* + y'?) + U is easily seen to become of the type consid-
ered in §194, if the variables are chosen in the same way as in §203.

§445. The energy integral (62) is the only “known” integral of
(6,). In fact, the negative results mentioned in §320 bis for the
problem of n(Z 3) bodies can be established for the restricted prob-
lem (6,) also, the single integral (6) playing the réle of the group of
all ten conservation integrals (§320). However, these negative re-
sults concerning (61) are not of a definitive nature, since the remarks

of §320 bis hold again.
Regularization

§446. The Lagrangian function (1), §443'is of the form (51), §229, -
with f(z, ¥) = 1; s0 that w =1, by (3), §228. Thus, on applying



352 THE RESTRICTED PROBLEM [cH. VI

(112)-(13z), §230 to an arbitrar ' i '
) 4 y conformal mapping z + iy =
= 2(§) = 2(¢ + ¢n), one obtains* S

@) E - 2|zflg’i = vh 1+ 2‘2;|zé = U,;
i) =1 |z (o = 0),

where the dots refer to the time variable 7 = i(t) which follows from
(82) by a quadrature, and

(V) IE+P-T=0;
(92) T=TU( 0 = 10) = |z |*U - §0).

§447t. If neither 4 = Onor y = 1, the real finite singularities of the
a.ualytw force function (53), hence also those of the differential equa-
tions (6,), are seen to be the points (z, y) = (1 — 4, 0) and (x, ¥)
= (= u, 0), at which the two attracting masses u, 1 — u rest, , If
4 = 0, the .ﬁrst'of these singularities disappears, while the sccond is
the o:.le which, in §268-§269, was regularized by the transformation
z = [*of §2§9. This suggests thatif 0 < u < 1, the second and the
first of the singularities may be regularized by choosingz = — y 4 ¢2
and z = (1 — u) + ¢2, respectively,

1_"‘0:' reasons of symmetry, it will be sufficient to consider the singu-
larity at (.:a:, ¥) = (= u,0);s0 that the mappingisz = — 4 + {2 i.c,
the mappingz = — » 4 #2 — 1%y = 2§y considered in §54. Thus’
(8_1)-(82) may be written as J

(105 E= 88 + 0 =Ty, i+ 8(8 + 1) = T,
(10,) L= 4(8 + p2);
while (55) shows that (92) becomes

U =4(8 + 7?) (#2 =208 — ) + (& + 72)? - _1___1
(11) £+ n:

m
+ — e Lo
=2 =) + (2 + gy * )
It is clear from (11) that, for small §, 5,

(12) T =40l —p)+ 40+ 4 - JO)(22 + 7°) + (& 1)

* The function {7, defined by (9;) below, has nothi i
he I n ¢, » h ng to do with the funeti
U which is defined by (11)=(14); the latter U will not be used iln wh:t. !}:)I;f(::s?;l
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where (£, )4 denotes a regular power series which begins with terms
of the fourth order in (¢, 7) and has real coefficients which depend
only on . In particular, U remains regular at the point (£, n)
= (0, 0) into which the singular point (z, y) = (— u, 0) of (52)-(61)
is transformed by z + 7y = — pu + % This means that, as cx-
pected, the isoenergetic transition from (6,), (65) to (10,), (9) elimi-
nates the singularity at the mass 1 — .

§448. In order to see what happens to the path z = z(0), y = y({)
at the date ¢ = ty of a collision with the body 1 — u, assign to a fixed
valuc of the time variable 7 of (10,), say to 7 = 0, four initial values
£o, mo, o, Mo in such a way that (&, 7o) is the position (0, 0)
of the body 1 — u, while (£, 7) satisfies the energy condition (9y).
This means that

(13) Eo=0,7m0=0; & = (8 —8u)l cos v, no = (8 — 8u)isin v,
0.8 03

holds for a suitable v, which is, therefore, the only integration con-
stant not disposed of. Actually, the energy (7s) is another integra- -
tion constant, since it occurs explicitly in the force function (11) of
(10y).

