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Index . . ) . . 123 _ stadied during the last decade and general technigues of both

analytical and numerical types have been developed for their
solution. This monograph is concerned exclusively with the
analytical approach and mskes no reference to nurmerical
methods such as those of ‘steepest descent’ (see Kelley, H. T,
(1960} ‘Gragdient Theory of Optimal Flight Paths.’ Journal of the
American Rocket Society 30, No. 10, 947..954) and of ‘dynamic
. programming’ (see Bellman, R, and Dreyfus, 5. {1959 ‘An
! Application of Dynamic Programming o the Determination of
Optimal Satellite Trajectories’. J. Brit. Interplanet. Soc. V1, Nos.
3.4, 78-83). It is true that, on account of the complex nature of
the majority of practical problems in this field, recourse to
numerical techniques is usaally inevitable before an acceptable
solution Is fortheoming, but the analytical approach is none the
less valuable for the following reasons: Experience teaches us
that the form of an optimal trajectory is rarely, if ever, very
critically dependent upon the data of a problemn and conse-
quently if, by making suitable simplifying approximations, the
actual problem can be {ransformed into an idealized problem
A whose solution is analytically tractable, then {his fatter solution
will often provide an excelient substitute for the optimal motor
thrust programme in the aciual situation. All that then remains
to be done is {o recomputie the trajectory employing this pro-
gramme and taking account of the real circumstances. Further,
it is only by adopting the analytical approach in any field of
research, that those general principies, which lead to a real
understanding of the nature of the solutions, are discovered.
Lacking sach an appreciation, our sense of direction for the
T numerical attack will be defective and, as a consequence,
computations will become unnecessarily lengihy or ‘even quite
ineffective, As for almost every other application of mathematics
to practical affairs, therefore, the analytical and numerical
approaches are here complimentary rather than alternative.
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The mathematical background assumed of the reader is
described in the preliminary section. This is approximately of the
standard normally reached by a modern honours mathematics
student afier fwo vears at the university and the book is accord-
ingly suitable as a text for a third-vear cowrse {or this class of
student. Such 8 course, supplemented by further material from
the calealus of variations, could constitute an optional aliernative
to some other branch of applied mathematics and might appeal
to students who have developed an interest in this old-established
branch of analysis which, after a period of comparative neglect,
is now attracting considerable attention for its practical applica-
tions. But my principal aim has been to provide an introduction
to the mathematical theory of optimal trafectories for the rapidly
growing body of young space scientists in private and public
research establishments both in this country and abroad who are
becoming involved with astronautical calculations,

It gives me great pleasure to acknowledge the debt | owe my
fellow researchers in this field, the majority of whom are resident
in the United States, for the generous way in which they have
exchanged ideas with an outsider in a somewhat remote country,
{ am conscious that the mode of development of the theory § have
chosen in this book owes much to the profit I have received from
this traflic, The lists of references give some indication of the
sources from which many of the subject’s fundamental ideas
derive and I hope ail those who have contributed (0 my own
approach to the subject will find their names at appropriate
points in the text, To the Council of the University of Canterbury
for granting me a period of absence from normal university
duties during which this mwonograph was writfen, 1 ofler my
sincere thanks, In conclusion, I should also jike to express my
gratitude to Professor P. J. Hilton (Corpell University) who,
during his occupancy of the Chair of Pure Mathematics at
Birmingham University, offered me hospitality within his
department and provided me with all necessary facilities.

Dersr. B LawpDsn
DEePARTMENT OF PURE MATHEMATICS,
UNIVERSITY 0F BIMINGHAM

PRELIMINARY REMARKS

The reader of this book is assmmed to be familiar with the
materisl normally included in a first honours mathematics
course concerned with the analysis of functions of real variables
and with the fundamentals of the theory of differential equations.
Extensive use is made of technigues and resuits taken from the
calculus of variations, but these are ali developed ab initiv in the
first chapter, so that no preliminary scquaintance with this field
of mathematics is necessary. However, some background kaow-
ledge of the type of problem {o which this calculus may be
applied and of the results to be expected will no doubt prove
heipful in following the argument of the first chapter, and the
reader who wishes to obfain some familiarity with this fieid
before proceeding further is advised {o consult one of the many
texts dealing with the sublect, two of the best known of which are
Courant and Hilbert {1953} and Fox (1950).

In addition io standard technigues for the differentiation of
functions of functions and of functions defined implicitly by
means of sets of equations, & theorem relating to the coaditions
under which a set of implicit functions is properly defined by a
set of equations, plays an importapt role in the argument of
Chapter 1 {p. 13). For a proof of this theorem, the reader is
referred to Goursat (1904).

The existence of cerinin sets of functions has been assumed at
some poiats in the first chapter {p. 8, p. 10, p. 13, p. 22}, For a
rigorous demenstration of their existence, the reader should con-
sult the standard work in the English language on the calculus
of variations, viz. Bliss (1946). At appropriate points in the
argument, this book is referred o by the author’s name followed
by a page number,

A knowledge of the MNewtonian mechanics of a particle,
including the basic formulae relating to the motion of a particie
in an inverse squase law field of attractive force, is slso assumed
to be possessed by the reader. All such formulae will be found

derived in the book by Lawden (1961). Wherever necessary, this
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book is referred io as *Lawden', and a page number is stated.

The reader who requires further information bearing on the
subject of this monograph should consult the comprehensive
bibliography to be found at the close of the survey article by
{eitmann, (1562),
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THE PROBLEM OF MAYER

. L1. Iatredoction
This book concerns itself with the problem of finding the tra-
jectory u rocket must follow if it is to accomplish some specified
mission in an optimal manner as judged against some criterion
of & guantitative nature. The mission may be a military one as,
for example, when an infercontinental missile is launched with
the object of transporting an atomic bomb payload to a given
target ares; or the mission may have a scientific object, as when
a rocket probe, carrying a payload of observing instruments,
is {0 be guided into an orbit about the Moon or a planet. In the
not too distant future, it is to be expected that the mission wiil
frequently have for its object the transport of & human cargo
to another body in the solar system or beyond. In most cases,
optimization of the trajectory with respect to propellent expendi-
ture will be desired, since this will permit the largest payload
to be delivered for a given size of vehicle and we shall accord-
ingly pay particular attention to this case.

However, although economy of propellent expenditure wiil
often be the most pressing reguirement, circumstances in which
allowance must aiso be made in the optimization criterion for
other factors, are easily envisaged. For example, in the case of a
spaceship transporting a human cargo, the guantities of food and
supplies which have to be carried will be proportional to the time
of transit between the two terminals for the journey ard, for
this reason, it may prove desirabie to reduce this time af the cost

« Of some additional expenditere of propellent, with the ultimate
object of minimizing the overall weight of the vehicle. The
criterion for optimization will then involve s combination of
the two quantities, mass of propellent and time of transit. The
technigues we shall develop will be applicabie to optimization
problems of this more complex nature, but we have thought it
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advisable, in an Introductory work such as this monoegraph is
intended to be, to confine our attention to problems whose
mathematical statement is simply expressed, in order {hat the
principal features of our methods should not be obscared by
irrelevant details. It should, however, be mentioned here that our
analysis will reveal that the eguations governing the arcs from
which the optimal trajectory must be constructed are quite
independent of the optimization criterion. Much of the argy-
ment, thercfore, is perfectly relevant 1o the issue, no matier what
criterion is uitimately adopted.

Although the mathematical theory of this chapter has been
constructed with the express object of applying it to rocket
trajectory problems, it can also be employed in many other
problem situations. In particular, it has received application to
the probiem of optimizing the response of conirol systems and
servomechanisms and, in this connection, reference may be made
to the work of the Russian mathematician Pontryagin who has
based similar techniques upon an alternative mode of develop-
ment of the mathematical theory. An accouat in English of
?igéapproach will be found in a paper due to R. E. Kopp

1962},

1.2, Synopsis of Results
As was first noticed by Cicala and Micle (1956) and Micle {1958),
the problem of optimizing a rocket trajectory is a particutar case
qf & general mathematical problem from the calculus of varia-
tions associated with the name of Mayer, Ia this chapter, we
state the Mayer problem in a form which differs from that given
by Bliss {p. 189) in that certain parameters, termed the control
functions, are permitted (o enter into the constraining eqs (1. 1},
(1.3}, whilst their derivatives are absent from these conditions.
We then obtain a number of sets of conditions which are neces-
sarily satisfled by a solution to the problem, the line of argument
being that due to Bliss, modified where necessary to make allow-
ances for the intrusion of the controf functions. The boundary
conditions (egs (1.2), (1.4)) are not in the very general form
given by Bliss, but are sufficiently so for our present purpose.
The sets of necessary conditions will be found stated on pages
16, 19, 25 and 26.

In Chapter 2, we make our first application of the general
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theory to a2 number of problems relating to terrestrial rocket
trajectories, viz. maximization of the range of a rocket missile,
optimal launching of a sateliite into orbit and optimization of the
performance of an atmospheric sounding rocket.

The theory of optitnal rocket trajectories in a general gravita-
tional field, when it is assumed that there is no atmospheric
resistance, is developed in Chapter 3. I is shown {p. 59} that the
conditions to be satisfied by the required trajectory are conven~
fently expressed in terms of a switching function x and a primer
vector g, x determining the instants of transition from one motor
thrust phase to the rext and g the direction of the motor thrust,
in the special, but practicaily important, case when the possible
motor thrust is assumed to be of unklimited magnitade, it is
demonstrated that the conditions can all be expressed In terms
of the primer vector alone {p. 63). The cases when optimization
is to be carried through with respect to propellent expenditure
and the net final vehicle energy (the escape probiem), are given
particuiar consideration.

The simpiification which occurs when the gravitational field is
uniform is indicated in Chapter 4, and i is demonstrated that a
fairly complete theory can be offered to cover this case. It is
shown (p. 72) that, in peneral, there can be at most three distinet
thrust. phases and ihat these occur in the sequence, maximum
thrust, null thrust, maximum thrust, In special circumstances,
when the boundary conditions are favourable, a phase during
which the motor thrast is not 4 maximum can eccur but, in this
case, the solution is not unigue and a soclution involving null
and maximum thrust phases alone is always available (p. 71).

The extremmal arcs, frorn which any optimal trajectory maust be
constructed (irrespective of the optimization criterion) when the
gravitationaj field obeys an inverse square law of aitraction to a
point, are discussed in Chapter 5, and the form taken by the
primer vector on such arcs is calculated. The resuits obtained are
employed in the final chapter to analyse 8 number of orbital
transfer problems in a plane. M is proved (p. 106) that, if the opti-
mal trajectory coniains @ circular arc and if the motor thrust is
unlimited, then the trajectory is formed from conic arcs with
their axes all aligned and tangential to ong another at their
apses; the thrusts are then all impulsive and are applied at these
apses in a tangential direction. In particular, the case of transfer
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between two circular orbits is discussed in detail and the Hob-
mann mode of transfer via a single cotangential ellipse is proved
to be optimal provided the ratio of their radii i not {oo great
(p. 110). Optimal escape from any orbit is proved (p. 11} to be
effected by the application of impulsive thrusts alone and the
escape trajectory to consist of conic arcs with their axes aligned
and tangential to one another at their apses. Finally, the optimal
two-impulse trapsfer manceuvre between any two coplanar
orbits is studied in some detail and a set of equations derived
(p. 118) from which the elements of the transfer orbit can be
calculaied in any particular case.

1.3, Statement of the Mayer Problem

The calcidus of variations is concermed with the problem of
minimizing or maximizing functionals, a Ametional being a
guantity whose value depends upon the sets of values taken by
certain associated functions over domains of their variables for
which they are defined, Thus, the quantity I defined by the
equation

1
Fom Lf(x) dx

is a functional, for its value depends upon the values assumed by
the function f(x) over the interval 0 <Cx<{1. Clearly, a functional
is a mathematical entity which has a more complex nature than
a function, since it depends for its value, not on the vahies taken
by a finite set of variables, but on the, in general, infinite set of
values assamed by a function over its domain of definition.

The problem of Mayer which we are about to formulate
relates to the minimization of a guantity which depends upon
a number of fanctionals, the values of which are related to the
forms taken by certain unknown functions occurring as para-
meters in a given set of differential equations. Specificaliy, given
m functions aff) (j=1, 2, ..., m), n further functions x¢(?)
(=1, 2, .. ., n) are to satisfy differential equations of the
form

)“"mﬁ(x!.! vy Xy Tgy o o oy Bty ‘), {t.1}

where, as usual, # denotes dxy/dr. These equations are fo be
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valid for f,<{t<t; and the g are defined throughout this interval
as continuous {unctions apart from a finite number of finite
discontinuities. The functions f; are coniinuous in all their
arguments and possess continuous partiai derivatives of an order
sufficient to validate alf our subsequent arguments and these
derivatives are defined over a region sufficiently extensive 10
include all values of the x;, aj and £ 10 be encountered, as intertor
points. The initial values of the x; at f={, are specified by the
equations

Xy Xgg (1.2)

ang it follows that the eqs (1.1} determine the Functions xi?)
uniquely over the interval {f;, #;) when the ag{f) are given. ’I‘h_e
x; 50 determined will be continuous functions of 4, but‘iheir
derivatives may be discontinuous at points of discontinuity of
the a4

T?e fupctions asf#) will be termed the control functions and the
x:() will be referred to as the sfate Sfunctions; they are required to
satisfy certain constraining equations, viz.

SRy o oo Xty gy« o oy Bits =0, 1.5

where k=1, 2, . . ., p<m amd the gy are continuous and possess
continuous partial derivatives of sufficiently high order in alf
their arguments. The control functions are also required to be
such that the functions xy, Xy, . . ., Xg take prescribed values at
t==1,. Thus, for 1==1,,

xi=x =12 8 (1.4

and g<n. The control functions can otherwise be chosen arbi-
trarily. The existence of control functions satisfying the com-
straints (1.3}, (1.4) will be assumed.

Let Xgite 1o Xgtm by o - o0 Xuy be the values of the xg at 1=
not fixed by the constraints (1.4). Then our problen is to f'ind
control functions a7 determining the x¢ so that the constrainis
{1.3), (5.4 are satisfied and also so that a given function

. J(xﬂ-i-ls 1y Kgbgs Lo ¢+ o xﬁl} (15)

is minimized. o )
The problem can be generalized by permitting # to be variable.
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In this case, we shall permit J to depend upon this quantity also
and write

JWJ(XQ-}.D 15 s v 0y xgrgl,_.f]J. {2.6)

J is then to be minimized with mspect to ¢y also,
J will be supposed continuous in all ity variables and to possess
continuous partial derivatives of sufficiently high order.

1.4, Admissible Variations

In general, there will exist infinitely many sets of functions
Xi(2), ay{r} satisfying the egs {1.1)}-(1.4) and to each set there will
correspond a value of 7. Among these sets, we shall suppose that
there is one which generates a minimum value for J. This minimal
set will henceforward be denoted by xd1), az(f).

However it will be convenient first o consider a wider class of
sets of functions for which J s defined and including the minimal
set as a member. This is the class of admissible sets comprisirg
those functions which satisfy the constraints £L.1), (1.3), but do
not necessarily satisfy the end conditions (1.2}, (1.4). It will be
assumed that a one-parameter family of such admissible sets
can be found including the minimal set as one of #s members.
This sub-class of admissible sets will be denoted by x4z, ),
a;{t, €), where ¢ is the parameter and e={ corresponds to the
minimal set, Thus

x¢{-’, 0)¥X§{f}, G.j(f, (})maj(f)' (2'7)

The functions g, €}, {2, € and a;(%, &) will be supposed to
possess continqous first derjvatives with respect o ¢ for ¢
satisfylng | €| <ep and for 7 in the interval (fe 113 these func-
tions wili also be supposed to possess, for the same values of
¢ and 7, the continuity properties relative to s enunciated in
section 1.3. In the case when 4 is varizbie, we shall also make this
quantity dependent upon ¢ and take £5{0)=¢, to be the end value
appropriate to the minimal set,
Substituting

=xilt, €}, gyl €) (1.8)

into egs (1.1), these mast be satisfied identically with respect to
both 7 and e, Hence, differentiating both sides with respect to ¢,
it Is found that

THE PRGBLEM OF MAYER $

fe ot oxr dc  cay oe
it being understood that the two ferms of the right~hand2membe§
of this equation are to be smpmeé with respect to r R ii kn “ “r?zn
and j {1, 2, ..., m) respectively, agcerdz.ng‘to the well-kno "
repeated index summation convention. {This surmation ccn
vention will be operative throughout the book 'and it 1? con-
venient here (o state the integre‘xi values over which the various
titeral subscripts employed in this chapier are supposed o range.

