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CHAPTER IX
THE PROBLEM OF THREE BODIES

I. Introductory remarks. The problem of three or
more bodies is one of the most celebrated in mathematics,
and justly so. Nevertheless until recently the interest in it
was directed toward the formal side, and in partwulal toward
the formal solution Ly means of series.

It was Poincaré* who first obtained brilliant qualitative
results, especially with reference to the very special limiting
‘restricted problem of three bodies’ treated first by Hill.
As far as the general problem is concerned, the main achieve-
ments of Poincaré were the following: (1) he established the
existence of various types. of periodic motions by the method
of analytic continuation; (2) he proved that, by the very
structure of the differential equations, complete trigonometric
series would be available; and (3) he pointed out the asymp-
totic validity of these series. All of these results hold for
any Hamiltonian system as well as for the problem of three
bodies. Unfortunately an accessory parameter w is present
always in his researches, where for g = 0 the system is of
a special integrable type. Thus the difficulties which arise
are partly due to the special nature of the integrable limiting
case when two of the three bodies are of mass 0, rather
than inherent in the problem itself:

It is not too much to say that the recent work of Sund-
mant is one of the most remarkable contributions to the
problem of three bodies which has ever been made., He
proves that, at least if the angular momentum of the bodies
is not O about every axis through the center of gravity,

* See his Méthodes nouvelles de la Mécanique céleste.

t+ See his Mémoire sur le probléme des trois corps, Acta Mathematica,
vol, 86 (1912); in thia connection see also J, Chazy, Sur Pallure du mouve-

ment dans le probléme des trois corps, Ann. Scient. de 1'Ecole Normale -

Sup. (1922).
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the least of the three mutual distances will always exceed
a specifiable constant depending on the initial configuration;
thus triple collision is proved to be impossible, while it is
shown that the singularity at double collision is of removable
type. In this way a conjecture of Weierstrass as to the
impossibility of triple collision is established, and convergent
series valid for all the motion are found for the codrdinates
and the time. By obtaining such series Sundman ‘solved’
the problem of three bodies in the sense specified by Pain-
levé.* As a matter of fact, however, the existence of such
series is merely a reflection of the physical fact that triple
collision can not occur, and signifies nothing else as to the
qualitative nature of the solution,

In the present chapter I propose to take up the problem
of three or more bodies, and to endeavor to apply as far as
possible the points of view developed in the earlier chapters,
and in particular to show what seems to be the real signi-
ficance of Sundman’s results.t

2. The equations of motion and the classical
integrals. Let us suppose the three bodies under con-
sideration (taken as particles) to be at the points Py, P, P;
in space, and to have masses my, m;, ms respectively, We
denote the distance Py P, by 3, Py Py by =, and P, P,
by ry. If we write

(1) U=

my My My My Ny Ms

e
and if we let i, yi, z; (¢ = 0, 1, 2) be the rectangular co-
drdinates of the corresponding bodies P;, while z}, ¥}, 7} stand
for the components of velocity, the equations of ‘motion may
be written as 9 equations of the second order

@z, _ 03U &y U dyu U

MAE T Rx 7 aE T S
; (3 =0, 1:2)1

* See his Legons sur la théorie analytique des équations différentielles.
T Most of the new results found in this chapter were announced by
me at the Chicago Colloquium in 1920.

@)
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which are evidently of Lagrangian form; or as 18 equations
of the first order

L S s _ L2}

at o at — W T i
6=012)
dai _ 89U dyi _ oU a4 U
YAt T am Mat T oy ™Mat T o4
(3.=0’ 1; 2):

which are of course easily converted by slight modification
into Hamiltonian for. We shall not effect this modification,
which may be done in the usual way, nor shall we state the
usual principles of variation applicable to this case (see
chapter II). '

The integral expressing the conservation of energy is seen
to be

) - gum‘(xiz+y +4) =U—K

@) 1

where K is a constant of integration.