For reasons of regularity, the coordinates of the collision path
£ = (1), n = 5(f) may be developed according to positive powers of £
into scries which are convergent for small ||, i.e., for all dates close
enough to the date f = 0 of collision. In view of (13), these Taylor
serics begin with

= (8 —8uicosy) i+ -,

(14) i
7= (8 —8uisiny) i+ - -;

so that, since £ = — u + £ — g%, y = 2&y (cf. §447),
= —pu+ (8 — u)cos 2v)- &+ - - -,

(15)

y= (81 — p)sin2vy) 24 -,

IPurthermore, £ + 7 = 8(1 — w)i* + -+ -, by (1.4); so that, from
(10y),
16 t=3R01 - pi 4., O0Osu<1)

if, without loss of generality, ¢{ = 0 is chosen to belong to = 0,
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§449, Clearly, (16) has, in the neighborhood of the date { = 0 of
the collision, a unique inverse I = #(¢) which may be developed for
small ¢ 2 0into a real power series in v/t 2 0. On substituting this
Puiscux expansion of ¢ = [(t) into (15), onc sees that the nature of
the singularity of the coordinates z = z(), y = y(t) at thedatet = 0
of the collision is the same as in §269 (or §414). In particular, (15)-
(16) represents a uniformization of z = z(t), ¥ = y(t) at t = 0; so
that the motion is, by means of real analytic continuation, uniquely
defined for dates ¢ which follow the date { = 0 of collision.

§450, Since 1 — p > 0, it is also seen from (15) that the path in
the synodical (z, y)-plane acquires a cusp at the date of the collision.
By this is meant that the particle reaches the mass 1 — g, which
rests at (r, y) = (— u, 0), in a definite direction, and is rejected by
the mass 1 — p in the same direction. In fact, this direction is de-
termined by the (arbitrary) integration constant v of (13).

§451. Itis clear from §448-§450 that what is essential in the map-
ping x + 1y = z({), is not its explicit form z + 7y = — u + {* but
merely the fact that the singularity (z, y) = (— &, 0) of (5:) is
mapped by the inverse of © + iy = z({) on a point (£, n) at which
the derivative z;(¢) of the single-valued regular function z({)
= z(¢ + in) vanishes in the first order. (This means that the
mapping ceases to be conformal in such a way that the angles are
doubled.) Since a similar remark holds for the singularity of (5,)
at (z, y) = (1 — g, 0), it follows that, if the mapping function
z = z({) is chosen as in (31), §56, the singularities at both bodies
4y 1 — p will be regularized; so that one can use the same variables
£, v; I in case of a collision with either of the mass y, 1 — pu. In
fact, the derivative z; of (31), §56 vanishes, and then in the first
order, if and only if (¢, 5) = (0, 0), (£ =, 0), (£ 27, C), - -+ ; and
these points are mapped by (31), §56 alternately on the two points
(xJ !{) = ('— My 0)1 (1 - H 0)

In order to obtain the explicit form of (8;)—(8:) in casc of the
mapping (31), §56, one has merely to observe that, by (32.), §56,

(7)) || = %(cosh 29 — cos 2¢); (175) &t =|z|%, by 8);
and that substitution of (17;) and (5;) into (9:) gives

T = $(cosh n — (1 — 24) cos &)

[
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+ %1 — 2u + u* — C)(cosh 29 — cos 2¢)

+ zig(cosh 49 — cos 4§)

+ d¢(1 — 2u)(cosh 39 cos § — cosh 5 cos 3§),

(18)

in view of (30)-(34), §56 and of 2cos*a =1+ cos 2q 4 cos* a
= 3 cos a + cos 3a. o

Substitution of (17,) and (18) into (81), (9:) supplies the. explicit
form of the equations of motion for every fixed C. Notice that (17))
and (18) are regular analytic in the whole (&, n)-plane.

§452. In the case p = % of two equal masses, (18) simplifies to

T = } cosh 1 + gg(1 — 4C)(cosh 21 — cos 2¢)

(18 bis) + gig(cosh 4n — cos 4§).

The numerical caleulations carried out at the Copenhagen Obscry-
atory, which deal with this symmetric case p = 1 — u, are based on
the equations (8,), (9:) belonging to (18 bis) and (17y).

§453. It is clear from the beginning of §451 that the mapping (25),
§55 can be used for the same purpose as (31), §56. The representa-
tion of T and |zf| 2in the case (25), §55 has over (18) and (17,) the
advantage of leading to algebraic, instead of to transcendental, func-
tions. The correspondence between (z, y) and (£, 1) is now one-to-
two (instead of being, as in §451, one-to-infinity) and can, thcfw:f.oro,
conveniently be used in topological discussions in the large (cf. §500
below).

§454. In view of the beginning of §451, it is natural to us{c, what
would happen if one replaced the mappingz = — u + ¢ of §447 b_y
z = — u + t», where n is an integer exceeding 2. The answer is
that this mapping is useless for the purpose of regularization.