These are as follows:

G e ) (1.9)

{1.10)

Putting e=0 in e {1.9), this can be written

% % B4 1.1

+ ef .
= Ex,-y r

{1.12)

and the arguments of 84/8x,, Efg@a; are the fnnctloz;; fjég:
a;(#y of the minimal set. 'Ihebfunctlons 1, B possess ! fv on
tinwity properties of the functions x;, oy respectively an{ : (; o
termed the variations of the minimal set with respec

falﬁg:m, sabstituting from eqs {1.8) into the constraints (1.3)

and differentiating with respect £o &, it is found that _
g o Dep Ooy (113 ™
Sx; de dog O
Putting « =0, this reduces to

o oo g {1.14)
=2 +mgj& =),

where the arguments of Ogx/0x;, Ggx/Ce; again refer to the

inimal set, ‘
ml?tzzzaaé been shown, therefore, that the one-parameter family of

B
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admissible sets of functions must be such that egs {1.11) and
{1.14) are satisfied by its variations identically with respect to 7.
We shall assume, conversely, that if any set of functions 36,
Bi(#) is found to satisfy the eqs (1.11), (1.14), then a one-para-
meter family of admissible sets, including the minimal set, can
be found, whose variations are these functions. A proof of this
imbedding theorem will be found in Bliss {p. 196}. Such a set of
functions y{0), Bi(2) will be termed a set of admissible variations
for the minimal set xi(n), ().

1.5, The First Variation of J

Constructing J (eq {1.6)) for the members of the family of
acdmissible sets defined in the previous section, it becomes a
function of the parameter «. The value of dJ/de at e=0 will be
termed the first varation of J with respect to the family and we

shall write
({U =J,. (1.15)

de a=g

Substituting
xg;&x‘;{.rz{e),e},. tlm f]_(&), (1-26)

in eq {1.6) and differentiating with respect to e, it follows that

é.]"m E'J ax,gj di‘i 8.‘4‘3! aJ dfi
az“““axu(“é}; “&:*“a:)*é}; qe .17

Putting ¢ =0, this reduces to

~

ar . ar
jlm&xﬂ (xsqt8y 'f“ygz) “?‘*‘é}"l"“ﬂlg (1.18}

““(“55)3:0 , (1.19)

and the arguments of the partial derivatives of J refer to the
minimal set. u; will be called the variation of the end point.

We shall now transform the expression (1.18) for J; into a
form more convenient for the subsequent argument. This is
carried out by introducing cerfain auxiliary fumctions Af6),

THE PROBLEM OF MAYER il
px(f) to be specified later and a guantity F defined by the
eqguation

= ~ Agfi+ Uag (1263
This device was first employed by Lagrange to assist with the
analogous calculation of the maxima and minima of a function
of a finite number of vaiables subject to certain constraints; we

shall accordingly refer to £ as the Lagrange expression and 1o the
functions g, i as the Lagrange multipliers. 'Then it follows that

hrotoewm o e B
A M“*g;;yr*ggﬁf i é}:}’r“"‘“@;ﬁf dr

Iy
I}_ - e
. BF 4F
= j-r [Agyi + é;;yg P Hﬁj]df (1.21)
a

and, by egs (1.11), (1.14), this is identically zero for all admissible
variations along the minimal irajectory,

“The Lagrange muitipliers will be assumed to be continuous
functions, apart from a finite number of finite discontinuities,
Thus, integrating by parts, it follows that

b ok f
j 2L yedim 136 | wj 3Gy dr, (122
ox; l
o e "t

¢
g
Gimj gdﬂ {1.23)
Xt
fy
The expression {1.21) is accordingly identical with
5o
F L . OF
}‘elj g}w d:+j 1{(/‘;"01)?%4'*3;&}55- (1.24)
g o d
We shall now choose the n mublipliers A to satisfy the »

¢guations
¢

eF
A= | e dEd Agg, 1.25
[ ey (129
&
where the Ay, are constants yet to be determined. ¥t is proved in
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Bliss {p. 200) that, when the A are given, eqs (1.23) determined
the A; uniguely over the interval {1, 4] The A; so determined
are continuous, except at discontinuities of the o5 and do not
vanish simultaneously for any £ The p mualtipliers ug will be
chosen to satisfy the p equations
OF 0 k=1,2, ... p<m. (1.26)
Gl
For this to be possible, it is necessary that the determinant of the
. coefficients of the px in these equations should net vanish, ie.

co |52 | 0, (1.27)
COg

where kb also ranges over the integers [, 2, ..., p. Buf, unless

this condition is satisfied, the constraints {1.3} are not independ-

ent. We shall accordingly assume that the condition is satisfied.

With these choices of the Lagrange multipliers, the expression

{1.24) reduces to the form
¢

Y1 (hiy = Agg) + j

f
1 ptl o~

. cF
Aggypd s+ J é;; Bedr
s 4 Y

OF
zyiz)‘ﬁl_“yfe)‘io“é’j Wé”‘c:;ﬁgdf, {2.28}
Iy

where the index 7 ranges over the values p+ 1L, p+2, .. ., mand
Ay =ity

Let v, be a constant to be determined later. Then, since the
expression {1.28) is known to vanish for all admissible variations,
it may be added 1o yoJ; as given by the expression {1.18} to yield
1o
r “é;:ﬁgdf .
N ')

oF . af
Yol y = ot soiX syity '+ Yoy} dily [+ Fighy — Vighip+
ox > of Y

This is the transformed expression required.

1.6. First Necessary Conditions for & Minimum of J

Let Y700, 890, &7 where 0=1, 2, . . ., g+n+1=N, be N sets

of admissible variations, cach set of which satisfies the equa-
tions (1.}1) and ¢1.14). We shali assume that an N-parameter
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family of admissible sets of functions xi(z, €, €5 - . o €3,
oty €5, €0, . . ., €3} can be found which includes the minimal
set for the parameter values e mep=, . ,=ey=0 and whose
variations with respect to each parameter ¢, are the functions
yEHD, B G e

i I R '
¥ ae‘f 3 s {l ' 30)

when ¢ =e,=...=ey=0. The reader should refer to Bliss
(p. 198) for a rigorous proof. We shall aiso make 1, dependent
upon the parameters ¢, in such a way that
Ly (131
iy

when all the ¢, vanish. When the functions of this family are
substituted, J becomes a function of the ¢,, taking its minimum
value J, when all the parameters vanish. We shall write
Jey, €4, .. ex) = Syr UL (1.32)
" The conditions that a member of the family should satisfy the
end conditions (1.2), (1.4} are as follows:
Xi{fg, Ea} == X xz{ri(ea‘}» ‘50'1 = X (233)

where ¢, denotes the whole set of parameters &, €q, . . ., €y, For
any set of parameters satisfying the conditions (1.33}, U must
take a positive value, since J, is the minimum value of J under
these conditions. However, if /=0, the equations (1.32), (1.33
are known to possess a solution e =egm, . =ey=0. It follows
from well-known theorems relating to implicit functions that

provided the determinant
af aF
de; deg
- -
g CXip
P odey ey
dxp,  Exp
f 863, 86 P

A=
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does not vanish for ¢;=¢,=, , ,mey=9. This would imply that
sets of values of the ¢, enabling the end conditions {1.2), {1.4)
to be satisfied and yet corresponding to negative values of [
existed. This cannot be the case and hence we conclude that A
must vanish when gy =gym, | =gy,

From this point onwards, 4 will denote the determinant
(1.34) after the parameters ¢, have been put equal to zero, For
any N sets of admissible variations, let R (<< /N) be the maximum
rank which can be aitained by 4. Suppose 4 has this rank for
the variations (), 840, 1. Then R lnearly independent
columns can be selected from 4. It will be convenient to adopt
a nomenclature so that these columns are the first R, The rows
of & being linearly dependent, it follows thai numbers Vas
Yis v oo ¥ ¥ P oo v 10t all zero, can be found such that

{1.35)

for e=1, 2, ..., R Now let yi(9), 8(1), w, represent a general
set of admissible variations. We shail replace one of the sets of
admissible variations corresponding to a column of J not in-
cluded amongst the first R, by this new set. The replacement
column will be denoted by

& 3.76;'(, Ex;;
{“&"’ ge ' de }’ (1.36)
€ representing the parameter corresponding to the new set of
variations. After this modification, the rank of 4 continues to
be R, since this is its maximum rank and a linearly independent
set of R columns can stilt be found. It follows that the column
(£.36) must be linearly dependent upon the first R cofumns of 4
and hence, in view of eqs (1.35), that

- a
af  fxy,
e

Yo a g ¥t

2t v =0, 137

This equation must be valid for any set of admissible variations,

Differentiating the left-hand members of eqs {1.33) with
respect (o ¢ and then putting all parameters equal to zero, i is
found that

THE PROBLEM OF MAYER

E-x;ﬂ

Et’:' ““yii)s

gxy
“““?j:‘g“'z-‘:l;"*'z + ¥ {1.2%)

Substituting from these two equations into the condition (1.37)
and for yo/; =7,64/0¢ from eq {1.29) into the same condition,
this assumes the form:

2 & N oap
[ . i - £ . |
Vg e X gy Vg e WL + e By Ar =0, €1.40
+(/e} Ei o1+ 7o 3, H 51)“1 J By ¢ { }
Iy

We shall now choose the constants Ay, (which are still at our
disposal) so that the coefficients of the Yip 0 the condivon
{1.40) all vanish. Thus, we take

p— (1.41)

Then, in the condition (1.40), the quantities v, can be chosen
arbitrarily, for the eqs {1.11) can always be satisfied by functions
ri{t} taking any miven values at fw¢. Again, the fmctions

Bot1s Bpass -+ s B can be chosen arbitrarily in the p eqs (1.14),

leaving the remaining p functions 8, 8. ..., 8y completely
determined. Finally, the value of »; can also be chosen without
restriction, It follows that the condition {1.40} can only be
satisfied for all admissible variations if’ the coefficients of these
arbitrary quantities all vanish. That is, if

vps - Ap, (1.42)
ar
- 1.43
Yo ax” A'?i’ (143
af o oF
?’eg; z’og‘"‘“‘xﬂ
£ o (1.45)
¥

X g b vpp w0, {1.44}

Eliminating the v; between eqgs (1.42), (1.44} and substituting
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from eq {1.43) into eg (1.44}, these conditions reduce to the
form

af
/\szm“}’eg;fi 1y (1.46)
. ar
Ai]_?(ﬁ =¥ “8";;'; f (1-47}

together with eq (1.45).

To swmmarize, therefore, the following conditions have
necessarily to be satisfied for the minimal set of functions:
The Lagrange multipliers A, pr must satisfy the characreristic
equations

4
r° &F :
AimJ Ry TR P {1.48)
X
Iy
_oF
 fay’ '

and, in addition, the end conditions (1.46), (1.47), Together
with the eqs (1.1)) (1.3); eqs (1.48), (1.49) provide a set of
in 4+ m+p equations to be satisfied by the same number of fune-
tions xf0), as®), M), ). Bas (1.2))(1.47%(1.46) and (1.47)
provide 2n+1 end conditions which serve to determine the »
constanis A, the # constants of integration associated with the
differential eqs (1.1) and the end point £,

At points where the a; are continuous, the characteristic
eqs (1.48} are equivalent to the differential equations

{1.49)

(1.5

If the minimization is not to be carried out with respect to
the end point £, this being a given quantity, then #,=0 in
eq {1.40) and condition (1,47} is no longer applicable.

If the above necessary conditions can be satisfied with y,=0,
the resulting solution is said te be abnormal. In the case of a
normal solution y,7#0 and we can, without loss of generality,
take yg= 1, for eq (1.35) can then be divided through by y, and
the 1atios yi/y,, vify, replaced by new multipliers y;, ») respec-
tively,
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1.7, The Weierstrass-Erdmann Corner Conditions

In this section we shall study the conditions to be satisfied by
the minimal set of functions at a point of discontinuity r=a of
some or all of the functions ay{r),

As has been remarked previously, at such a point the func-
tions x{fy will remain continuous, but their derivatives x; may
be discontinuous. The Lagrange expression F may be dis-
continuous and hence its partial devivatives 3F/xy, F/Cay
may also be discontinuous. However, it follows from eqs {1.25)
that the multipliers A; will, nonetheless, be continuous, Egs (1.26)
determine the remaining multipiers pz and it is evident that

If a discontinuity of this type occtrs af /=g for the minimal
set, it is clear that J must be a minimum with respect to small
variations in the position of the discontinuity within the interval
{fe H1 A further necessary condition to be satisfied at the
discontinnity can be caleulated by making use of this property
of its position, The calculation is best performed by restating the
problem in paramerric form thus:

We make the variable r depend upon a parameter 8 in a
manner not specifically stated, but such that as # increases from
§=10, to @=8y, 1 strictly increases from 7, to f,. The functions
xi(£), a;(r} can then be expressed as functions of § and these we
shall denote by X, 4,(§) respectively. The constraints (1,13,
(1.3} are eguivalent 10 the eguations

X= T Xy o oo Xy Ay, o oy Ams D), (1.51)
£, (1.5
Sk(Xp ey Xﬂ.s A}\, iy Amy I}WO, {1.53)

where T'=T{f) and primes denote differentiations with respect
1o 8. The end conditions 1.2}, {1.4) yield similar conditions

K= Xig (1.54}
to be satisfied at §=§,, and
Ximmxyy {1.55)

to be satisfied at 8=48,. Qur problem is now to choose control
functions Ay, A4y, ..., Am, T, determining by egs (1.51) and
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(1.52) further functions Xy, X, ..., X, ¢ and satisfving the
constraints {1.53), such that

HXgin 1 X p -0 Xnga 1) {1.56)

is minimized. This is again a problem of the type we have been
studying in the previous sections and results already obtained
are applicable to . However, since ¢ is now an arbitrary function
of the parameter §, the position of any discontinuity of the
controd functions in the interval [1,, ] can be adjusted by varia-
tion of this function and wiil therefore automaticaily be selected
io be optimal by application of the method of the earlier see-
tions,
The new Lagrange expression is given by

G = - \Thi— s T+ 1T, (157

where, for convenience, the constraints {1.33) have been multi-
plied by 7" (>0, since 7 is strictly increasing). It will be shown
immediately that, as suggested by the notation, the new multi-
pliers are identical with the old after these have been extended
by the addition of Apsq 10 their number. Thus, for the problem
in this new form, the characteristic egs (1.48) become

(6 o
Ai wr g»ié 48 + ,\m,

..80

1 ofr , gy .
Jy (“Rr aXt v}.&k‘“é“j,? ng‘-l“ﬁw,
kil

"3 -
oF
= B df + Mgy, (1.58)

fy

where, in the final step, we have transformed to the original
variabies in the integral, These equations are identical with the
egs {1.48) for the problem as originally posed. The equation for
the new mudtiplier Agyq I8 similazly found to be

f aF
,xwmj S dt 4 Amr o 59

¢t

£
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The new form for eqs {1.4%) is

s :
e 0, e 0, (1.60)
§ o

It is easily verified that these are equivalent to the equations
cF
s =6, t— A =, .
5 F—Appy=0 {1.61)
Auiy CAN nOW be eliminated between the egs {1.59), (1.61) to vield
t
&F
Fzsj %}» df + constant, (1.62)
ty

The eqs (1.48), {1.49) have accordingly been recovered and
an additional eg (1.62) deduced. At a point which is not a dis-
continuity, the eq {1.62) is equivalent to the differentinl eguation

(1.63)

and it will be proved in the next section that this equation is
already deducible from the egs (1.48}, (1.49) and does not repre-
sent an independent condition. However, at a discontinuity,
eq (1.62} indicates that F is continuous and this is a new con-
dition. Since gr=90 and fi= % for the minimal trajectory, the
new condition requires that the Guantity

Ak (1.64)
shail be continuous.