Besides this integral there are of course the 6 integrals
of linear momentum expressing the fact that the center of
gravity moves with uniform velocity in a straight line; if we
take a reference sysfem in which the center of gravity is
fixed. and at the origin, these integrals reduce to

2z = 2miyi = Dmizi = 0,
2z = miyi = 2 mizi = 0

There are also 3 integrals which express the constancy of
. the total angular momentum about any axis fixed in space.
If we take the axes as the codrdinate axes, these integrals
become

(6) Zmi(y;zi-—z;g/;) = a, Z‘m((“xi -'S-iz’) = b,
2wyt —yidl) = ¢,

where a, b,.c are constants of integration.

®)
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These 10 integrals are all the essentially independent inte-
grals which are known.

3. Reduction to the 12th order. The reduction of the
system of differential equations (3) to the 12th order may
be at once accomplished by use of the integrals of linear
momentum as, for instance, by the following method due to
Lagrange. Let the co¢rdinates of P, with reference to B,
be (x, y, z2) and let the codrdinates of P, with reference to
the center of gravity of P, and P, be (&, 9, {). If we write
for convenience

p=—r, g= -—;3‘_?9—,
@ mo + my mo + My

. Mg Ny . (mo=-my)m,
M= my+my+mgy, m=——— B e |
. i B me -+ my ’ # mo-+my+ mg’

we obtain the explicit formulas of transformation

X = & — Xy, Y = Y~ Yo, g = &1 &,
B) E=m—pxi—aqx, 1= 1H—DPYi—q%,

{ = n—pa—qaz,

together with the inverse formulas,

0 = —SrE—pz, o= —3F1—py,
Z = m-%—t—-pz
4 m
B E w%§+qa', h = —Tlf’—q-l-qy,
(9)
= —=rb+ez
m m m mn
Ty = 'qju- 15! y*=~u__j£r'_lﬂ!
zs e mﬂj‘_fﬁc’

which follow with the aid of ().
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The system of the 12th order s0 obtained may be written
in the elegant form

dz i d ; dz
Low ey oy
a& ‘ d / ag /
E’t_=§; d_'::’fr _&?xt)
(10)1W@:=ﬂ &y _ o 4 _ o
dt ozt ™at ay’ dt 0z’
aF oU dq ol at’ aU
P"Ez“z"gg": df =W’ PW:E_C'

With these variables the equations (5) may be regarded as
satisfied identically while the integrals of angular momentum
take the form

m(yd —ey)+p(l’ —Lq') = a,
(11) m(ex' —ze Y+ p (¥ — ) =0,
\m@y —ya')+u@Eq —q¥) =,

and the integral of energy is

(12) m(w’s-l—y'g-f-z")—{- SHE 1"+ = U—K.

It will be seen that equations (10) may be looked upon
as the equations of motion of two particles in space at
(x, ¥, 2) and (&, 7, {), with masses m and p respectively, and
in a conservative field of force with potential energy — U.
These equations can also be derived from either the Lagran-
gian or Hamiltonian form by use of the variational principles
(chapter II).

4. Lagrange’s equality. Let us write

(18) R*=(m,m, r2 +m0m211+m1m..,fﬁ)/M.¥ mri4uet,
where
(14) r=2alty'+sd, =P+

If now we substitute in (13) the explicit values of * and ¢®
obtained from (14), and differentiate twice, there results an
equality due to Lagrange,
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. ] H]
(15) ﬂﬁ— = 2(U—2K)

when use is made of (10) and (12); it is to be observed that
U is homogeneous of dimensions —1 in z, y, 2, & 9,
so that

oU |, 8U o0 |, .U __
+yay+ e il 4y STt = —T

5. Sundman’s inequality. In order to arrive at Sund-
man’s inequality, we propose to seek an upper bound for
(¢R/at)® when z, y, 2, & 7, { are regarded as given
quantities while ', ¥/, 7, &, #', [’ are to vary at pleasure
except that they are to yield the given values of the con-
stant KX of energy and of the constants @, b, ¢ of angular
momentum, This is a purely algebraic problem.