In fact, if » > 2, one readily sees from the deduetion of (12) that
U, instead of having, as there, a constant term (=4 — 4u # ‘l)),
vanishes at (£ 1) = (0, 0), i.c., at the point at which the collision
takes place. Hence, (9;) requires that (13) be replaced by & = 0,
mo=0; =0, 70 =0, But £?) =0, n(}) =01is one, hcr}cc the
only, solution of (8;) which satisfies this initial condition; in fact,
T, T, are readily seen to vanish at (§ ) = (0, 0), not only in the
case (12) of n = 2 but forany n 2 2.

Accordingly, if n > 2, the singular point at which the mass 1 — u
rosts is transformed into an equilibrium solution with reference to
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§527 bis. What seems to be true is precisely the opposite of this
tacit assumption (now disproved), if stability is meant in the sense
of §131. In other words, the appearance of the “small divisors”
"n — amin (42) might be a formal manifestation of the general situa-
tion mentioned in §127 and §131 (cf. also the footnote to §123).

It may be observed in this connection that a formal treatment of
the problems considered in §487 and §522 would automatically lead
to small divisors, which turned out to be harmless only because it
was possible to replace a formal treatment by a suitable application
of the general theorem of §484.

§528. In order to discuss the question of the boundedness of f (for
— o < | < + «), notice first that the derivative (41) of (42) is al-
most periodie. It follows, therefore, from a standard theorem on
almost periodie funetions (P. Bohl), that f(f) is bounded if and only
if it is almost periodic.

On the other hand, a necessary (but in itself not sufficient) condi-
tion for the almost periodicity of (42) is expressed by the convergence
of the square sum of the amplitudes, i.c., by

(43) Z E p2ntm /(p — am)? < + ©,

n=l mel

Furthermore, if (43) is satisfied for a fixed p = po > 0 and for some
a, then, not only is (43) satisfied for every positive g < po and for
the siwme @, but also

= o0

(43 bis) St/ n—am| < +

=l M=l

holds for 0 < p < woand for the same .  In fact, if (45) holds for a
g = wo > 0, then, on choosing any positiva § < 1 and placing u = Ou,,
one readily sees from the inequality (3_|a:bi|)? £ O af) Qb)) that
(43 bis) is satisfied. Conversely, (43 bis) is sufficient for (43), since
if 3| el < 4+ w0, then also D¢} < + .

But (43 bis) implies that the series (43, is uniformly convergent
for — «© <t < + « and represents, therefore, an almost periodic
function. Consequently, on considering, for every fixed a, the least
upper bound, say A = A(w), of all those non-negative numbers u
which satisfy either, hence both, of the conditions (43), (43 bis), one
arrives at the following result:

§528 BIs] LUNAR THEORY 409

There exists for every positive irrational number « a unique non-
negative number A = A(a) in such a way that

(i) if the value of the function A (which is undefined for rational
a > 0) at a given a is 0, then the function (42) of ¢ is, for this « and
for an arbitrarily small u > 0, neither bounded nor almost periodic;

(i) if, on the other hand, « is such that A = A(a) is not 0, then
the function (42) is, for this @ and for a positive g, bounded and al-
most periodic or unbounded and not almost periodic according as
# < Aa) or u > A(a); the limiting case p = A() > 0 remaining
doubtful, -

§528 bis. Needless tosay, 0 < A(a) £ 1. Infact, since )y untn
is convergent only for u < 1, it is clear from (43 bis) that if A(a) > 1
foran a, then |n — ma|— = asn + m — + ». But thisis impos-
sible for every fixed «, since it is known that there exist for every
irrational & > 0 infinitely many pairs of positive integers ng, m, such
that

la — nk/mk| < l/mffor k=1,2 -, where my— = as k —w

(¢f. the proof of (ii), §125).