To summarize, therefore, at a discontinuity {or corner as it is
cailed in the general theory of the calculus of variations) on the
minimal trajectory, the multipliers A; and the expression Aué;
must ali be continuous, These corner conditions for other prob-
lems from the caleulus of variations were discovered independ-
ently by Erdmann and Welerstrass,

1.8. A First Integral

Along the minimal trajectory, F can be expressed as a function
of ¢ alene. Differentiating eq (1.20) totally with respect to ¢, we
obtain at all points which are ot corners
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aF 5 & . of . o
CL e = Agae AT AN
de Mfi \iﬁx ;W {Ijaj ¢ ét *

- Oge. Ok
b L s —td + )
Xy ik cay iR o

+.fwcgk+maxr
GF . BF. oF. &F
Y SR P TR (1.65)

gxi ' oxr Oy o
since g is identically zero and eq (1.50) is valid along a minimal
trajectory. Referring to eqs (1.1), {1.49), it is now ¢lear that
eq (1.65) reduces fo eq (1.63),
In particular, if the functions /i, gr are not explicitly dependent
upon t, 3F/21=0 and eq (1.63) possesses a first integral

F=constant. (1.66)
Since gg =0, fi=, this first integral can be written
Ay = ¢ (constant). (1.67)

¢ must take the same value over the whole of the minimal tra-
jectory for, as proved in the previous section, Agky 18 continuous
at 4 corner,

1.9, Second Necessary Condition for a Minimum of J

In section 1.4, a certain class of admissible sets of functions
embracing the minimal set was defined. In section 1.6, a sub-
class of admissible sets satisfying the end conditions {1.2) and
(1.4) was considered and the conditions necessarily satisfied by
that member which makes J a minimum were established. The
concept of the variations of the minimal set with respect to the
class of admissible sets was introduced; in the general theory of
the calculus of variations, variations of this type are termed
weak variations. In this section, by widening the scope of the
class of admissible sets to inclide members not included in the
class defined earlier, a second necessary condition for a minimum
of J due to Weierstrass will be established. Variations with
respect to this enlarged class are called strong variarions.

Taking Nea+qg-+1, an N-parameter family of admissible
sets of functions x;, o; with paramefers €, €, .. . €y-3 3, is
defined thus:

THE PROBLEM OF MAYER
X Xl g s Emr)y =it ey, ontyey), BT
Xi= Xt ey, oo n6erdy @i=Affeg wéy—p)y Tt T+ 8,

Xy txﬂ{tﬁ LT 6.:\"“”135)’ a3 Zaj(f, €1y -0y 6:'1\',3“1,5), T+8 <f <"1,
{1.68)

where, for every set of values of the parameters, the x; are con-
tinnous in £ over the whole inferval 1y, ] and the right-hand
members of these equations satisfy the constraints {1.1) and
{1.3). However, the %;, a; may possess a finite number of dis~
continuities with respect to +, In each of the three intervals
[ty T {7, T+ 8}, [T+8, 1,}, the functions x;, &, o; possess first
partial derivatives with respect to every parameter and these are
continuous in all their argaments £, €, . . ., €y, 5 The right-hand
members of the eqs (1.68) are otherwise arbitrary. The minimal
set is taken to correspond to the zero set of parameter values
and we shall suppose that £=7T is not a corner of this set, How-
ever, since the a7 can be discontinuous at 7+« 7 for members of
the family for which &0, this peint may be a corner for a gen~
eral member of the family. In the case of the family of admissible
sets defined previously, 2 point could be a corner for a general
member of the family only if it was & corner for the minimal set,
The new family is accordingly representative of a wider class of
sets of admissible functions than was the old,

To perrnit variation of the end point #y, it will be regarded as
a function of the n+g parameters ¢, (not of 3),

From this family of sets of functions, we shall now select a
one-parameter family satisfylng the end conditions {1.2) and
{1.4). These N-1 conditions serve to determine the N-1
PAraMeters e, €, . . ., €y.g 48 functions of the parameter & thus:

{1.69)
where, clearly, ¢ (0)=0 corresponding {0 the minimal set which
certainly satisties these end conditions. The condition that the

end conditions should be solvable for the ¢, in terms of § is that
the Jacobian

E{xm, Kaps + + -2 Xuge Xyps Xage v v s {} ?0)

should not vanish for the zero set of parameter vakses. It Is
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proved in Bliss fp. 217} that, provided the minimal set is normal,
an N-parameter family can always be found for which this
condition is satisfied. Substituting from eas (1.69) into (1.68), &
one-parameter family of admissible sets of functions satisfying
the end conditions is obtained. & is the parameter of this family
and the minimal set is the member of the family for which
5=0,

If we now substitute this one-patameter family into the end
conditions (1.2) and {1.4) and differentiate the resulting identities
in & with respect o 9, it is found that

0xpe  de,

e,

3)(;3’

de, o8
Note that x;, is independent of § s0 that &x,/é5 vanishes.

Substituting from egs (1.68) into equation (1.8), J can be
expressed as a function of the N parameters ¢, 8. A further sub-
stitution from eqs (1.69) permits J t0 be expressed relative to
the one-parameter family as a function of & alone. Thus

J(B)y=Jles(B), €(B), . « -5 €ntg(), 31 (1.73)
Differentiating with respect to 5, we can thus obtain

dJ zJ éq, oF
ds- cs R ERFY

With 8==0, the family of admissible sets of funciions defined
by eqgs (1.68) is of the fype considered earlier in section 1.6.
The arguments of this section are accordingly still relevant and,
in particular, eq (1.35) is valid. Taking v,=1 (since the minimal
trajectory is being assumed norma}), it follows that

=0, (1.7

=0. (1.72)

{1.74)

{1.75)

when ali the parameters are put to Zer0.
Also
) o OF Oxgy
P a.rsl 08

/

ekt
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But, when all parameter values are zero {i.e. for the minimal
trajectory), eq {1.46) is valid and hence

r".fmuh x4y
R I

ox, 8x
5 Y g j\l A\f,g, 11

55 (1.77)

where we have employed eq (1.42) in the last step.

We can now caloulate dJ/d8 for the case of zero parameter
values from eg {1.74). Subsiituting from egs (1.75) and (1. ?7), it
will be found that

Gxyy de, o oxh der,‘ ?3\“;1
ey, 35\

after employing egs (1.71) and [1.72).

in the one-parameter family, J takes a minimum value when
&=0, Negative values of § are excluded and hence this only
implies that J 18 a non-decreasing function of § at 8==0. By
eq {1.78), this leads to the condition

Ny 2 <0, (1.79)

Over the interval [T'+8, 5], the N-parameter family fakes
the form

x=xyt, €5, 8), ay=asll, ¢, &) (1.80)
and, by the argument of section 1.4, the guantities

dog
,ﬁjm(wﬁ ) {1.81>
g =0 F= o8 g =0 Fordd
& o

must satisfy eqgs {1.11) and {1.14) along the minimal trajectory.
It follows that

€1.82)

is valid along the minima} irajectory, where F is the Lagrange
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expression and hence, by eqs {1.49) and {1,503, at poinis where
the o; are continucus, _

A= heye. {1.83)
Thus

d
G =0 (1.84)
and hence
Ayg = constant (1.85)

bet‘ween adjacent discontinunities of the control functions. At a
point where the o; are discontinuous, i has already been shown
that the A; are continuous; the y; are continuous at such 2 point
on account of the continuity properties of the family as con-
strx_lcted. Hence, eq {1.85) is valid over the whole of the minimal
trajectory from f=T to t=14,

The condition {1.79) may be written

Auprp €0 {1.86)
and hence, by eq (1.85), is equivalent to the inequality
ApigDatt=T+0, (1.87)

Since x; is continuous at t=T+8 for every member of the
N-parameter family, the equation
A’i{?’i‘ 8, €o.} = xa(T"é" 53 ey; 3} (1'88)
must be an identity in 3 (N.B. the ¢, are here to be regarded as
independent of ). Differentiating with respect to 8, we obtain
oxX: _ oxy + &x;
TR T (1.89)
at f==T'+ 8. Making all parameters vanish, thi i
I pa ish, this equation can be
X =y (1.90}

af r=T"+0. The condition (1.87) is accordingly equivalent to the
requirement

Aoz ho X {1.9n

In this inequality, the quantities ), % refer to the minimal
trajectory at the point =T, The quantities X; are any set of
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values of the %; obtainable from egs (1.1} at =T by substitution
of the minimal values of the x; and any set of values 4; of the g
consistent with the constraints {1.3). This is the Welerstrass
condition for our problern and, since f==T"is any point on the
minimal trajectory net a corner, i I8 necessarily satisfied at all
such points, From considerations of continuity, it follows that
the condition must alse be satisfied at a comer,

1.10, "Third Necessary Condition for a Minimum of J
This necessary condition for a minimum is easily derivable from
the Welerstrass condition of the previous section. In the general
theory of the calculus of variations, this new condition corre-
sponds to the Clebsch condition.

‘Fhe Weierstrass condition may be written

Mifilxr, aj, £ = filxr, dg, $]20. (132

Since both the oy and the 4; satisfy the constraints {1.3), this
fnequality is equivalent to

F(xfy Ajs t: ’\‘5; f"’k) - F{xi" ﬂ/j, :7 A’is }""k}}e‘ (1‘93)

Employing Taylor’s theorem, the left-hand member of this
inequality can be expanded to yield

oF aE
PRy, % T PO o PR, A —a 3(}, 1.94
8}(/1; ccg)h\ 3-3: 3 nt € 5 f) £ }

where k=1, 2, . . ., m and 82 F/3anoy Is to be caloulated with the
o; replaced by a;+ 84y —a), O<<6<1). By condition {1.49),
the first term of the inequality £1.94) vanishes and hence, putting

Ay=aj+nmy, {1.95}
the condition may be writlen

gl 0. 1.96
dap aagwkﬂj 0 (1.96)

Since the 4; satisfy the constraints (1.3}, we have
gilxs, as+pmy, D=tk (1.97}
Expanding the left-hand member by Taylor’s theorem, we obtain

3
(e, s, rM%:«;wjmo, (1.98)
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where the »; are to be replaced by @y +#9m in fga /Gy Since
the «; also satisfy the constraiats (1.3), eq {1.98) reduces to

(1.99)

We now et n-»0, so that 4;—a;. In the limit the partial
derivatives in conditions (1,96}, {1.99) approach their values for
the arguments Xy, ey, f, Ay, ue. The third necessary condition is,
therefore, that the inequality {1.96) must be satisfied for all my
satisfying equation {1.59),

L31. The Second Variation, Sufficiency Conditions
If the minimal set of functions is imbedded in a one-parameter
family of sets of admissible funciions which also satisfy the end
conditions, J ¢an be computed for each member of the family
and hence expressed as a function of the family parameter e
I e =0 for the minimal set, then for this value of ¢ we must have
&7 o g&r
O e
The consequences of the first of these conditions have already
been explored. To examine the second inequality condition, it
is necessary to calculate what is termed the second variation of J.
It is shown in Bliss {p. 226) that this second variation can be
expressed in terms of the variations of the minimal set with
respect to the family of admissible sets and then the second of
the conditions (1.100) requires that this expression shall be
positive for all admissible variations. This requirement leads to
an accessory minimumn problem (Bliss, p. 228) and a fourth
necessary condition. However, the application of this condition
to the probiems with which we shall be concerned is difficult
to carry through and has, as yet (1962), received very little atten-
tion, The consequences of this additional necessary condition
i()ﬁrst considered by Jacobi} will not therefore be explored in this
ook,

It is proved in Bliss (Chapter 9} that a set of sufficient con-
ditions for a minkmurn of J can be expressed in terms of the four
necessary conditions mentioned in this chapter. Such a set of
conditions only guarantees that the minimal set of functions
makes the value of J a loeg/ minimum, Le. a minimam relative

=0, (1,100}

THE PROBLEM OF MAYER 7

1o sets of admissible functions lying in a sufficiently smali
neighbourhood of the minimal set. The problem of identifying
the abselure minimal set still remains and can, at present, be
solved only by the separaie consideration of all possible local
minimal sets and the selection from this class of the member
yielding the absolute minimum value for J,

i it is a requirement that J shall take a maximum, rather than
a minimum valee, the Ineguality signs occurring in the Weier-
strass and Clebsch conditions and alo In condition {1.100),
must be reversed. The first necessary conditions remain un-
altered.
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Exercises

1. A continuous curve joins two Sxed points and lies in the plane of
rectangular axes Oxy, ¢ is distance measured along the curve from one
of the fixed points 4 to any other point Pix, ¥. If § is the angle made
by the tangent {o the carve at P with Ox, deduce the equations

X = c0s #, 3 =gin 8,

where primes denote differentiations with respect to 5. Regarding » as
independent variable, x, ¥ as state variables and & as control variable
for a Mayer problem, show that the iength of the curve is a minimum
when

#=gq {3 constant)

along the curve {i.e. the curve is a straight line). Verify that the corner
and Weisrstrass conditions are satisfied.

2, A uniform string having weight w per unit length and length {
has its ends attached to two fixed poinis and hangs in a vertical plane
under gravity. Che, Oy are horizontal and vertical axes respectively in
this plane. s is the distance measured along the string from any point
F{x, ¥) on it, to the end A having the smaliest x-co-ordinate. 1f v is the
potential energy of the arc 4P of the string {measured from Ox as
daturn), obtain the equations

¥ =wy, ¥ =sin §, X" =cos 4,
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where primes denote differentiations with respect to s and ¢ is the
angle made by the fangent 10 the siring with Ox. Assaming that the
shape of the string is such that its net potential energy is a minimum,
show that the intrinsic equation for the siring is of the form

sug fan §4+b

a, b being constants determined by the end conditions for the string,
{Le. the string hangs in an arc of a catenary.} Show, also, that the
corner conditions require that 8 shall be continuons and that the values
of a and b shall not change along the string. Verify that the Weierstrass
condition is satisfied.