We have

RR = mrr'+ped,
whence

R'R® = (mr' 4 pe’) (mr* + ™) — mu (r¢ —or')’,
which may be written

R* = mr’a—_i—pg'ﬂ'—%(rg’—gr’)z.

Furthermore we have the obvious identities
m!ﬂ_l_ylk_l_ 12

—-r ,[(Jz—zy) +(ea — 7)Y + (zy — yo)],
Plafyt

= 4 (08— L0+ ¥ — 50+ Gy — 8],

- Multiplying these last two equations through by m and w

respectively, and subtracting them, member for member, from
the preceding equation, there results the equation
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(16) R*+P = 2(U—K)
where P (to be minimized) is a sum of seven squares,
P = (@7 — 2y + o —2) + @y — y#)']
(7 + L Ly — 0 + GF — E0 o — 0 ¥)]
+ 3o —e

Here the energy integral (12) has been made use of.
From this relation due to Sundman we may derive the
inequality which plays a fundamental part in his. work and
in the present chapter.
If we write
U=yd—zy, V=1q0—1{7,

it will be observed that there are two terms in P of the
form '

§=30+ -:, 1,

while the first integral of angular momentum yields

mU+npV = a.

It is easily found that the minimum value of S when U and
V vary subject to the restriction just written, while » and e
remain fixed, is a*/ R*. Similarly there are two other analogous
pairs of terms with minimum values */ R?, ¢!/ R? respectively.

Hence: we conclude that we have

(18 Pz SR,

(19) Sr= a0+

Suppose now that we eliminate U between Sundman’s
equality (16) and Lagrange’s equality (15). This gives us

2RR"+R*+2K = P,
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whence, by using (18), we obtain the inequality referred to:

(20) 2RE'+ R*+2K 2 JI;,
If we define the auxiliary function of Sundman,

(21) H = RR"+2KR+_—f:,

the inequality (20) enables us to infer the relation

(22) H = FR (F = 0).

Hence H increases (or at least does not decrease) as R
increases, and decreases (or at least does not increase) as B
decreases. This is the consequence which is of fundamental
inportance in what follows.

6. The .possibility of collision. Thus far we have
been taking for granted the existence of solutions in the

- ordinary sense. In fact, inspection of the differential equations

shows the existence of a unique analytic solution for which
the codrdinates and velocities have assigned values at { = 4,

- provided that the bodies 7, P,, P;, are geometrically distinct.
. In the case of the coincidence of two or three of these

bodies, the right-hand members of the differential equations
are no longer analytic, or even defined, so that the exlstence
theorems of chapter I fail to- apply.

But, according to the results there obtained, either these
solutions can be continued for all values of the time, or (for
example), as ¢ increases, continuation is only possible up to ¢.

Let us consider this possibility in the light of the elementary
existence theorems.

In the 18-dimensional manifold of states of motion associated
with the 18 dependent variables

i, yl: Zqy x‘ia‘yi! Z: (3 =01, 2).-
we need to exclude the three 15-dimensional analytic manifolds

re=20 '(i=0:1!2)°
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The remaining region is open towards infinity and along
these excluded boundary manifolds.

According to the results obtained, indefinite analytic extension
of a particular motion will be possible unless as ¢ approaches
a certain critical value ¢, the corresponding point P approaches
the boundary of the open region specified.

Now suppose if possible that the least of the three mutual
distances does not approach 0 as ¢ approaches t; here it is
not implied that a specific mutual distance such as P, P
remains least near to 7. We can then find positions of the
three bodies for ¢ arbitrarily near to ¢, for which the
three mutual distances exceed a definite positive constant d.
But by the energy integral relation (4), in which

U< (mgmy + mgmy +mymy)/d,

it is clear that the velocities a7, yi, zi are uniformly limited.
It is physically obvious that for such an initial condition,
continuation of the motion is possible for an interval of time
independent of the particular mutual distances or velocities,
because of the character of the forces which enter; we shall
not stop to obtain an explicit expression for such an interval
on the basis of our first existence theorem. Thus a contra-
diction results.

