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The electric field and thrust per unit area.are given, respeo-

tively, by
do 32JHM\ 4
|d=l-( &'t ) k@ ]

T = (JJHM/e)V¥(1 — 2k%) [10]

It follows from these expressions and Eq. [4] that for a given
J and H the thrust is & maximum when the following two
conditions are fulfilled: 1) the velocities of the two sets of
charge are equal at the exit plane of the ion motor; and 2) the
electric field just outaide the exit plane is sero. The first
requires simply that the net accelerating voltages for the two
sets of ions be proportional to their respective masses. The
second requires that the net charge on the vehicle, including
the charge in the ion motor, be zero. For the positive ion-
electron beam, these conditions, particularly the first, are not
too important because most of the energy and momentum
are carried by the positive ions. For the negative ion-positive
ion case, failure to maintain these conditions could reduce
the thrust by as much as 29%. Thus, for example, an
arrangement in which a virtual electrode is used for the final
electrode will usually provide less thrust for a given J and
H than one having an actual exit electrode.

. The solution given by Eqs. [5] can be generalised to account

for more than one species of positive or negative ion: The
neglect of intrabeam collisions in the derivation of this equa-
tion is usually justified in propulsion applications (3). On
the other hand, the use of a single group velocity for the elec-
trons is generally recognised (1) to be somewhat inadequate.
However, for the negative atomic ions, as for the positive
atomic ions, the use of a single group velocity is appropriate.

Nomenclature

z = position along flow from potential minimum, m
¢ = electrical potential above minimum value, v
& = permittivity of free space, M K.S units

¢ = electronic charge, coul

J = current density for each ion group, amp/m?*
H = total energy flux density, w/m?
‘v = velocity of positive or negative ions, m/sec
m 4 = mass of positive or negative ions, kg

m, = electronic mass, kg

M = my +m-, kg

T = net thrust per unit area, newtons/m?-

¥ = angular parameter

k = amplitude parameter

A = gpatial period, m
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Out-of-Ecliptic Trajectories

RICHARD R. BURLEY!
NASA Lewis Rexearch Center, Cleveland, Ohio

N ORDER to investigate possible asymmetries in the en-
vironment of space (e.g., distributions of meteroids and
solar phenomena), there is considerable scientific interest in
a space probe into rvz'ons far removed from the plane of the
ecliptic. The purpose of this note is to derive trajectories that
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vield the maximum altitude above the ecliptic for a given ex-

_ penditure of propulsive energy.

The approach is the usual successive two-body approxima-
tion—that is, at a point sufficiently far from Earth (at which
point the probe velocity with respect to Earth is the so-called
hyperbolic velocity V.), the probe can be considered to move
in a heliocentric elliptical orbit, and the presence of Earth can
be ignored. V., is related to the booster burnout velocity

v'il - (VL‘ + V-’)”‘

where V., is the parabolic escape speed at the burnout alti-
tude. For a given value of V, (or correspondingly, Vi), the
problem is then one of determining the optimum orientation of
the V. vector in space. It is assumed that the heliocentric
injection point is still essentially located in the ecliptic.

A typical heliocentric orbit is shown in Fig. 1. The altitude
of any point on this orbit is determined by the inclination «

-between the ecliptic and orbital planes, the radius r, and the

travel angle 8. The altitude can be expressed in terms of
these parameters as

h = rgin § sin a

"“The radius r of any point in the orbit is a function of three

_parameters: the heliocentric velocity at the injection point

Ve the path angle 8 of the vehicle at the point where the
probe enters the orbit, and the travel angle §. The heliocen-
tric velocity vector can be related to the hyperbolic velocity
vector as illustrated in Fig. 2. The direction of the hyperbolie

.velocity vector is specified in terms of n and A, which are

functions of the launch conditions. At the point where the
probe enters the heliocentric orbit (i.e., at the ecliptic), its
distance from the sun r, is assumed to be 1 a.u. Also, the
orbital velocity of Earth V, is assumed to be ndicular to
this radius and equal to 18.5 mps. Adding’ this velocity
vectorially to V, gives V,;,. Then, by using the equations of
conservation of energy and angular momentum, the altitude
can be expressed as a function of ¥V, n, A, 8:

(A)Y*V, sin % sin

&= 1+ (AB + 1) cos (6, + 6)

where
A = V.}(1 — cos? 7 8in? A) + 212 cos ncos A + 1
B = V,.*4 2V,cosncos A — 1

cos™! [———-H“-A il }
(__13 - 1}1!:

Vi = ViJ/V.
H = h/r,

Thus the problem becomes one of finding the values of 7,
A, and @ which will maximize H as a function of V. These
values can be found by differentiating H with respect to the
three angles and equating the resulting expressions to zero,
yielding

an -

cosf=1-—.1
cos A = 1/(21 — T

The relationship between V, and # was not tractable to an
explicit solution. Therefore, the altitude was determined
first as a function of 5 by substituting the expressions for 8
and A ulong with several values of n into the altitude equation.
Then a curve of altitude as a function of 7 was plotted for each
value of 1. From this curve, the maximum altitude could
be determined as a funetion of Ty,

This relationship is shown in Fig. 3. Alzo shown is the
maximum altitude using a circular orbit whose radius is equal
This 1s an orbit that would he obtamed by ~etting
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