3. A smooth bead is threaded on a wire which is 8xed to He in a
vertical plane. Ox, Oy are reciangular axes Iying in this plane, the
x-axis being horizontal and the y-axis pointing vertically downwards,
The wire passes through the origin O and the point 4. Fhe bead is
released from O with zero velocity and falls on the wire under gravity
towards 4, 1f {x, ) are the coordinates of the bead at time ¢ after its
motion commences, prove that

k=ysin §, v cos 8, vV =2gy,

where v is the magnitude of the bead’s velocity, # is the angle it makes
with Oy and g is the gravitational acceleration. Show that the time of
passage of the bead from O to .4 is minimized by taking the parametric
equations of the wire to be of the form

xmg{28 ~sin 28) + &, y mafl ~cos 26),
a and b being constants which are determined by the conditions that
the wire should pass through O and A4 (i.e. the wire is in the shape of
an arc of a cycloid). Verify that the comer and Weicrstrass conditions
are satisfied, (This is the Brachistochrone Problem.}
4. Solve the following Mayer problem: x is the independent varj-

abls, y and z are state variables, « is the control variable and the
constraining equations are

2 =f(x, y, a}, ¥’ =uq,

where primes indicate differentiations with respect to x; ¥ takes pre-
scribed valoes yq, y1 at x =x0, X1 respectively; z=0 at x =xp; the value
of z is not prescribed af x =x;, but is to be minimized,
Deduce thas, if y —p(x) is an arbitrary function subject only to the
end conditions y=ys, ¥1 at X=X, X1, the integral
X3,

S, v 0 dx
X0

is minimized for y(x) satisfying the eguation

: slw)-%

THE PROBLEM OF MAYER Ay

Show, further, that at a corner of the function y(x), the following
guantities are continuous,

) B f
g;nf“}' a—},»

Obstain the Welerstrass condition

Cfx, y ¥y - flx, 8, P ()

3
y}}/ol
where y'* is arbitrary.

g
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MISCELLANEOUS OPTIMAL
TRAJECTORY PROBLEMS

2.1, The Eqguation of Recket Motion

At time £, let M be the net mass of the particles which lie inside
the surface formed by the outer shell of a rocket vehicle and
closed by imaginary planes drawn across the venturi exits of the
motor. Thus, the exhaust gases which have not, at this instant,
issued from the venturi contribute to M, whereas particles in the
jet stream external to the rocket do not. The system of particles
contributing to M will be denoted by J. Relative o an inertial
frame S, let v be the velocity of the mass centre of & and let F
be the vector sum of all external forces (e.g. gravity and atmo-~
spheric resistance} applied to 2. During the fime interval
(z, £+ &), i M changes to M+ SM (8M<0), particles of mass
- 3M enter the jet stream external to the vehicle. At points
Jjust beyond the venturi exits, let ¢ be the velocity of the exhaust
particles relative to the rocket {assumed the same for all such
particies). Then the net linear momentum of those particles of 2
which enter the exterpal jet stream during the Interval 8¢ is
— 8M{ec +v) (relative to 5) and the net linear momenturn of the
particles of X at time ¢+ 8 &s accordingly

(M A+ SMY (v 8v) ~ SM(c + v, .5

v+ 3v being the velocity of the mass centre of the particies of
mass M + 8M which comprise the rocket at this instant, At time 1,
the linear momentum of 2 is Afv, Neglecting second order
terms, it follows from eq (2.1) that the increase in the linear
momenium of 2 during the interval 8¢ is

M3v - §Me. Q.
By a fundamental principle of dynamics, this can be equated to
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the impulse applied to 2 by the external forces operating over
the interval {z, 1+ 8¢). Thus, we have the equation

2.3}

Dividing through by 87 and proceeding to the limit, we obtain
the rocket equation, viz.

My=F +cM. 2.4

As propellent is consumed, the mass centre of the vehicle
moves relative 1o its main structure. However, this motion takes
place at a velocity which is quite negligible by comparison with
the velocity of the vehicle as a whole, and v can accordingly be
accepted, without any qualification, as the velocity of the rocket
i its trajectory.

If the pressure p. in the exhausi jet at points just outside the
venturi exits is atmospheric {or zero if the rocket is moving in a
vacuum), the surface of X will be subject everywhers to 4 con-
stant normal pressure {n addition to the frictional and other
forces caused by its motion through the atmosphere). By a well-
known hydrostatic principle, the resultant of this system of
forces vanishes and consequently only the forces generated by
the motion through the atmosphere need be included in F {e.g,
drag and lift forces). If, however, p. 15 not equal to the local
atmospheric pressure py, an additional pressure {p, — py) must be
taken to act over the venluri exits and hence, if 4 is the net
ares of these exits, a force (p. — py)4 acting along the axis of the
exits and augmenting the motor throst must be included in ¥,
We shall invariably neglect this component of F; the net motor
thrust is then ¢,

In the case of a rocket moving under no forces but its motor
thrust, we have

j L aM (2.5)
M odr
If the exhaust velocity is maintained constant in magnitude and
direction during the motion, this equation is integrable over the
time interval {1, £ to yield

¥, = ¥g= ¢ log gif (2.6)
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Thus the magnitude of the velocity increment caused by an
expenditure of propellent which reduces the rocket mass from
M,y to M, is equal 1o

2.7}

V' is termed the characteristic velocity for the manceuvre.

For a general rocket manceuvre under non-vanishing external
forces and during which the magnitude, but not necessarily the
cirection, of the exhaust velocity i3 maintained constani, the
quantity ¥V defined by eq (2.7} is a convenient measure of the
propellent expenditure and is stll termed the characteristic
velocity for the manceuvre, For many of the problems con-
sidered in this book, our object will be to find a maneuvre which
satisfies certain requirements related to the rocket’s mission and
which also minimizes the characteristic velocity.

2.2, Maximization of the Range of a Rocket Missile

In this section we shall consider the case of a rocket whose
propelient expenditure programume is predetermined, but whose
thrust direction at any instant can be chosen freely subject only
to the restriction that it shall e in a given vertical plane through
the launching point Q. The rocket is launched from @ with zero
initial velocity at £=0 and the motor i operative until the instant
f=T; at this instant the motor is shut down and thereafter the
vehicle moves under gravity alone along a ballistic trajectory.
The gravitational field will be assumed uniform and atmo-
spheric resistance will be neglected. Our problem 1s to calculate
the thrust direction programme which yiekls a maximum range
for the rocket on the horizontal plane through O.

Let Ox, Oy be horizontal and vertical axes through O lving in
the plane of motion and let (¢, ¥} be the components of the
rocket’s velocity parallel to the axes at time 1, ¥ {x, 3} are the
co-ordinates of the rocket at the same instant and 2 is the angle
made by the thrust direction with Ox, the equations of motion
can be expressed in the form

h=fcos §, 2.8
vau f5in 0~ g, 2.9
X g, 2.1
B A (2.ih
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where f= — ¢ dM/AM d¢ is the acceleration caused by the motor
thrust and is a given function of 1.
End conditions to be satisfied at 7==0 are:

X=p gy, £2.12)

There are no end conditions applicable at =T,

I (xy, »y) are the rocket co-ordinates and (i, v} are its velogity
components when its motor is closed down, it will move a further
herizontal distance

24 o
f{vl /(v 2] {2.13)
before striking the horizontal plane through O. Its total range
on the horizontal plane through O is accordingly given by
ir o
R=xy 52+ 4/ 200 .14
We have now to choose the control function 6(r) determining
the thrust direction programme in such a way that R is maxi-
mized. When (0 is known, the first order differential egs
(2.8)-(2.11} together with the initial conditions {2.12) determine
the state functions &7, v(1), x(s), ¥(#) and hence also the value
of R, The problem is clearly of the type considered in the first
chapter and the results obtained there will now be applied.
The Lagrange expression for our problem is

Fan o Ay f 008 8 Al f 51 - g) o Agt ~ Ayy (215
and eqs (1.59) sake the form
Ap= = Az, dp= = Ay, Ap=dy=0. (2.16)
From condition (1.49), it is found that
Agfsin § Ay fcos #=0, Q2N

ty=0, #,=T are specified and thus condition {}1.47) is not
applicable. Conditions {1.46) require that, for a normal solution,
af fe= T

A= — 5;(;‘1 +), 2.18)

A-y’z ity £¥y & FYEF, (2,19}
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Ap= =1, (2.20
Ay= = iefr, {2.213
where
r=a/(v; % 2gm).
integrating egs (2.16), we obtain
Ay=ar+b, Ap=a't+b, dg= ~a, Ayw —a, (2.2%

where a, b, o', 5" are constants of integration. Hence, from
eq (2,17

{2.24)
The end conditions {2.18)(2.21) fix the values of @, &, &', b to be

a=l, bm T “1“('*'1+f'};
z

b
a' =, b= - -;‘

Eq (2.24) therefore reduces to the simple form

tan f=u,/r, {2.26)
indicating that maximum range will be achieved by directing the
thrust at a constant angle to the horizontal,

Eq (2.26) determines the angle § except for the possible
addition of any multiple of . The Weierstrass condition {1.9%)f
removes this remaining ambiguity. The condition requires that

At 2g¥ 4+ Agit + Ap < U+ AV g X+ 0, 7, 2.27)

where U, ¥, X, ¥ are values for 4, ¥, %, 5 respectively, obtained
from the constraining eqs (2.8)+2.11) by replacing the optimnal
value of the control function # by any other value #*, Cloarly
X=:#, V=3 and hence the requirement is that

Aglt+ AP K A+ A ¥, (2.28)

Substituting from eqs (2.8), 2.9), (2.18), {2.19), this condition
wili be found to reduce to the form

T The inequality sign must be reversed since R is to be maximized.
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{2.29}

and i8 clearly satisfied for all #* if § takes a value such that the
left-hand member has its maximum value. Assuming w6
{otherwise R will be negative), this will be the case if 8 is the
positive acute angle solution of eq (2.26). Clearly, the form of
the thrust acceleration function f17) is irrelevant and the con-
dition is satisfied for all thrust magnitude programmes,

H remains to consider the possibility of the existence of corners,
A cormer is a point at which the control variable § is discontimz-
ous. However, # cannot be discontinuous, since it is the unique
acute angle solution of eq (2.26), We conclude that there are no
corners on the optimal trajectory.

To complete the solution of our problem, the equations of
motion {2.8)-(2,11) must be integrated for the case when & takes
the constant value given by ec (2.26). When this has been done,
uw(Ty, o1y, x(1), (T} can be calculated and put equal to iy, »
Xy ¥ thus yielding four equations for these, as yet, unknown
quantities. However, integration of the equations of motion
cannot be performed until the form of the thrust acceleration
function 7} is known. Here, we shall enly consider the simplest
case, vz,

Jf=constant, {2.30)

The more realistic case of constant rate of propellent expenditure
{i.e. M=constant) will be found analysed in Lawden (1955),

If fand # are both constants, the integration of eqgs (283211}
is elementary. Making use of the initial conditions (2123, we
find that

= fFeos 8, v=(fsin 57T,
=3 fT500s B, 3y=3(fsin )72

Substitizzing from these equations into eg {2.26), it will be found
that # satisfies the equation

} (2.31)

sintd +£cos 28 =9, 1 (2.3

If f>g, this equation possesses four roots in the range
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08« 2w, one in each quadrant. From what has already been
said above, we know that only the positive acute solution is
acceptable, If f<g, the only solutions of eq €2.32) le in the third
and fourth quadrants and are inadmissible: in this case the
mofor thrust is insufficlent to Hft the vehicle against gravity,

When # has been caleulated, the values of the quantities
iy, ¥y, X3, yp ¢an be derived from egs {2.31) and the optimal
trajectory is determined by the parametric equations

xu=dfifeos §, y=3{fsin 6 )t (2.33)

It is clear that the optimal trajectory is a straight line making
an acute angle ¢ with the horizontal given by

tan ¢=tan 6— ;g,sec 8. (2.34)
This line is traversed by the rocket with constant acceleration a,
where

a=fts gt 2 sin 4, {2.35
The maximum range is found from eq £2.14), after making use of
eq {2.32), to be

2

For an abnormal solution te this problem, the conditions
(1.46} with 3, =0 show that the A; are all zero at £= T and hence,
by eqgs (2.16), are identically zero. Eq (2.17) does not now iead
{o any restriction upon the thrust direction programme and any
possible trajectory belongs to the class of abnormal trajectories.
It is clear, therefore, that this class of arcs cannot coatribute to
the optimal trajectory,

2.3. Optimat Launching of 2 Satellite

The thrust magnitude programme will again be supposed pre-
determined, and will be sssumed to divide into three distinct
phases. The duration of the first phase will be taken to extend
from the instant of launching 7= 0 to the instant =T when the
first rocket stage ceases to function. During the second phase,
the vehicle will coast under gravity alone to the vertex of its
ballistic trajectory, &t which peint it will be moving horizonially,
The motor of the second stage then commences to function and,

Rm,cmﬂ‘z(gcot 9—1 cos 8). (2.36}
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during the third phase, will accelerate the satellite pavioad to its
orbital injection velocity.

To simplify the analysis, the motion will be assumed to take
place in a vertical plane through the launching point © and the
rotation and curvature of the earth, atmospheric drag and non-
uniformity of the gravitational field will all be neglected. In this
stmplified situation, it is possible to eliminate the third phase of
the manceuvre entirely; for, if’ at the conclusion of the first phase
the horizontal component of the vehicle’s velocity is equal o the
reguired orbital injection velocity, since the field is being assumed
uniform, the vehicie’s velocity at the vertex will then be exactly
as reguired. This cancellation of the third phase is cleasly
advantageous, for it eliminates the necessity for transporting
propeflent to the orbifal altifude and the overall propelient
expenditure is thereby reduced. In the actual situation, of course,
the horizontal component of the vehicle’s velocity will fall slightly
during the second or coasting phase and this loss will have to be
remedied during a short final thrust phase. However, our ideali-
zation of the true situation can be expected to lead to a near-
optimal thrust direction programme for the first phase and,
when this has been found, an accurate trajectory making allow-
ance for all the factors neglected can be computed numerieally.

Taking axes Ox, Oy through the launching platform as
described in the last section, the egs (2.83-(2.11) remain vahd
for the first phase of the motion. However, it will hers prove
copvenient to replace y by a new state variable z defined by the
eguation

2y +vi2e. (237

At any instant during the motion, provided v>=0, z represents
the maximum height to which the vehicle will rise if’ its motor
ceases to operate. Differentiating eg (2.37), we obtain

Fum Y vPg,

Eq (2.11) is therefore equivalent to
L= {1+ g} m§ ysin 8,

where we have also employed eq (2.9).
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Egs (2.8), (2.9) and {2.39) constitute a set of constraints for
the state variables u, vand 2. 8 is again the only control variable.
The appropriate Lagrange expression is given by

{2.46

z )
At t=0, the following end conditions are to be satisfied

e o Zam ), 241

At 1=T, the horizonta} velocity must squal the orbital injection

velocity #, and the height to which the vehicle will rise as it

coasts under gravity must equal the orbital height 4. Thus, at this
instant, i is necessary that

W=l D h, (2.4}

The propelient expenditure is to be minimized and, since this
is an increasing function of the duration 7 of the frst phase, we
shall attempt to minimize 7. Thus we take

Jua T, {2.43)

Substituting the Lagrange expression (2.40) info the charactee-
istic egs (1.50), we obtain

Ay A=, (2.44)
Ap= — Ay ; sin 4. {2.45)

Also, from eq (1.49), it follows that
Ay sin §-Aycos f- A, :; cos f=0. (2.46)

From eqs (2.44), we deduce that
Au=e, Ay=g, {2.40

where @ and ¢ are constants of integration. Thus, employing
eq {2.9), eq {2.45) can be written

Ap= —g{wg} (2.48)

and this integrates immediately to yield
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{2.49)

where b is another integration constant. Substituting from eqs
(2.47), (2.49) into eq {2.46), we fnd that

tan #= —{at+ b)/e, {2.50}

This equation determines the optimal thrust direction pro-

gramine.
Now consider the end conditions (1.46), (1.47). From thess it

is concluded that, for a normal solution,
Ay 70, {2.51)
At dgp + A8 =1, (.50
at 1="71. Thus, from egs {2.49), (2.31), it follows that
(2.33}
the last equality being implied by eq (2.50). Also, substituting
for 4, 3, 2 from eqs (2.8). (2.9, (2.39} and for Ay, Ap, A, fom
egs {2.47) and (2.49), in the end condition (2.52), and employing
eq (2.50}, it appears that
ofy sec by +ave—ge tan 8)=1, {2.54)
Taken together with eq (2.53), this implics that
efy=cos 8, {2.53)
If, now, the equations of motion (2.8), (2.9, {2.39) can be
integrated with # given by eq (2.30) and empioying the initial
conditions {2.41), expressions for »,, v, and z; can be found.
Eqs (2.42}, (2.50) (with =48, and r=T), (2.53) and (2.55) then
provide five conditions fixing the unknowns g, b, ¢, 4, 7. The
problem is then solved. The particular case when f(r) is constant

will be further considered later in this section.
let us pow apply the Welerstrass condition (1.91). This

requires that
Agit -+ AgP 4 A8 3 Al 4+ Ayt 4 X 5% {2.56)
st all points on the trajectory, the “starred’ quantities being

obtained from the constraining cquations by repiacing the
optimal value of @ by any other value 6* Substituting for
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Au, Ay, A, from eqs (2.47), (2.49), and employing the equations
of motion, this tondition reduces to

€08 0~ (ar+5) sin 63 ¢ cos 6% - (at -+ B) sin g+, €2.57)
By eq {2.503, this is equivalent to

< se¢ 92 ¢ cos(§* ~ 6) sec 4. {2.58)
Buy, this inequality is true if and only i
¢sec 0, {2.59)

H ¢ is positive, this implies that 6 must he acute and He in the
first or fourth quadrants, If ¢ ig negative, § must be obtuse and
fie in the second or third quadrants, The ambiguity inherent in
nated. Since we shall assume that the
in the positive sense of the x-axis, the

At the instant fe- 7, the rocket has not yet artived at the vertex
of itg irajectory and hence vz B follows from 2q {2.53), there-
fore, that the signs of /¢ and & are the same. Thus, if & were a
negative acnte an would imply that @ increased
with ¢ and hence, that ¢ was & negative acute angle throughout
the motion, In these circumszances, v would clearly be negative
and we have been Jed to 4 contradiction, Hence 8; must be a
positive acyte angle, a/c must alo be positive {ie. a3 and
must decrease monotonically as ¢ increases.