Analytic continuation of a particular motion in the problem
of three bodies will be possible unless as t approaches « certain
value 1, the least of the three mutual distances approaches 0.

At this stage it is desirable to revert to Lagrange's
equality (15). As ¢ approaches ¢, U becomes positively in-
finite of course. Hence if we represent E* as a function of ¢
in the plane by taking ¢ and R® as rectangular codrdinates,
the corresponding curve will be concave upwards for ¢ suffi-
ciently near ¢, Therefore K* either becomes infinite, or tends
toward a finite positive value, or approaches 0.

The first case is manifestly impossible, since one of the bodies
would then recede indefinitely far from the two which approach
coincidence as ¢ approaches t; and such a state of  affairs

oyt it sl e

L PR
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is impossible because of the fact that the forces on the
distant body are bounded in magnitude.

In the second case it is clear that a particular distance
approaches 0, for instance 7y, while the other two approach
definite equal limiting values. This is the case of double
collision, Since the forces on the non-colliding body are finite
near collision, it approaches a definite limiting position; and
thus the other two colliding bodies approach a corresponding
limiting position, since the center of gravity may be taken
fixed and at the origin in the space of the three bodies.

In the third case we have triple collision of course, and
this takes place at the origin, However if the constant f is
not 0, triple collision cannot take place, as follows from (22)
immediately. For it is seen that d R¥dt will be negative
for ¢ near £ in the case of triple collision, since d® R¥d¢® is
positive by Lagrange’s equality (15). Hence H will decrease
with B (or at least not increases) as t approaches ¢. But
inspection of H shows that H becomes positively infinite as
R approaches 0. Thus a contradiction is reached.

As t approaches 1, there is either double collision between
a definite pair of the bodies at a definite point, while the third
body approaches o definite distinct point, or there is triple
collision at the common center of gravity. If, however, f is
not 0, i. e, if the angular momentum of the three bodies about
every axis in space is mot constantly 0, triple collision can
never take place at t.

Henceforth we shall make the assumption />0, thereby
eliminating the possibility of triple collision in the sense
above specified.

This assumption may be looked upon as merely confining
attention to the general case. In fact it is readily proved
that in the case /= 0, the motion is essentially in a fixed
plane. Thus immediate reduction of the problem is possible.
Moreover in the case f = 0 the angular momentum about
a perpendicular to the plane of motion at the center of gravity
vanishes, Thus we are only excluding a special case of
motion in a plane. The case excluded is of great inter-
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est and should be given thorough consideration on its own
account.

7. Indefinite continuation of the motions. In the
general case under consideration it is thus plain that any
motion can be continued up to a double collision.

We propose now to take up briefly the case of double
collision in order to render it physically plausible that the
motion admits of continuation beyond such a double collision
in a certain definite manner. Analytic weapons sufficiently
powerful to deal with the singularity of double collision
were first developed. by Sundman (loc. cit.). A different
method of attack, not going outside of the domain of
equations of usual dynamical type, has since been obtained
by Levi-Civita.* A rigorous treatment of the question will
not be attempted here, but the analytic details can be
supplied without difficulty on the basis of the researches of
Sundman or Levi-Civita.

Let us suppose that the bodies P, and P, collide for
instance, while P; is at a distance away. The motion of
P, and P, near collision will clearly be essentially as in
the two body problem. What we propose to do is to ignore
the disturbing forces due to P; during the near approach of
P, and P, to collision, i. e. to replace U by its single compo-
nent mom,/r;, and then to take it for granted that the
situation is of essentially the same nature in the actual case.