§529. The result of §528 reduces the problem to the investigation
of the function A(a) which is defined for all irrational « > 0 as the
least upper bound of those u = 0 which satisfy (43 bis). It turns
out that A(e) is a rather discontinuous function of «.  In fact, while
A(a) = 1 holds for a dense set of a-values, not only does Ala) = 1
fail to hold for some « but one actually has A(a) = 0 on a dense st
of e-values. This, and much more, may be proved as follows:

On the one hand, those a for which A(a) is 0 form a set which is
on any a-interval of the second category in the sense of Baire, and
15, therefore, such as to contain a non-enumerable set of points on an
a-interval of arbitrarily small length and of arbitrary position on the
a-axis. This follows by observing that (43 bis) is a particular case
of the series which in the theory of real functions arce called Borel
series.*

* It is interesting that the astronomer Bruns was led to the series (43 bis),
and to & quite precise study of its pathological behavior, much earlier (1884)
thun the general theory of Borel series was developed by the muthematicians.
Similarly, the proof of Bruns for the nou-enumerability of those « for which
A(a) is 0 seems to be one of the earliest instances of what to-day is called the
argument of Baire, ‘
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On the other hand, A(a) = 1almost everywhere. In other words,

the set of those « for which 0 £ A(e) < 1 has the Lebesgue measure
0. This result* is a direct consequence of & sharper theorem con-
cerning Diophantine approximations. Infact, it is known that there
exist, not only for every algebraic irrational number «, but for almost
every irrational number «, two positive numbers ¢ = ¢(a), C = C(«)
such that |« — n/m| > C/m¢ holds for arbitrary integers n, m. And
the existence of such a pair ¢ = ¢(a), C = C(a) implies that (43 bis)
is satisfied for every u < 1, i.e., that A(a) = 1.

* Expressed in terms of “geometrical probabilities” by the astronomer
Gyldén much earlier (1888) than the mathematicians developed the theory of
measure, :
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The following pages supply references and additions to the sue-
cessive sections of the text, and contain a few historical remarks of
possible interest.

The content, though not the presentation, of the topics treated in . -

Chap. I and Chap. II is so classical that it did not appear to be feasi-
ble to give references to the same extent as in the case of the later
chapters.

Chapter I

The following monographs are fundamental (also for Chapter II
and Chapter I11): C. G. J. Jucobi, Vorlesungen iiber Dynamik (1866
[1842-1843]; later (1884) reprinted as Supplementband of his
Werke); H. Poincaré, Les Méthodes Nouvelles de la Mécanique
Céleste, 1 (1892), 2 (1893), 3 (1899); G. D. Birkhoff, Dynamical
Systems (1927); T. Levi-Civita=U. Amaldi, Lezioni di Meccanica
Razionale (three vols., without year).

References to the classical literature of the theory of canonical
systems may be found in Cayley’s report (1857; Papers 3, 156-204)
and in some of the standard text-books (in particular, in E. T,
Whittaker’s Treatise on the Analytical Dynamics of Particles and
Rigid Bodies, 3rd ed., 1927). It would be rather desirable to make
a detailed eritical study of the historical development. 1In fact, the
traditional references to the origin of the fundamental mathematicul
notions in analytical dynamics are almost always incorrect.

For instance, the “Legrendre transformation” (§5-§7) is due not
to Legendre but to Fuler, if not to Leibniz (ef. . Stickel, Bibl,
Math. (3) 1 (1900), 517). Similarly, the introduction of the mo-
menta instead of the veloeities oceurs in the writings of Lagrange
and Poisson, so that the name “Hamiltonian equations” is not justi-
fied. In addition, the “Hamilton-Jacobi theory” is only a particular
case of Cauchy’s theory of characteristics, which is of an older date.

In these circumstances, an attempt has been made to keep down
to a minimum the number of definitions associated with a name.
Nevertheless, the terminology applied often turns out to be incon-
sistent from the historical point of view (for instance, the “La-
grangian” derivatives could be called “Eulerian,” or, at least, “Euler-
Lagrangian”).
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While instances of §11-§13 are implied by a classical deduction
of the ten conservation integrals (cf. the references to §315-§320 be-
low), the full generality of the formalism involved became manifest,
via the theories of Lie, only in conncction with the conscervation
principles in the general theory of relativity. Ior references cf.
E. Holder, Math. Ztschr. 31 (1930), 198-201, 230-231.

The presentation of the theory of canonieal transformations in the
text follows the approach used in the lincar case (§57-§64) by
A. Wintner, Ann. di Mat. (4) 13 (1934), 105-112, and subscquently
transferred to the general case (§26-§38) by E. R. van Kampen and
A. Wintner, Amer. Journ. of Math. 58 (1936), 851-863; cf. ulso Ii. R:
van Kumpen and A. Wintner, Trans. Amer. Math. Soc. 44 (1938),
168-195.

The unique polar factorization (§59) of non-singular matrices is con-
‘tained, at least implicitly, in a paper of L. Autonne (Palermo Rend.
16 (1902), 123-125; cf., in fact, A. Wintner, loc. cit., footnote 1),
As to the singular case, cf. J. Williamson, Bull. Amer. Math. Soc. 41
(1935), 118-123; also 45 (1939), 920-922.