& is now unambiguously specifled at all points by eq {2.50)
and cannot be discontinuous, There are accordingly no cornerg
on the optimal trajectory.

If £ is constant, the cquations of motion can be integrated in

the following manner: from eq (2.50) by differentiating, we first
obtain

dé
sectd = ~ale. (2.6{)).
The independent variable may now be transformed from ¢ to 6
in egs (2.8}, (2.9 and {2.39), giving

-2 gg fiec 8, @.61)
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adv Fuan § sec 8- g sec®f, (2.62)
T
~892 1 an 9 sec . (2.63)
cdf g . (
' i to #, over the interval
ing eqas (2.61), (2.62) with respept \ :
ggte%aigf ;r?asl‘:ﬁ(cyim)g the initial conditions (2.41), we obtain
{},

(2.64)

mv=vfsec #,—tan &, wgsec B+tan . {2.65)
gc . ‘
Putting §=0,, v=v, in eq (2.65) and employing eq (2.53), it
tting G ), v
follows that
z sec fi;— tan 9{,#«-{ sec f,. {2.66)
4 &

h 267

o 2y miii{s;ec #, - sec H+tan b {2.67)

g & ‘
rn this k ion and again

Substituting for v in eq (2.63) from this last equation and ag

LY u

integrating, we now deduce that

; /* 2 z g
i : e ) - e (tan® f, - tan
“ zzf;é« sec B (sec 8 —sec & -3 ( o

gct
)_ (2.68)
Vg

5) and
i by means of eq (2.5

i from egs {2.64), (2.68; 3 (
g;?;:gﬁfg%mr%b ﬁ:ﬁe following equations are obtained

sec 8+ tan 6, (2.69)
aite==CoS #; log sec O, + tan By

+ fm(t&n 8, sec 8, tan #sec 6+ log sec By + tan B,

H 3 _ a4 8
ahg sec? §, = sec §, (sec 8, - sec §,) - & (tan® f,— tan? £y
sec g+ tanﬁ)‘ (2.70)

i ine the
"This last pair of equations together with eg (2.66) determ

B
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unknowns f,, 4, and a. The remaining unknown quantigies are
then easily calculated.

TFo solve this set of eguations for given values of flg, b and u,,
it is best to proceed as follows: Assume a value for &; ineq (2.66)
and calculate ¢,. Now calculate a from eq (.69} A value for A
can then be derived from eq (2.70). &, is then adjusted until this
value for # agrees with that prescribed. As might be expected,
as #, decreases, so does A The minimum value which can be
assumed by 8, is that for which €, =0; eq (2.66) indicates that
@, is then given by

8y=2 tanXg/f). (2.71)

With 8, 8, taking this pair of values, % is 2 minimum and, by
eq (2.53), », =0, ie. the vehicle arrives at the vertex at ¢=T,
the second phase of the manceuvre accordingly disappears.
If the value required for A is less than this critical value, it is
necessary to modify our assumptions regarding the optimal
manceuvre and to assume mstead that the vehicle arrives at the
vertex with the required orbital injection velocity at the instant
t=T, The end conditions (2.42} must then be replaced by the set

U=y, v=0, y=Hh. {2.72}

"The results which are then obtalped are given in Exercise 4 at
the end of this chapter.

Although the details of the last paragraph will no longer be
valid in the more practical case when if is the motor thrust,
rather than f, which remains constani, the existence of a critical
value for & will not be affected and the choice of end conditions
for the problem will depend, as before, upon whether A exceeds
or is Jess than this value,

2.4, Optimal Fhrust Programme for a Sounding Rocket

In the previous sections of this chapier, we have been studying
problems in which the thrust magnitude programme was assumed
known and it was required to calculate an optimal thrust direc-
tion programme. In this section, we shall study a problem in
which the thrust direction is known and it is the thrust magnitude
programume which is to be optimized. The probiem is to maxi-
mize the height attained by a sounding rocket fired vertically
from the sarth’s surface, The thrust will be taken to be directed
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vertically upwards whenever the motor is operating and the
motion will accordingly take place along a vertical straight line.

Let » be the height of the rocket above the launching point at
time ¢ after launching, and let v be its velocity at the same
mstant, Then, if m is the mass rate of propellent expenditure
and D is the aimospheric drag force, the equation of rocket
motion can be writien,

2.7%

D will be taken to depend upon the height and velocity of the
vehicle and the gravitational acceleration g to be a function of ¥
alone, Thus

D= Dy, v), g=g(¥} {2,745

To complete the set of differential constraints, we have the
eguations
F=v, (2.753

Me= —m. (2.76)

When the contro! function mi{¢} has been specified, the constraints
{2,733, (2.75), {2.76}, together with the initial conditions

yo 0, yom0, M =M, £0, Q.17

fix the fanctions »(®), ¥, M and hence completely determine
the rocket’s motion.

If # is the maximum rate of propellent expenditure, the con-
trol function m is subject to the inequalify constraints

ogmL M. (2.78)

Since our general theory does not allow for the possibility of
consiraining inequalities, we transform the constraints (2.78)
into the form of equation (1.3} by introducing a further control
variable, o, possessing no physical significance, and require that
mr shall satisfy the equation

= m) — a¥e=0, 2.79)

Since «?20, eq {2.79) is equivalent to the nequalities (2.78),
"Fhis device is due to Valentine {1937).
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fet M, be the rocket mass when all propellent has been ex-
pended and ket £ 7 be the final instant when maximum height
is attained. Thus we have the end conditions

M= My, t=T, (2.80)

Clearly v==0 at this instant, but it is convenient to deduce this
result rather than to impose it as an end condition. The quantity
to be maximized is

J=y,. (2.81)

We now proceed to the solution of this problem by setting
up the Lagrange expression

Fon Av}%{cm - D Mgy~ Ayv+ Apgrt + gl — )~ %1 (2.82)
and writing down the conditions (1.49, (1.5}, viz

(2.83)

( YA ciy) s (2.84)

Agpee m(cm - DAy, {285

= Xy Agg o+ el - 2, (2.86)
M

W — D 287
The end conditions (1.46), (1.47) take the form
Ap=l, Ay = 1, Ag¥+ Ay p + Apg M =0, (2.88)

all to be satisfled at 2= T Since ¢ does not pecur explicitly in F,
a first integral in the form of eq (1.67) can also be written down.
This implies that the third of the conditions (2.88) is valid over
the whole tfrajectory and hence, substituting for ¥, 3, M from the
constraining equations into this equation, we obtain

b ﬁ(cnh D~ Mg)+ Agy — Aygm =0, (2.89)
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Eg €2.87) shows that there are fwo cases to consider, (i} u=0
and {ii} a=0.

If u=90, by ey {2.86) .

) AN Y L F T 2. )

Aat MA” (2.90)

Substituting from this equation for Ay Inte eq (2.85), it Is found

that
{2.94%

It now follows from eg (2.83) that

: 1 /e D
oL — £,
Ay ‘r‘/{( Ev o - )\g. (2.}2)

Substitution for Ay, A, from eqgs (2.90), (2.92) respectively into
the first integral (2.89) vields the result

b  v{eD D _ -
I:_:'W} g"‘:"ﬁ(“g;" B “E:"):I)\'n"—o- (‘-93)

either A,=0, {2.943

¢

or Mg+ D~ ({-?« + »3) Ve, (2.95)

The possibility that A, vanishes can be dismissed immediately
for, by eq (2.92}, this would imply the vanishing of A, and then,
since both A, and A, are continuous at a corner and eqs (2.83),
{2.84) are valid over the whole trajectory, it would follow that
Ay and A, must vanish everywhere. This contradicts the end
conditions (2.88). Eq (2.95) must therefore be accepted and,
together with eq (2.73) expressed in the form

Myv +cvM + D+ Myg=0 £2.96)

where primes denote differentiations with respect to », determ-
ines M and v as functions of y. Only one constant of integration
will appear in the solution and hence not both of the initial
conditions v={, A= M, (at y=0), can be satisfied. In fact, it
will be clear upon substituting v==0 in eg {2.95), that v cannot
vanish on the type of arc we are considering. The complete
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optimal trajectory roust therefore include arcs of other types.

Such arcs are obtained by satisfying eq (2.87) with a=0,
E follows from eq (2.79) that the corresponding propellent
expenditure programme is either m=9 or m=/#, i.e. the motor
is either shut down and the vehicle falls freely, or it is at full
throttle and the thrust i 2 maximam.

¥ has been shown, therefore, that the optimal trajectory may
comprise arcs of three types, () intermediate thrust arcs; (i)
maximmzm thrust arcs; and (i) null thrust arcs. Such arcs join
one another at corner points, The order in which these arcs are
arranged to form an optimal trajectory will now be investigated.

The Weierstrass condition (1.91) (with inequality reversed)
reguires that at all points

1 i
Ay ﬁ{cm o D @Yok A — At Ayﬁ?{cm* w D M)+ Agv

— Ape®, (2.97)

where m* is any value for m satisfying the constraints {2.78}
This condition reduces immediately to

where e 2= e, {2.98)

c
o A —ﬁ;})l»u. {2.99}

Oge a nuli thrust arc, m=0 and the condition is satisfied pro-
vided

kg0, {2.100)

On an arc of maximum throst, m=M and the condition is
satisfied provided

k20 €2.108)

On an arc of intermediate thrust, m* can take values either
greater than or less than m and the condition can only be
satisfied with

— (2.102)
The conditions (2.88) show that

Je o Aper, (2.103)
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at the terminal instant r="T. If, therefore, the final sub-arc were
one of intermediate thrust on which #=0, since dy=0 at 2w,
Aar would also have to vanish at this instant and eq {2, 163) would
then indicate that 3 must vanish. However, we have seen that
this cannot happen on such an arc. Again, if the final sub-arc
were one of maximum thrust, then <20 and hence at ¢=T

Nar > gfwAt}:a. (2.104)

Then by eq (2.103), <0 at this instant. However, even if p=0,
provided the motor thrust is greatet than the weight at this
instant {as we shall assume}, 7 would then be negative prior to
4T and we shall exclude such a possibility {although this can
azise if the motor thrust is initially of insufficient magnitude to
lift the vehicle from is launching platform). The final sub.are
must therefore be one of null thrust, It follows that m="0 finally
and hence, by eq (2.103), » vanishes at t=T as was to be ex-
pected.

Since we are assuming that the rocket’s velocity is directed in
the upwards sense throughout its motion, the initial sub-are
canmot be one of aull thrust. Neither can it be an arc of iater-
mediate thrust, since v cannot vanish on this type of arc. It must
accordingly be an arc of maximum thrust,

At a corner sepazating two arcs of different types, the A and
the lefi-hand member of the first integral (2.89) have to be con-
tinnous. This latter condition reguires that the expression

(2,105}

shail be continuous and this will be the case at a corner where
m is discontinuous, only provided
= (} 2,106
at this point. N (2.106)
From eq (2.99)

fag .
Aot =grh K. 2107

4

Substituting this expression for Aar into eg (2.83), it will be found
that
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: M., D

{‘gz “”?K e ?ﬁ\”' (2.}.08}
Then, from eq (2.83} it follows that

1/eD D\, M.
"””H(“&“‘"?“*“E”)A + 24, (2.109)

Substitution from eqs (2.107), (2.109) for Aw, A, respectively into
the first integral {2.89) now vields the equation

4111
om L 2
Y w\ o0, (2.410)

where G is the lefi-hand member of eq {2.95). This last equation
can also be written

- 4 in

K=« exp( - Jg—%ér). (2.112)

Consider the egs {2.83}, {2.84). These are equivalent to the
equations

P Ay exp(w .fm - 2.11%)

Ay= — Hy, (2.114)

w=2A, exp( - J% . {2,115

/1 %D dg 1 D
H= (M "E}S“*dy) exe (JE? 5yt )
(2.116)

Since D and g will be monotonically decreasing functions of y
for all values of v, H will always be positive. At 1=T. the end
conditions (2.88) show that w=0, A, = ~ 1. It now follows from
egs (2, IIB), {2.114) that both w ami Ay are strictly increasing
functions in the interval 0, Tland hence are negative throughout
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this interval (@ and A, are continuous by the comer conditions).
Eq (2.115) then shows that A,<<0 over the whole trajectory.
From eq (2,111}, we can now conclude that K and G always
possess opposite signs or are zero together.

On an are of imtermediate thrust, ¢ vanishes identically.
Provided we assume that the conditions of our problem are such
that G invariably decreases on an are of maximum thrust and
always increases on an arc of null thrust, we can now prove that
the optimal trajectory comprises either {i) an arc of maximum
thrust (MT-arc) followed by an intermediate thrust arc {(I'F-arc}
and terminated by a null thrust arc (NT-arc) or (i) an MT.arc
followed by an NT-arc, That this assumption will generally be
fustified can be made plausible by relating the drag to the
velocity and helghi by a law of the form

D 4 g-dupr, (2.117)

By proper choice of the parameters 4, 8, v, this equation can
be made to provide a good approsimation for the actual law.
Sabstituting this form of D into the lefi-hand member of
€q {2.95}, it will be found that

{2.118)

On an NT-are, the weight My will remain constant, except for
the negligible variation caused by the decraase of g with increas-
ing height; however, the drag I can be expected to decrease as
the velocity decreases, The pet efect is for @ to increase, On an
MT-arc, My will decrease and v will increase; however, if v i3
large, there is the possibility that D may be decreasing owing
to the influence of the atmospheric density factor expi—5y);
nevertheless, in most circumsiances, I will be found to increase
and then G will certainly diminish.