But if the motion of P, and P, were just as in the two
body problem, their center of gravity would move with
uniform velocity in a straight line, while, relative to this

point, P, and P, would move in a fixed straight line until

they collide. More precisely, P, and P, will be at distances
inversely proportional to their masses from the center of
gravity, while their squared relative velocity is 2 (mo 4 m,)/1;
increased by a certain constant whose value depends on the
total energy relative to the center of gravity, The motion
relative to the center of gravity will be thought of as merely

* Sur Ya régularization du probléme des trois corps, Acta Mathematica.
vol. 42 (1921).

Pt i
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reversed in direction after collision. In the original reference
system the bodies P, and P; will describe two cusped curves,
and will collide at the common cusp; the cuspidal tangents
of the two curves are of course oppositely directed, and it

‘would be easy to specify the precise motion near collision

by giving the explicit formulas,

Evidently such a motion of collision in the two body
problem is completely characterized by the following quantities:
(1) the three cotrdinates of the point of collision; (2) the
three velocity components of the center of gravity at collision;
(3) the two angular codrdinates 6, ¢ fixing-the direction in space
of the axis of the cusp described by P, which is the same
direction as that of the line of motion relative to their center
of gravity; (4) the energy constant. .Thus 9 codrdinates in
all are required to characterize uniquely a state of collision in
the two body problem. But to specify any state of motion
before or after collision it is necessary to glve the time 7
that has elapsed since collision.

Furthermore, any motion in which the two bodies almost
collide can be characterized in a similar way. Here .it is
supposed that the initial conditions are slightly modified at
some time before collision. In the modified motion it is easy
to generalize the above codrdinates as follows: (1) instead
of the cogrdinates of the point of collision, we may take
the codrdinates of the center of gravity when the bodies are
nearest to one another; (2). the corresponding velocity com-
ponents of the center of gravity may be used as before;
(3) the angular coordinates 6,9 may refer to the direction
of the transverse axis of the conmics described relative to the
center of gravity; (4) the constant of total energy may be
used as before. When the motion is modified slightly in
this manner, these 9 coordinates will be only slightly modified.

In addition to these 9 codrdinates, the plane of the relative
motion must be fixed by a further' angular coordinate v,
and the perihelion distance p must be specified. This gives
11 codrdinates to fix upon a particular motion of the two
bodies in general position. In order to specify a particular
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state of motion it is sufficient to specify the time = measured
from perihelion passage.

The codrdinate p is not available in the special case of
circular motion relative to the center of gravity but this
possibility does not arise near a state of collision of the type
under consideration,

Hence we find 12 appropriate codrdinates in all, corres-
ponding of course to the fact that we have a system of differ-
ential equations of the 12th order in the two-body problem.

Let us consider the codrdinates in the two-body problem
somewhat more attentively. The 6 cotrdinates determining
the position of the center of gravity at nearest approach
are obviously unrestricted cotrdinates. In other words, these
sets of 6 coUrdinates are in one-to-one correspondence with
the neighborhood of a point in G-dimensional space. Similarly
the 2 codrdinates fixing the axial direction are in one-to-one
correspondence with the neighborhood of a point of the 6, ¢
sphere and are thus unrestricted in the same sense; and so
are the total energy and the time z of course. On the other
hand, the perihelion distance p is always positive, and as p
approaches 0, the motion approaches that of a definite motion
of collision, independently of the codrdinate y which fixes
the plane of the motion. Suppose then that we introduce
the following codrdinates

a = )cos iy, A = psiny,

as codrdinates serving to replace p and v, Collision is then
characterized by the conditions ’

The new cotrdinates «, 8 are, however, unrestricted.
Consequently in the problem of two bodies, the states of
motions near a particular state of collision are in one-to-
one, continuous correspondence with the neighborhood of a point
in a 12-dimensional space. 'With this representation the

IX. THE PROBLEM OF THREE BODIES 273

states of motions at collision constitute a 9-dimensional
surface through the point.