Chapter II

In the same way as before, the following references concern ouly
recent developments, and investigations which are not covered in
the works mentioned at the beginning. Concerning the historical
development of the topics up to the middle of the 19th century, cf.
Cayley’s report.

As to §100, cf. the papers (1870) of R. Clausius, L. Boltzmann and
C. Szily, reviewed by Boltzmann in the Fortschr. d. Physik 26
(1875), 453-460; also E. Betti, Ann. di Mat. (2) 8 (1877), 301-311;
P. Bohl, Ztschr, fiir Math. 35 (1890), 188-191; G. Herglots, Secliger-
Festschrift, 197-199 (1924).

Poincaré’s proof (Acta Math. 18 (1890), 67-73) of his recurrence
theorem (§123 bis) is perfectly correct, although he does not make
explicit reference to the notion of a zero set (the notion of a Lebesgue
measure being of a later date). The modernized formulation of
Poincaré’s theorem was pointed out by E. B. Van Vleck (Bull. Amer.
Math. Soc. 21 (1915),335). The ergodic theorem (§123) was proved
by G. D. Birkhoff (Proc. Nat. Acad. Wash. 17 (1931), 656-666, 650~
655; cf. Bull. Amer. Math. Soc. 38 (1932), 361-379). The notion
of metrical transitivity (§124 bis) was introduced by him and P. A.
Smith (Journ. de Math. (9) 7 (1928), 360-368). Concerning the
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distributional formulation of the ergodic theorem (§123-§124), cf.
A. Wintner, Proc. Nat. Acad. Wash. 18 (1932), 248-251; P. Hartman
and A. Wintner, Amer, Journ. of Math. 61 (1939), 977-984. Astoa
corresponding formulation of the classical circle problem of Poincaré
and Denjoy, c¢f. D. C. Lewis, Jr. and A. Wintner, Amer, Journ. of
Math. 56 (1934), 407-410. The notion of distribution stability
(footnote to §123) was proposed by A. Wintner, Nature 145 (1940),
225-226. Concerning the results mentioned in the footnote to §124,
cf. J. Hadamard, Journ. de Math. (5) 8 (1897), 382-383 and G. D.
Birkhoff, Bull. Soc. Math. de France 40 (1912), 305-323.

Concerning systems of known transitivity, cf. the report of G. A.
Hedlund, Bull, Amer. Math. Soc. 46 (1939), 241-260. The great
difficulties of all problems of this type can be scen even from the
clementary case considered by R. H. Fox and R. B. Kershner, Duke
Math. Journ. 2 (1936), 147-150. The planar limiting case of the
ellipsoid problem (cf. §202 bis) was pointed out by W. Wirtinger,
Jahresber. d. D. M. V. 9 (1900), 130-131.

As to §125-§130, cf. T. Levi-Civita, Prace Mat.-Fiz. 17 (1904),
35-38; Atti del Congr. Intern. Fis. 1927, 1-39; Abh. Math. Sem.
Hamburg 6 (1928), 326-366.

The stability criterion of §132-§133 is due, in the main, to Poin-
caré and Birkhoff (cf. their works referred to at the beginning of the
references to Chap. I). The criterion as given in the text does not
assume the restriction that the point-transformation be volume-pre-
serving. Correspondingly, it is assumed that stability is referred to
both past and future.

The example of §135 was given, in a slightly different form, by P.
Painlevé (Comptes Rendus 138 (1904), 1555-1557), that of §136 bis
by T. M. Cherry (Trans. Cambr. Phil. Soc. 23 (1925), 199-200).
To the footnote of §134 cf. H, Bruns, Berl. Sitzber. 1890, 543-545
and (concerning F. Minding) P. Stéckel, Jahresber. d. D. M. V. 14
(1905), 504-506.

The lincar canonical transformations as derived by A. Wintner
(Ann. di Mat. (4) 18 (1934), 105-112) may also be deseribed as form-
ing the real subgroup of the “complex” (or “symplectic”) group.
The algebraic problems associated with the resulting questions in
linear dynamics (cf. §153 bis, §154 bis) have been completely solved
by J. Williamson, Amer. Journ. of Math. 58 (1936), 141-163; 59
(1937), 599-617; 61 (1939), 897-911; |c¢f. also 62 (1940), 881-911;
unfortunately, it was not possible to incorporate his algebraic re-
sults into this book.