Since Ay, Ay, M are continuous over the whole optimal
trajectory, it follows from eg (2.99) that « i also continuous.
Further, by differentiating this equation and emploving eqs (2.83),
(2.85), we find that

. 1 ab ¢
A e (D'FC“éM;M)/\y*{'ﬁ}ly {2.11%)
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and this demonstrates that £ is continuous. It now follows from
eq {2.112) that K is continuous but, since m is discontinuous,
K is not continuous. Now suppose that X is plotted against ¢
and that it possesses more than one zero. Let t=4,, t=13 be
successive zeros of K and assume K >0 between these instants
(Figure 2.1 (a)). Then x>0 and the mterval {z,, 7y} corresponds
0 a period of maximum thrust. X cannot increase monotonically
over the interval {t,, 7). Suppose X increases over the arc AB
and decreases over the arc BC, i.e. X0 over 48 and X0 over
BC. Then =20 over A8 and G0 over BC. But, by definition,
G is continuous everywhere and hence must be increasing at

K K K

{

¢

b}

Figure 2.1,

some point between 4 and C. By our assumptions, this implies
that a period of null thrust cccars in the inferval {£,, 4;) and this
contradicts our earlier conclusion that the interval is a period of
maximum thrust. Similarly, if X<20 over the interval (¢, 1), we
aye again led to a contradiction, We conclude, therefore, that X
cannot possess two zeros separated by an interval over which it
does not vanish,

Now, ipitially, the motor operates at maximum thrust and
hence K= 0; finally, the motor is inoperative and hence K<0,
The graph of K must accordingly take one of the forms indicated
in Figure 2.1 (b) or (¢) and K<@ everywhere. During any
pertod when K vanishes identically, K=0 and hence G=90; such
& périod must therefore correspond to an IT-arc. I now foliows
that the initial M'T-arc and the terminal NT-arc can be separated
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by a single IT-arc af most. Thus, the initial phase of maximum
thrust is followed until either the propellent is exhausted or v
satisfies eq (2.95), whichever occurs the sooner. If the propellent
is expended first, the final NT-arc is then entered immediately
and Figure 2.1 (¢) is appropriate. If, however, v satisfles G0
before the propellent is completely expended, the MT-arc cannot
be continued; for, if it were, by our hypothesis G would then
continue to decrease and would assume negative values; K would
then become positive, whereas we have proved that K<0 every-
where. Hence, an IT-arc will be entered at this juncture and
followed until the propellent is exhausted. Figure 2.1 (b) is
appropriate in this case.

{t will be noted that the sign of the quantity « or its vanishing
along the trajectory, decides whether the appropriate thrust pro-
gramme is one of maximum thrust, null thrust or intermediate
thrust, « is accordingly fermed the thrust magnitude switching
Junction. Such switching functions feature in many solations to
optimal rocket trajectory problems,

For a detailed consideration of the optimal rocket trajectory
corresponding to the atmospheric drag function for a practical
vehicle, the reader should consult Leitmann (1957),

If it is possible 10 npeglect the atmnospheric drag (e.g. if the
rocket i launched from a high altitude), eq £2.95) clearly possesses
no solution and the optimal trajectory comprises two arcs only,
viz. (1) an initial arc of maximum thrust during which alf available
propellent is consumed and (i) a final are of free fali under
gravity to the vertex of the trajectory. -
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Exercises

1. Rework the problem discussed in section 2.2 with the modifica-
tion that the rocket is launched from a poing on an inclined plane and
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#s range on this plane is to be maximized. (Hint: Take the x-axis in
the plane and the y-axis perpendicular to the plane) If the plane of
motion intersecis the inclined plane in a line which makes an angle «
with the horizontal {and above it) and ¢ is the {consfant) angle made
by the thrust with the horizontal, show that the equation correspond-
ing o eq (2.3 i

sin(8 — o) sin?8 +§cos(23 —a) =0,

2. Show that, in the case when f is constant, the horizontal distance
travelled by a rocket following the optimal trajectory discussed in
sgotion 2.3 s given by

2 ; [
Xy = 9_02.2?& (sec g —sec # - tan # iogsﬁc b0 + tan G).

Hence show that the horizontal distance between the launching plat-
form and the point where the sateflite is injected into orbit is
g tan fo cos®yfaf?,

3. In the problem of section 2.3 with f'constant, show that the critical

value of & i3
2
, i1 L
ghi\ w21 2n)’

where n=flg and L=log{{n + 1)/{n - 1}}. Show also that, for this value
of &,

If n is large and the satellite orbit is a circle of radius R, prove that
the critical height is approximately Rj6n®.

4, If in the problem of section 2.3 & is less than the critical heighe,
optimize the trajectory with the end conditions (2.72). Show that the
thrust direction programme is determined by an eguation

tan e - {af 4+ b}

in the particular case when fis constant, show that #, #; and a are
determined by the equations

) _i-ntan ife

tan §f; = n-1an 30

tan{$8s +§m)

tan{36; +iny

208h et o s ng{sin g —sin 843 sec o see Hr.

5. With )} m Sgr, we=3 gnilesisec, g=32-2 fi/sec?, compute values for
k and T corresponding to values of fg lying ip a range which includes
the critical height value (use egs (2.50), (2.55), {2.66}, {2.69), (2.70)

aie=ng log
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and results from ex. 4). Plot T against & and observe that ¥is a decreas-
ing function of A.

@ A sounding rocket is fitted with a boosier which gives it a rapid
injtial acceleration 10 a velocity satisfying eq {2.95% I My is the mass
of the rocket when the booster drops away and il the drag law is
given by

D = AgFuet,

show that the rocket velocity at the termination of the boost phase is
¢¥a, where

1f the thrust is now programuned so that the rocket velocity continues
to satisfy eq (2.95), assuming g is constant, obtain the following
eguations for the height » and time of fight ¢ in terms of the velocity
e
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3

GENERAL THEORY OF OPTIMAL
ROCKET TRAJECTORIES

3.1, The Extremal Arcs

In this chapter, the determination of the optimal trajectory for
a rocket moving in a perfectly general gravitational field (which
may vary with the tirne), when neither the thrust direction nor
thrust magunitude programmes are predetermined, will be studied,
The motion will be assumed to take place in vacuo, but will not,
necessarily, be confined to a plane. Many of the conclusions we
shall reach were first derived by Lawden {1953, 1954, 1959 and
1962} and Leitmann (1962).

Let Oxyxyx, be three rectangular Cartesian co-ordinate axes
forming an inertial reference frame and let x; (i=1, 2, 3) be the
rocket’s co-ordinates relative to this frame at time ¢, Then, if »
are s velocity components at the same instant, its equations of
motion may be written

. om
?ﬁa“*ﬁ}“f;f“}' {3.1}
Xi=y, 3.5
M= —m, (3.3
where /; are the direction cosines of the direction of motor thrust,
# are the components of gravitational acceleration, and mr is the
ratet pf propellent expenditure. The gy will depend upon the
position of the rocket in the field and, for a time-variable field,
upon the instant ¢ i occupies this position. Thus
{3.4}
The 4 are sublect to the constraint

' Evlieli=1 (3.5
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and it will be assumed, as in section 2.4, that the rate of propel-
lent expendiure Is Hmited so that m is subject to a constraint

el — ) — e 3, {3.6)

The control variables are 4, m, o and when these are known
functions of £ the quantities w, xy, M are determined by the
differential constraints {3.1)-(3.3} and initial conditions

Vime Vig, Xiw Xig, M= My 3.0
to be satisfied at r=1,.

‘We shall assume that some function of the final values of the
vy, Xxg, M at 1=, viz. J, is to be minimized. However, it will not
be necessary to specify this function in detail until a Iater stage.

Constructing the Lagrange expression

Fe - x\s( ------ ok Hi) = Morghir A+l + 15+ 1= 1)

i

+ gl — oy — &, {3.8)

where summation with respect to the index i (=1, 2, 3} is under-
stood, the necessary conditions (1.49), {1.50) yield the equations

A= - Xirge 3.9
Aprym= = dysL, (3.10)
X
Ay=ar el (3.11)
(914
e —-----—-—7\ s 3.
0= =i+ 2l G2

c -
(O -—-théff“é‘hg‘l"}-&z{mwz}n}a (3'13)

0 i 2;,{,20‘,, (3‘ 2 4)

Eq (3.14) requires that either u, or a should vanish, or both.
¥ a=(, then m=Q or #. If p,=0, m may assume intermediate
values. Thus, the optimal {rajectory may comprise arcs of three
types, (i} null thrust arcs (NT-arcs) over which the vehicle fails
freely under gravity; (i) maximurn thrust ares {MT-arcs) and
(iify arcs of intermediate thrust (IT-arcs).
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Elimination of A+ between egs (3.9, (3.10), vields the

equation

Yoy gy

A g o (315
Since the gy are components of a vector, Og;/tx; behaves as a
second rank tensor in respect to transformations between rect-
angular Cartesian frames such as we are employing and it follows,
therefore, that the quantities satisfying eq £3.15) behave ke
the components of a vector in such transformations. The vector
whose components are A; will be denoted by p and will be
referved to as the primer.

Provided m, u, are both non-vanishing, eq (3.12) indicates
that the /; are in the same ratio 1o one another as the A; and hence
that the thrust direction is always paraflel to the primer, If
m=0, the motor is not operating and the k are indeterminate,
If py =9, the primer vanishes,

Welerstrass’s condition (1,91 requires that, at every point on
the optimal trajectory,

g _)‘7) m> (g},\a;‘ A?) m* (3.16)

for all possible values of the i m* satisfving the constrainis
(3.3), (3.6).

Over an NTware, m«0 and this last condition requires that

A ?X}ﬁg&*. 3.17

The expression A is the scalar product of the primer and the
unit vector having components * For variable I, its maximum
vaiue is obtained when the vector i is aligned with the primer
and this value is then the magnitude p of the primer. Thus, it is
necessary that

Ay ?"E":P, 3.18)
M
where

p=05 =A% Be, (3.19)

N T e TR
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Over an MT-arc, m= 17 and hence, taking m* =/ in the con-
dition (3,16, this is seen to require that

Xely =M (3.20)

Also, taking [7=/; in the ineguality (3,16}, since m™®& M it is clear
that this condition also requires that

¢ 2
A)f giﬁ”}\\ék (3”»1)

Conversely, conditions (3.20) (321 are c}egriy sufﬁciept to
ensure the validity of condition (3,16}, Condition (3.20) will be
E i it i alug
satisfied for all /Fif, and only If, Ak takes_zts max‘zmum %
witzh respect to \:ariati(ms of the 4. But Ad; is the scalar product

of the vectors A, 4 and these must, accordingly, be‘aiig.;'mdf it
follows, in agreement with an earlier result, §hat the clz;ecuons of
the primer and of the thrust must be identical. In this event,

Ty A OAG + A5+ AGyHE (3.22)

and the condition (3.21) then reduces to the form

Iy "
Ay bvid {3.23)
In the special case when the A; all vanish, p=0 aad the con-
dition (3.23} follows immediately from (3.21).

Over an Fi-arc, m™ can take values either greater than or less
than m. Taking H={ in condition (3.16), it is clear that the
inequality cannot be valid for all permissible m™; however, equal-

ity is possible provided . .
A.; R E}\g!ﬁ. ( i

With this value for };, condition (3.15) then further requires that
: 3.25)
A wndgl? (3.2
7o M Hif
for all perraissible /7 The right-hand member of this me:qua.thr?
ie a maximim when the vectors Ay, 4 are aligned and then it is

necessary that
5
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¢ o
}.7 ;Jﬁp_ (3.26)

However, eqg (3.24) implies that

P X}p, (327

with equality only when the vectors Ay, & are aligned. Hence

c
p i {3.28)
and the thrust must be aligned with the primer, i€ the & are
given by eqs £3.22), In the special case when the primer vanishes,
&g (3.28) is still valid.

The results obiained from the Weierstrass condition can be
summarized as follows: (i} Whenever the motor is operative
and p#0, the thrust must act in the direction and in the sense of
the primer. {ii} Defining the function « by the equation

¢
w=gp Az (3.29)

it is necessary that « <0 over an NT-arc, «20 over an MT-arc
and «=90 over an Flarc.

At a corner separating two arcs of different {ypes, the mudii-
pliers Ay, Mg, Ay must be continuous. By eq (3.9), this is equival-
ent 1o the statement that p, § and A, are continuous. The locus
of a point P, whose position vector relative to the origin of a set
of rectangular axes is p, will accordingly be a smooth curve
without corners. This locus will be referred to as the primer locus
diagram. Since the thrust is always in the direction of p, it is
clear that the & cannot be discontinuous except at 2 point where
the primer vanishes. At such a point, the primer locus passes
through the origin and the direction of the primer is reversed.
Thus, the L will all change sign and the thrust direction will
reverse.

At a corger, there is the further requirernent that the expres-
sion {1.64) shouid be continuous, Substitzting for the derivatives
of the state variables from the constraints (3.13(3.3), since the
Aty Apyay g1 and v are known to be continuous, it follows that
this requirernent is satisfied i
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_"ﬁ’.}if\m - g e (3.30)

is continuous. Hence, if m is discontinuous at a corner, then

) ) k=0 (335
at this point.

.It‘remains to take account of eqs (3.11) and (3.13}, We shall
eliminate A, from the argument at this point, expressing it in
terms of « by eq {3.29). Substituting for A, in this manser into
ﬁt(&il} and (3.13) and employing eq (3.22), it will be found

. .
K=o, {330
x =108 — 2m). {3.33%)
(N.B, Eq (3.22) will be employed to define the 4 when m=0.)
On NT- and MT-arcs, eg (3.33) serves only to determine o

Qn an NT-are, M is constant and eq (3.32) is immediately
ntegrable to vield

4
K= ﬁp +consiant. (3.34)

_ On an ITearc, uy=0 and hence k=0, Eq {3.32) accordingly
implies that

p=gconstant, (3.35)

i.e. the primer is of constant magnitude,
The results of this section will now be collected together.
The primer p possesses components satisfying the eg (3.15)
which, in vector notation, takes the form

P (P (3.36)

where g is the gravitational acceleration. Whenever the rocket
motor is operative. its thrust is aligned with p {provided p0),
Over an NT-are, « is negative and is determined by eq (3.34).
Over an MT-arc, « is positive and is determined by eq 3.32),
Qver an IT-are, « vanistes identically and the primer’s magnitude
I8 constant. « is the rhrusr muagnitude switching function. At a
corner between arcs of two different types where m Iy discon.
tinous, « vanishes; in addition, the primer and Hs first deriva-
tive are continuous and, since A, and p are continuous, so is .

AT L ey
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Also, it is evident from eqg (3.32) that « s continuous everywhere,
except possibly at a point where p vanishes. At such a point, the
thrust direction will reverse.

Finally, in this section, we shall fake note of a frst integral
of the egs {3.36) which exists in the case when the gravitational
field is time-invariant, In these circumstances, the g are inde-
pendent of r and a first integral in the form of eq {1.67) is valid
over the whole optimal trajectory. Thus

At Aprgdet A M =C, (3.37

where € assumes the same constant value over the whole tra-
jectory. Substituting for the time derivatives from egs (3.1:-{3.3),
for the Au, from eq (3.9, for A, from eq {3.29) and for the 4
from eq (3.22), the first integral is expressibie in the form

Aggg s Ai"i + = (. (338}
In vector notation, this reads
pg~ Py b am=C, (3.39)

where v is the rocket velocity,
On an arc of null threst, m=0 and on an are of intermediate
thrust, k==0. On such arcs, therefore, eq (3,35} reduces to

pg Py = C. (3.40)
3.2, Empulsive Thrusts

Letting Moo, the suation is approached where the thrust
capability of the rocket motor is not bounded. A maxirum
thrust phase is then replaced by an impulsive thrust of negligible
duration, serving only to change the vehicle velocity without in
any way affecting its position. For the problem of interpianetary
transfer employving a conventional rocket, capabie of delivering
a thrust comparable in magnitude with the vehicle’s carth weight,
the duration of a phase of maximum thrust is always small by
comparison with the total time of transit between the planefary
terminals. The motion of the rocket during these phases can
therefore, for the purpese of calctlating an optimal trajeciory,
often be neglected and then such a phase is replaceable by an
impulsive thrust, In these circumstances, it is accordingly usual
to regord /A oas being infinite and the results obtained i the
previous section are then simplified as follows;
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We shall, in fiture, refer to 2 point on the optimal trajectory
at which an impusive thrust is applied as a junction point.
Across such & junction point, the rocket co-ordinates xy are
continuous functions of ¢ and hence so are the coefficients
2g;:/0x¢ in the egs (3.15) governing the primer components, It
foliows from these equations, therefore, that the primer and is
first and second order time derivatives are also continuous
across a junction point. However, the third order derivative is

given by the equation
b . 2
Y ( DL B (3.41)
GX{XR GX0E

and, since the ¥ are discontinuous, it accordingly is also dis-
continuous in general.

x
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Figure 1.1,

Consider a phase of maximum thrust, preceded and succeeded
by null thrust phases. During the phase of maximum thrust, we
know that x>0 and hence the graph of this switching function
takes the form indicated in Figure 3.1 {a}. If the magnitude of
the thrust be now increased and its duration decreased so that it
approaches the impulsive condition, i appears that the graph
of x must, in the limi, take the form shown in Figure 3.1 (bl
This jmplies that, at the instant of application of an impulsive
thrust ¢ =1y, it is necessary that

=0 (3.42)
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and that  is 2 maximum. I either or both the nall thrust phases
are replaced by an intermediate thrust phase over which k=0
identically, this conclusion is not affected.