It is obvious that in a certain sense the singularity of
collision is removed by the use of the above codrdinates.*

Let us return now to the problem of three bodies in the
case under consideration when two and only two of the
bodies, say P, and P, collide. For the motion of collision,
we must have as before a definite point of collision, a definite
vector velocity of their center of gravity at collision, a cuspidal
direction in which collision takes place, and finally a limiting
total energy. Furthermore any state of motion before or
after collision is characterized by the elapsed time 7.

For motions near a motion of collision, these 9 codrdinates
admit of simple generalization, For example the instant of
‘perihelion’ passage can be fixed as that at which the distance
P, P, is a minimum, and in this way the position and velocity
codrdinates of the center of gravity, the axial codrdinates,
and the perihelion distance can be defined at once, and also
the energy constant. The angular codrdinate ¥ can be taken
as that given by the plane which bisécts the small dihedral
angle defined by the two planes through P, P, and the
velocity vectors at Py, P, respectively relative to their center
of gravity. The time # is defined as before. The codrdinates
», ¥ may be replaced by «, 8 of course.

"Thus on the basis of physical reasoning it appears certain

“that the singularity of double collision is of removable type,

and that the states of motion at double collision form three
15-dimensional (analytic) sub-manifolds in the 18-dimensional
manifold Mys of states of motion, corresponding to the collisions
of Py and Py, of Py and P,, and of P, and P; respectively.
When the manifold of states of motioh is augmented by
the adjunction of the' parts of the boundary corresponding to
double collision, it is obvious that indeﬁnite analytic con-

* For actual removal of the singularity by analytic transformation in
the two body problem and similar problems, see Levi-Civita, T'raietiorie
singolari ed wrti nel problema ristretto dei tre corpi, Annali di Mathematica,
ser. 3, vol. 9 (1903).

18
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tinuation of a motion is possible unless, as ¢ approaches
a certain value ¢ (#< 7 say), there are an infinite number of
double collisions. Let us eliminate this possibility for the
case />0, which is under consideration. '

In the first place we observe that not only B but also R’
~must be continuous at double collision. In fact the differential
equations themselves show that d*&/d¢®, dq/dtt, d*(/d(® are
continuous at collision so that ¢’ as well as ¢ must be con-
tinuous. On the other hand »' will not be; but, since we have

7 = @dtyy+27) < @4y +2) @+ Y0+
3

3—(U+]K))
m.

A

on account of the energy integral (12), it is clear that r7’
is continuous and vanishes at collision., Hence R’ is con-
tinuous at collision, having the value weo’/R, as follows
from (13). _

Secondly, as ¢t approaches ¢, the least »; must approach 0.
Otherwise we should have »;>d >0 (i = 0, 1, 2) indefiuitely
near t. We have already seen that, because of the energy
integral, this would require o', y/, 2, &, 7", {' to be limited,
so that continuation of the motion during a definite interval
of time, dependent only on d, would be possible without
collision, This is absurd. : 2

Thirdly, B must approach a finite limit as ¢ approaches ¢,
as follows from Lagrange’s equality (15), just as in the case
of approach to double collision, inasmuch as R and B are
both continuous at double collision. Reasoning on the basis of
Sundman’s inequality (22) in the same way as before, we
infer also that B cannot approach O as # approaches ¢.

Hence we conclude that as ¢ approaches ¢, the body P
approaches a definite limiting position distinct from the corre-
sponding definite limiting coincident position of Py 'an(.l P
But it is physically obvious, and might readily be establ.lsfhed
analytically, that there can only be a finite number of colhslous
for <t in such a case. Thus a contradiction arises.
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~ In the augmented manifold of states of motion Mg, inde-
Jinite continuation of every motion Jor which f>0 is possible
in either sense of time, In the case f= 0, continuation can
only be terminated by triple collision.

Hitherto we have dealt with only the 18-dimensional mani-
fold Mys. It is easy to modify the above results s0 as to
apply to the manifold M;;, obtained when only those motions
are considered for which the center of gravity of B, P, P,
lies at the origin. In this case the six codrdinates fixing
the position and velocity of the center of gravity of P, and P,,
for instance, determine these codrdinates for F;.