Since, however, the above argument does not entirely exclude
the possibility that the «<-graph may have a cusp af f=7, we
shall also present a more rigorous argument: For our present
problem, eg (1.63) takes the form

€3.43}

Integrating over the infinitesimal duration of the impulsive
thrust, since the right-hand member of this eguation remains
finite throughout this time interval, we obtain

Ftuw Fra=(), (3.44)
where F~, F* are the values taken by F immediately prior and

immediately subsequent to the impulse, Thus F is continuous
across the impulse. But, on the optmal trajectory,

Fas o Mgy b Agog = srm. {3.45)

Now xm={} on either an NT- or an [T-arc, and hence wom must
vanish on both sides of the impulse. Alse, A and g; are con.
tinwous across the junction. It follows that Ay is continuous
across the impuise, Le.

AgVg = Agvg,

or AVt =)D, (3.46)

since the A; are also continuous across the impulse. The direc.
tions of the impulse and primer are known to be aligned and
thus

v — v B, (347
where £ {#£0) is a proportionality factor. Hence, eq (3.46} is
equivalent to

. Apdg=0,
ar B=0. {3.48)
The vanishing of £ now follows from eq {3.32),
K the impuise is applied at either of the terminals of the
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trajectory, the above argument fails and condition (3.48) is
invaiid,

Consider an NT-arc joining two junction points, If p= 2 at
one junction peint, eq (3.34) is valid on the arc and, since
e=£) at & junction,

K=B—ir(p -P) (3.49)

over the arc. Tt follows that p=2F at the other junction also,
Thus, if the optimal trajectory comprises NT-arcs separated by

valid over every NT-arc, Over an IT-are, « vanishes and p is
constant; in respect to the values of « and p thersfore, an
IT-arc behaves exactly like a junction point and our previous
argument is accordingly in no way affected by the presence of
these arcs in the optimal frajectory. We can now express all
the conditions to be satisfied by the switching function « n
terms of p. We shall require that p= P at ali junction points and
over all IT-ares. Also, over every NT-arc, we shall require that
p< P If these conditions are satisfied then, from eqs {3.32),
(3.4%} and the continuity of «, it follows that « =0 at al} junctions
and over every T-arc and that «<0 over all NT.arcs. Finally,
we shall require that p=9 at all junctions; by eq (3.32), this
implies that £=0 as required by condition {3.42) (this replaces
the condition # 0 over an arc of maximum thrust of the general
theory).

I impulsive thrusts are permitted, therefore, the following
conditions must be satisfied over an optimal frajectory:

(a) The primer and its first time derivative must be con-
tinuous everywhere;

{6} Whenever the rocket motor is operative, the thrust must
be aligned with the primer which must have a certain
constant magnitude P;

{¢) The magnitude p of the primer must not exceed P on
any NT-arc;

{d} p=0 at all junction points not coincident with the
terminals.

These conditions were first obtained by Lawden {1953, 1954,
1959 and 1962).
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Condition () implies that p takes a magimmm value P at each

as | j o Vo b Vo YD) {3.53)
junction and over each IT-arc. The condition (d) is equivalent to vantities ar ;

where it is understood that all quantities are to be evaluated at

o ks o o —

W b b T o T
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Ay =0, - (.30 the instant £=r, and we shall then minimize this quantity, The

or o= {3.50)

i.¢. the primer and its first derivative are orthogonal at 3 junc-
tion. Tt has been proved earlier in this section that condition (d)
is equivalent to the requirement that the Lagrange expression F
should be continuous across a junction poiat. If, therefore, the
gravitational field is time-invariant and the first integral (3.38)
is employed to determine the optimal trajectory, the constancy
of ¢ over the whole trajectory ensures the continuity of F across
all junctions and condition {¢} is then superfluous,

The value of the maximum primer magnitude P will often be
determined by the end conditions. These will be considered in
the next section.

3.3, Speciat Cases of the End Conditions

In this section we will examine the form taken by the end con-
dittons €3.17), (3.18) and their implications for two problems of
practical importance.

Consider first the problem of determining the manceuvre by
which a rocket may escape most economically from a given
gravitational field {supposed time-invariant). We shall assume
that a2 body will escape from the field provided its total energy
{kinetic and potential) exceeds the potential energy the body
would possess at infinity, l.e. at a great distance from all the
gravitating bodies responsible for the field. The problem will
accordingly be posed in the following terms: The rocket is launched
from a given point in the field with a given velocity and its final
mass M,, when all propellent has been consumed, is known,
The values of the x; and v at £ =¢, are not predetermined, but the
manceuvre is to be such that the total energy of the vehicle, wiz.

MV, x5y X5+ 305 + va 4 vl (3.52)
calculated at ¢==f; is to be maximized. Here, ¥ is the potential
function for the field. The time at the later terminal of the
trajectory, ¥z Iy, is open to choice.

Since M, is predetermined, we shall tuke

conditions (1,46} reguire that

Ay v vy, Agm v, Ag=Vvg,

N
g

AL &v s
4 ax1 H 5 =) i

L TN
Since 8F/Gx;= —g; these conditions are equivalent to the
demand that

p=v, p=g (3.35)

Ay Mgty + A, M =0 (3.56)
at r=¢,. Referring to eq (3.37, it is clear that eq (3.56) is a first

integral for the optimal trajectory and is valid at all ifs points. it
may aiso be expressed in the form

Py~ Py ame=Q (.50

as explained in conmection with eq (3.37). Since the egs (3.55%
are valid at £=1,, at this instant eq {(3.37) reduces to

g, (3.58}

Along an NT-arc, the net energy of the vehicle remains con-
stant. Any optimal escape manceuvre can accordingly always be
extended by an arbitrary length of such an arc, and this suggests
that if the conditions {3.55), (3.58) are satisfied at any one point
on an NT-arc, they are then satisfied at all poiats on the arc.
Since m==90, condition ¢3.58) is trivial on such an arc. Suppose
that on an NT-arc we choose the primer to be identical with the
velocity vector, e,

Agu g, (3.59)
Then, by the equations of motion (3.1}, it follows that
Ae=g; (3.60)

on the arc. The eqs (3.15) for the primer are now satisfied
provided
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1= ol (3.6
But X oX;

= X g 1 6, (3.62)
5

Nl
7 E—-):gEx;
Hence eg (3.59) provides a possible solution for the primer
on an NT.arc. Since the equations governing the primer are of
the second order, their solution is uniquely determined when the
primer and its first derivative are given at a single point. But the
conditions (3.55) are in conformity with the selution (3.59) and
hence this must be the appropriate solution for the fnal NT-are.
In view of these remarks, we shail dismiss the possibility that
the final arc is one of null thrust and will suppose, therefore,
that m Is non-vanishing at ¢= 4. Then, by condition (3.58),

R {3.63)

at this terminal, Since the motor is operating at £=1¢,, this must
be the instant of ‘all-burnt’ and the first of the conditions {3.55)
indicates that, at this moment, the thrust must operate in the
direction of motion (Lawden, 1955).

I impulsive thrusts are permitted, the optimal frajectory must
either terminate 4t a junction point or the final arc must be one
of intermediate thrust. In either event, x=0 af this ferminal as
required by condition {3.63) and this condition therefore adds
nothing to the conditions {@)-(d) stated on p. 63. Ft may also be
remarked at this juncture, that all these conditions can be
satisfied in & very simple manner for the special case when the
rocket’s initial motion is in a direction which is perpendicular
to the force ficld. For suppose that all propellent is expended
instantaneously at the initial instant, the resulting impulsive
thrust being directed along the line of motion. The trajectory
will then comprise one junction point alone, At this point, the
primer and #s derivative must be given by eqgs (3.55). Hence

p.p‘ s ".gz O, {3 .64)

since v and g are perpendicular, This result imples that p=0,
as required by condition (3. Condition (b} is also clearly satisfied
and conditions (&} and {c) are void. This simple maneuvre is
accordingly a candidate for classification as the optimal man-
euvre. In particular, cossider a wvehicle which is revolving

initially in a circular orbit about a spherically symmetric atiract-
ing body. To effect escape from this atiraction, an impulsive
thrust eould be apphied at any point on the orbit in a direction
which is tangential to the orbit. If the impulse is of sufficient
magnitude, the rocket will then recede to an infinite distance
atong one branch of a hyperbola. Such an escape manceuvre
satisfies all our conditions for an optimum; however, as will be
shown later (p. 112), if the launching point s taken to be some
point on the circular orbit preceding the junction point, so that
this orbit is included in the optimal trajectory, then condition {¢)
is not satisfied on this orbit if the final velocity of recession
exceeds a certain critical value. In these circumstances, an
alternative manceuvre proves to be more economical,

For our second vroblem, we will try to minimize the character-
istic velocity for a maneuvre which transfers the rocket from one
given fixed terminal to another. The vehicle's velocity will be
assumed specified at both terminals. Thus, by eg {1.7), we take

J=c log {3.65}

and then condition (1.46) shows that
A= i My (3.66)
at ==y, Also, if the time of arcval is not predetermined, con-
dition {1.47) requires that
Asgri = Agvg — en==0) {3.67)
at the terminal. In the case of a time-invariant field, eg (3.67) is

valid over the whole trajectory.
By g (3.19), the condition (3.66) requires that at f=14,

WEE}( =1 (3.68)

Now suppose that impulsive thrusts are permitted. Then, if the
final sub-are iy an NT-are, eq (3.49) is valid over the arc and
condition {3.68) will be satisfied provided

{3.69)

H the fina] sub-arc is an Fl-are, then ©=0 and p=F over the
arc and, again, condition (3.68) can only be satisfied by iaking




L S,
e e - e me o pm

TR b, o N B B e oy W e
fN R R

68 OPTIMAL TRAJECTORIES FOR SPACE NAVIGATION

F=1. We conciude, therefore, that an optimal transfer trajectory
satisfies conditions (a)—(d) on p. 63 with P=1. Whenever the
motor i3 operating, the primer is then the wmif vector in the
direction of the thrust.
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Exercises

. I at any point having position vector r with respect 1o an origin
O, the gravitational acceleration is given by the eguation

g= e’

show that over the whole of an optimal frajectory in the feld, the
primner is given by an equation of the form

Pwd COS wl b sin ar,

where a, b are constant vectors, Deduce that the primer locus diagram
is an ellipse, a circle or & straight line.

Show also that, if an IT-arc conmibules to the trajectory, the
primer locus i a circle, the magnitude of the motor thrust is indeters
minate, and s direction rotates in a plane with constant anguiar
velocity .,

If the primer locus is not a circle and impulsive throsts are per-
mitted, show that only twe junction points can exist and that these arg
such that the line joining them is bisected at O, Prove, also, that the
thrust directions at these junctions are paraiiel but in opposite senses.

If an NT-are of the optimal trajectory has equation

F=A <08 wt +B sin wt
and the time of transit is not predetermined, show that
a‘A +bB =0,
2. Prove that,"at any junction between extremal arcs of different

]
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types at which no impulsive thrust is applied, the second and third
order time derivatives of the primer are continuous, whereas that of
the fourth order is not. ) )

1f g =2, deduce that at such a junction

Ldty idip [

laze | =2 [ga b
where (x| denotes the magnitude of the discontinuity in x at the
junction. . .

Hence show that at a point where the vehicle leaves an Farc and
enters an N¥-arc

déq Zer,
S SN ¥, S
A v

J being the acceleration due to the motor in the ITearc at the junction.
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OPTIMAL TRAJECTORIES IN A
UNIFORM FIELD

4.1. General Theory

1t has been shown by Leitmann (1959) that, if the gravitational
flield is uniform, a theory of rocket trajectories optimizing
quantities belonging to a wide class can be presented in a fairly
complete form.

In these circumstances, g is constant and the differential
equation (3.36) for the primer reduces to the simple form

P, (4.1}
for which the general selution is evidently

pa=at-+h, 4.0

where a, b are constant vectors. Since p, g are continuous over
the whole optimal trajectory, a and b are the same on all sub-
arcs and the primer locus diagram is accordingly a straight line
which is described by the tracing point at a constant velocity a.
In the special case when a vanishes, the locus degenerates to a
single point, and the thrust direction will then never vary through-
out the maneuvre, In general, the thrust direction will vary in
the plape containing the locus and the origin of the locus dia-
gram. If the axes Ox,, Ox, are taken parallel to this plane, the
components of the primer will be given by equations of the
type

Ayz=at 4 by, Agee @yt + by, Ay 0, 4.3)

where the a; and % are constants, Then, if’ § is the angle made
by the thrust direction with Oxy at time ¢,

) tan §=2/A = gt by 4.4

ﬂlf"f‘bz ’

o emdTEaac R orba I g T
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This is the bilinear tangent low for the thrust direction i;jz a uni-
form field already encountered in section 2.2‘ {eg (2.2_’.4}}.‘Smcc
Ag=20, the thrust always has zero component n ii_le dz‘recnon of
the x,-axis, and the rocket’s mation parallel 1o this axis must be
one of free fall under gravity. _

F is casy to prove that as optimal frajectory can include an
iT-arc only in very special circumsiances. Fo; it _has heen
shown in section 3.1 that, on such an arc, the primer is of con-
stant magnitude feq (3.35)). The primer locus cannot then be a
straight lne; it must therefore reduce to a point and the thrust
direction must be invariable throughout the MANGUVE, 'Z”ht_a I
now being constants, it follows that the £qUAtions of motion
{3.1)-(3.3) are easily integrated over the pz_erzoci {.rg,‘ 43 of the
maneuvrs and under the nitial conditions (3.7} to vield

Viy - Vo= ¢ & log R+gilty ~ 1), 4.5
Fig — Xigw & &S -+ viglty = f) + Failty — 195, 4.6

iy
log
&
H is clear that the three guantities

Vi = Vip ™ it~ ty) 4.8
must be in the same ratios to one another as the quantities
Xy Xip = Viglty — toy = bgalty —~ tol. (4.9

However, this requirement is often ruled out by the end con-
ditions and, if this be the case, no IT.arc can be present in the
optimal irajectory. If, on the other hand, egs (4.5), {4.6) are not
inconsistent with the end conditions, it is clear that any number
of different thrust magnitude programmes can lead fo the same
values for R and § and hence to the same values for Xg;, ¥ and
J. B follows that the thrust magnitude programme wili not then
be:;lslz?;eing that the end conditions mle qﬁt t_he possibility of
an TFoare, the optimal trajectory will comprise NT- and MT-arcs
alone. 1t will be shown that there cannot be more than three of
these sub-arcs, This result is due to Leitmann {195%). ) _
First consider the case when the primer ocus is a straight line

My

4.
Mdr. “h
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which does not pass through the origin. Since £ is the distance of
thfa lracing peint from the origin, p will first decrease to a
mmimam and then increase steadily. Hence, by eq (3.32), & wiil
first be negative, then zero and finally positive, « wili accordingly
first c_iecrease steadily to a minimum and subsequently increase
s_teadz}y. But, eq (3.32) indicates that both and & are con-
txngous quantities and it follows, therefore, that the graph of «
4gainst 7 can intersect the r-axis it at most two points. Since «
_vams_hes at every corner between sub-arcs of different types, this
zmpizes that at most two corners can be present on an opt,imai
trajectory and the maximum number of sub-arcs s therefore
three. Also, if there are three sub-arcs, over the first « is positive,
over the rfec‘ond it is negutive, and over the third i is positive
again, This implies that an NT-arc is preceded and followed by
MT-arcs.