Entirely similar resulis obtain in the 12-dimensional mani-
JSold My obtained by fixring upon those motions for which the
cenler of gravity of the three bodies lies at the origin.

As remarked earlier, these results can be fully established
by use of the explicit regularizations effected by Sundman
or Levi-Civita. An inspection of the formulas leads to the
following additional conclusion:

In the augmented manifold Mg not only are the states of
motion at collision to be regarded as constituted by three
15-dimensional analytic manifolds, but the curves of motion
are also to be regarded as analytic and as varying analytically
with the initial point and interval, provided this interval be
measured by such a parameter as u where.

t = |rorirydu.

8. Further properties of the motions. The case X i
is immediately disposed of, so far as the general qualitative
character of the motions are concerned. ‘Lagrange’s equality
(15) insures that d®R*/d ¢* will then exceed 4|K|. Hence R?
when plotted as a function of ¢ in the ¢, R® plane of rect-
angular codrdinates, yields a curve with a single minimum
which is everywhere concave upwards “and rises indefinitely,

Evidently the same conclusion holds for X = 0, at least
unless U approaches 0. But this can only happen if all three
mutual distances increase indefinitely.

18+
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In the case K <0, f>0, at least two, if mot all three,
of the mutual distances increase indefinitely as time increases
and decreases. In the case K < 0, f = 0, the same s true
unless the motion terminmates in triple collision in one direction
of the time.

A tuller qualitative consideration of the motions K <0
is obviously desirable. But on account of the results just
stated it seems proper to consider this case as ‘solved’ in
the qualitative sense.

Henceforth we shall confine attention to the case />0,
K >0, i. e. to the case when the angular momentum of the
three bodies about every line through the center of gravity

is not constantly 0, and the potential energy is insufficient

to allow all three mutual distances to increase indefinitely.

The case f =0, K>0 thus remains., Here the motion
is essentially in one plane, and it may be possible to obtain
results similar to those here obtained in the case />0, K >0
by suitable refinement of Sundman’s inequality.

We proceed to develop some of the simple and important
properties of the motion in the case />0, K>0.

In the case f >0, K >0 the least of the three muiual
distances cannot exceed M*/(3 K).

The proof is immediate. By the energy integral (12), U is
at least as great as K. But r,, r,, 7y are at least as great
as r, the least distance. Hence we obtain

(mo my + momg + mymg)/r = K.

The numerator on the left is not more than M*/3, whence
the stated inequality follows at once.

In the case f>0, K>0, the largest distance r; will neces-
sarily exceed k {times the smallest distance r;; provided that

R < 2m* /(MY or R = kM%/(3K),

where m* denotes the least of the three masses mo, my, ms.
"~ To establish tgis fact, let %, denote the actual ratio of the
largest to the smallest distance. Then we have at once
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B < (momy + moms + mymg) ks v/ M < MK r*/3

where » denotes the smallest distance. Likewise we tind by
a similar calculation

U S (momy + moms +myms)/r < M/ 3r.
But Sundman’s equality (16) togéther with (18) gives
TR e 2L

It we employ the inequalities for R* and U derived above,
this gives readily
r> 417k MY).

But inasmuch as B is at least m'*r, while m in turn is at
least half of the least mass m* (see (7)), we find

R>2m* 212103 M),

Consequently if R is at most of the first stated value, we
infer at once that %, exceeds . This proves the first of
the two results.

In order to prove the second result, let # denote the
greatest distance. We then obtain

R < (mymy + mgmy + my ma)rd/ M :; Mi?/3,

whence there results
r>RIMM,

It we use the inequality already derived for the least
distance r, in combination with the one just written, we find

Iy >3 KRB/,
[
Hence if R is at least of the second value, & will exceed
k. _This is the second result to be proved.
In the case f=>0, K >0, any part of the curve R = R( t),
(4, B, rectangulur cosrdinates) for which R < ST (22 KV2) comsists