Now consider the special case when the primer locus passes
through the origin. Let W be the speed with which the tracing
pont traverses Hs straight path. Then

A‘Dm ™ ;‘V; '{<T;!
{4.10)
wi b B e,

where t=7 is the instant the point passes through the origi
origin,
Thus, from eq (3.32), ? # e

4.1

K= oW (M, r{r,}

z b e WM o,

and hen_ce % aever vanishes. In this case « is discontinumous at
=7, being negative prior to this instant and positive afterwards,
Tht;s ¥ decreases monctonically for r<-» and ingreases mong-
tomcall_y for 1>>7 and its graph can intersect the #3xis in at most
two points, The same conclusion now follows as before,

Tht‘{ end conditions {1.46), {1.47) alone depend upon the
Guantity J being minimized and these have to be written down
separately for each particular problem. This we shall do in the
exarples which follow in the next section,

4.2. Particular Problems
For our first three examples, the rocket motion will be restricted
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to take place in 3 vertical plane. Oxy will denote a set of rect-
angular axes Iying in this plane, the x-axis being horizontal,
and the p-axis vertical and in the upwards sense. Velocity com-
ponents parallel to these axes will be denoted by (&, v} and A,
ete., and will represent the Lagrange mudtipliers corresponding to
the state variables x, ¥, u, v, M, respectively, It follows that the
primer will have components (A, A, and its derivative will have
components {~ Az, — Ay} #==0 will be taken to be the instant of
launching and the manceuvre will be supposed to terminate at
t="1T, The angle made bv the thrust direction with Ox will be
denoted by 8,

Suppose first that the rocket is lsunched from the origin with
zero initial velocity and that the thrust direction and propeilent
expenditure programmes are 10 be chosen so that the vehicle's
final height is 2 maximum. We take

j—— @.12)

so that J is to be minimized. Ar #=T, all propellent has been
expended and

M= M, @13

is koown. my, vy, xy, 3, T are all variable and the end conditions
€1.46}, (1.47) accordingly require that

(4.14)
(4,15}

at fw=T,
Eg (4.2}, taken together with the conditions (4.14), implies
that

Aum{), AymT"‘ f, (\\zﬁ{}, Aymw# i. (‘3‘.26}

The primer is therefore directed along the positive Ay-axis and
decreases in magnitude from T to O as the motion procesds.
The primer locus therefore comprises the segment of the As-axis
extending from the point (0, T to the origin. The thrust is always
directed vertically upwards, therefore, and §=}r. The motion
takes place along the »-axis.

From eqg {3.32), it follows that

Chm el M #4.17
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and thus « is always decreasing and the graph of « can intersect
the r-axis at most once. Thug, either x>0 everywhere and the
optimal trajectory comprises a single MT-arc; or x>0 during an
initial phase and <0 thereafter, when the trajectory comprises
an MT.arc f0210wcé by an NT-arc.

415 accordmgly requlres that
Pl (4,18)

at 7= 7. If the trajectory is a single MT-arc then, at t=7, #20
and M0, Hence v<0 finally and this can only be the case if
the motor thrust is less than the rocket weight during an initial
phase of the motion. Clearly, this possibility is not realistic and
therefore, in any practical case, the optimal thrust magnitude
programme will comprise an initial phase of maximum thrust
terminated at ‘sii-burnt’, followed by a ballistic phase of free fzi
under gravity to the vertex,

For our second example, we shall suppose that the rocket is
launched from the origin with velocity components (uy,, ¥,) and
that, thereafter, it is required to programme the flight so that the
vehicle’s final velocity is as large as possible. Thus, we take

S iy + V)12 (4.19)
and minimize J. At t=T,
MW 4"'{1 (4.2{))

is given, but w,, v, x;, 3, are all open to choice, T will be saken
to be predetermined,
The end conditions (1.46} require that

(ua... vz)1 y=cos 4,

|
l

(“2.;, 2)1f2 =$in Eb’j (4.25

I

. A“Kﬁ

at r=T, i being the angle made by the vehicle's final velocity
with Ox. Thus the derivative of the primer vanishes and eq

-t v I L EN T g
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{4.2) shows that the egs (4.21) are valid over the whole tra-
jectory.
Ay, Ap are constants and the primer isa uniz vector making a

direction never varies. ’Z‘he przmer Iocus is a single point and
hence this is the case when an IT-arc is a possibility and the
thrust magnitude programme is arbitrary. The egs (4.5) are

applicable, and, in our present notation, take the form
My =ty ¢ COs h log R, {4.22}
Py vy =g o osin o fog R {4,23)

¥ is now determined from the equation
(4.24}
Substituting for u,, w, from egs {4.22}, {4.23), it will be found
that 4 must be such that

1an ¢=(vy~g7¥) g (4.25)

With this value for o, egs (4.22), (4.23) yield the resuit

G+ v =/l + - gTFl4c log R, (4.26)
indicating that J is independent of the thrust magnitude pro-
gramme selected.

For our third programme, suppose the rocket is launched from
the origin with zero initial velocity and that iis horizontal range
Xy i5 to be maximized. We shall assume that the vehicle is to arrive
at its final position at a given instant and with a given horizontal
velocity and mass, e 7, #; and M, are all predetermined.
Taking

R 27

the end conditions (1.46) reguire that
Apm Ay =0, Ay= 1, 4.28)

at =T, It follows from eq (4.2) that
Ayt Agm(, Apme [, Ay =0, (4.2}

where 7 is the remaining unknown constant.
The primer is directed along the A-axis, in the positive sense if
t<zr and in the negative sense i r>7. Thus =0 or 7 and the
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primer locus consists of the segment of the A,-axis lying between
the points {r, 0) and {r— T, 0). Since Ay, Ay both vanish at fuer,
this is the ¢ase when < can possess a discontimuity, From egs
{4.113, we caleulate that :

£ oM, t<IT,
} {4.30)

= /M, 1,

Thus, # decreases to the instant =+ and thereafter increases.
Hs graph must be as indicated in Figure 4.1 {a) or 4.1 (b). If
Figure 4.1 (b) is correct, x>0 everywhere and a phase of maxi-
mum horizoental thrust in the positive sense is immediately
foliowed by a phase of maximum thrust in the opposite sense.

L L

N/

{a} {6}
Figure 4.1.

The time to ‘ali-burnt’ will then be completely fixed by the
known maximism rate of propellent expenditure and this will, in
general, be different from the regamired value 7. Thus Figure
4.1 {a) must represent the normal case, i.e. a maximum thrust
phase with §+0, followed by a null thrust phase, followed by a
second maximum thrust phase with §wor,

Integration of the horizontal component of the equation of
motion {with #=0 or 7}, shows that the final horizontal velocity
generated by the two thrust phases is given by

M, M, M A
oy log Ei’fmc log =+ 5 4.3

e R
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where M is the rocket mass at the termination of the first phase,
Provided the given value of u; does not exceed ¢ log R in magni-
tude, this equation determines M; in the range M= Mi>M,.
The optimal trajectory is now completely fixed, the duration of
the nudl thrust phase being the difference between the time re-
quired to expend all the propellent at the maximum rate and
the overall time 7.

As a final example, consider the problem of transferring a
rocke! between two given terminals in a uniform field with
minimum propelient expenditure. The time of transit will be
supposed specified and impudsive thrusts will be permitted. The
vehicle's velocities at the terminals wiil be assumed known and
such that the conditions {4.53, (4.6) cannot all be satisfied. In
these circumstances, no {T-are ¢an contribute to the optimal
trajectory and the rocket path must be formed from NT-arcs
meeting al junction points; the primer locus diagram doss not
degenerate to a single point and hence is 4 straight line which is
traversed at constant speed by the generating point. B follows
that p can have but one stationary value and that this is a
minimam., However, we have proved that at a junction which is
not coincident with a terminal, p must take a maximum value of
unity. We conclude that there can be no junctions which do not
coincide with the terminals. If only one terminal were a junction,
this would imply that transfer could be effected without variation
of the thrust diregtion, and this is the excluded case when the
conditions {4.5), {4.6) can all be satisfied. Hence, both terminals
are junctions and it is easy to show that the impulses which
must be applied at these points are uniquely determined by the
terminal conditions and the time of transit. For an elementary
freatment of this problem, the reader is referred to Lawden
{1957). For an gspecially rigorous proof that the mode of transfer
we have just described iz optimal in the absolute sense, the
reader should consult Ewing {1961),
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Exercises

1. If Xq, x1 are the position vectors of the departure and arrival
terminals respectively in a uniform field g and if vo, v1 218 the velocities
at these terminals, show that the plane of the primer locus is parailel

to the vectors
X1~ Xg - Yol —4gl'®,
Ti-vo g1,

T being the time of transit.

2. If v is the velocity of a rocket at any time, the locus of a point
which moves so that v is its position vector at the same instant is
cafled the Aodograph of the vehicle. Show that, in the absence of a
gravitational field, the mass ratio R for a transfer maneuvre is related
to the length L of the hodograph for the mancuvre by the equation

clog R=L,

3. Employing the notation of section 4.} show that the problem of
transfer between two terminals in a zero field with minimum expendi-
ture of propelent is eguivalent (o the following: To join two points
A, A having respective position vectors vg, vi, by a hodograph locus
having minimum length and such that for the manceuvee so specified

1
¥ dt=X1 ~xo,
i

Show that this latter condition is equivalent to the requirement that it
should be possibie to distribute a mass (¢ ~ to} along the hodograph so
that its mass centre G lies at the point having position vector
€x1 ~Xa){(t1 — to}. Taking to, 11 to be fixed, deduce that the hodograph
for optimal tramsfer comprises the straight segments 4G, Gds and
show that this implies that optimatl transfer is effected by the applica-
tion of impulsive thrusts at the terminals, (Hint: For minimal hodo-
graph length, the mass 11 — fo must be concentrated at G

Employing the notation of section 4.2, consider the problem of
achieving maximum range on a horizontal piane through the launch-
ing poist O for a rocket whose initial and final masses Ms, M: are
specified, but for which the time to ‘all-bumt’ is variable. Show that
the primer locus is a segment of a straight line through the origin of
the diagram and that the primer magnitude steadily decreases. Peduce
that, during the first phase, the prepellent is consumed at maximum
rate and the thrust is inclined at a constant angle to the horizontat and
that the second phase i3 one of free fall vnder gravity,

5

THE PRIMER IN AN INVERSE
SQUARE LAW FIELD

5.1, 'The Arcs of Null Fhrust

Suppose that the rocket moves under a gravitational attraction
towards a fixed centre O, the magnitude of the attraction per unit
mass being y/r*, where r is the rocket’s distance from ¢, Then
it is well known that the trajectories of null thrust are Keplerian
arcs in the shape of conics with their foct at €. Qur problem in
this section is to determine the form taken by the primer atong
such an are,

Suppose that the Keplerian arc is 2 conic which lies in the
xy-plane of a rectangular Cartesian inertial reference frame
Oxyz. O will be taken {0 be the centre of gravitational attraction
and hence is a focus of the conic. Then, if {r, ) are the polar
co-ordinates of the rocket as it moves along the are, relative to
(} as pole and Ox as initial Hne, the equations of motion of this
bady may be written

B+ 256 =0, 3.2

It is shown in textbooks of classical dynamics (e.g. Lawden,
p. 89) that the polar equation of the conic orbit deducible from
these equations {akes the form

é«“ +e cos {8~ @), (5.3)

where e is the eccentricity, ! is the semi-latus rectam and & is the
value of # at the pericentre (ie. point of pearest approach to the
centre of attraction), & will be referred to as the Jongitude of the
pericentre. Also, eq {(5.2) can be integrated immediately to vield
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an equation expressing the conservation of the rocket's angular
momentum about the centre of atiraction, viz. _

=/ (pl). L (5.4

it is here assumed that the sense of vehicle's motion is such that
is positive. Differentiating eq (5.3} with respect to the time and
employing eq (5.4), a further equation of motion is obtained,

viz.,
Fae \/ Gi)sin(awa). (5.5

Consider now the eqs (3.15) governing the primer. Bt was
shown at eq £3.62) that, since & scalar potential exists from which
the field can be derived, then

(5.6)

Eq (3.15) is accordingly equivalent to the equation

Ry Yyarit .7

ox;
which, in vector notation, reads as follows:
p=pa. 5.8

If more convenient, this equation can be employed to replace
eq (3.36). As a third alternative, it is shown in texthooks of
vector analysis (e.g. Weatherburn, 1928) that the operator p. v/
can be replaced by the operator pd/ds, where 3/ds denotes
differentiation with respect to a dispiacement in the direction of
p and hence eq {5.8) is also equivalent to

. og

P Pé}' (59}
In the case we are considering

g ~4, (5.10)

P
where ¢ is the radius vector from . Thus
' eg 3y ér L or
o5 rids ré gy

3.11)
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If ¢ is the angle between r and the direction of differentiation D,
then

{5.12)

Also
(5.13)

where P is the unit vector in the direction of p. Hence
2 14
Py =g prr-Zp. (5.14)
We shall now resolve eq (5.9) in the directions of rectangular
Cartesian axes OX, OY, Oz, where OX lies along the radius

4

X Figare 5.1.

vector from O fo the rocket R, OF is the perpendicuiar to OX
lying in the plane of and in the same sense as the motion, and
Oz has been previously introduced (Figure 5.1). Let (A, g, »)
be the components of p in the directions of these axes. Then it
follows from eq {5.14) that the components of the right-hand
member of eq {5.9) are

Zyy Y. Y
oA, g (515
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p denotes the time rate of change of p relative to a non-
rotating frame such as Oxpz, Let § denote the rate of change of
p relative to a rotating frame whose angular velocity relative to
the inertial frame is 2 and whose axes ‘momentarily coincide
with those of the fixed frame. Then the relationship hetween
these two rates is well known (see e.g. Lawden, p. 240) to be

prp+f2xp, (5.16)
Replacing p in this formula by 9, it will be found that
‘I;w—“»f;+f2><p+2Qxﬁ+Q-p Q- (Py, 5.17

G XYz is 8 rotating frame whose angular velocity at any instant
is given by the equation

O=Fk, (5.18)

k being the unit vector along Oz Sabstituzingﬂfor 2 into eqs
(5.16), (5.17), we obtain equations expressing 9, p in terms of the
corresponding rates measured relative to OX Yz, viz.

Pp=§+8kxp, (5.19)
=B+ kxp+20 kx h+ Fkp k- p). (5.20)
In the second of these equations, we now put

p=rg (5.21%
to yield

D=rf+ 20§+ (P~ r89g + (4§ + 2000k x q-+2r8 kx§+rikq k.
{5.22)

Making use of the equations of motion {5.1), (5.2), this reduces to

Brli+ 204+ 20 ko rkg k-Jg, (5.23)

We shall now indicate differentiations with respect to 4 within
the frame OX'Yz by primes. Then

q="4q, (5.24)

=y +0q. (5.25)

Substituting in eq (5.23), this further reduces with the assistance
of equations (5.2} and (5.4) to the form

THE PRIMER IN AN INVERSE SQUARE LAW FIELD &3

ﬁmf—i @+ 2K X g+ kg K ), (5.26)

Thus, if ¢ has components {u, o, w} with respect to the frame
OXYz, our last equation shows that the left-hand member of
eq (5.9} has components

LT S S r
5 ("~ 2y i , "+ 2 zz;r, w ok w zw) (3.27
along these axes.
From eq (5.21), it follows that
A PH, s 1Y, 3w P, (5.28)
Thus the three components {5.13} of the right-hand member of
eq (5.9 may be written
% o, - :iz ¥, - «E‘_%w. {5.2%)

Eguating these to the respective components (5.27) of the left-
hand member, we obtain the equations

-2y = %{y, {5.300

535
wihw  =§, {5.30

determining the vector g and hence the primer p along the
Keplerian arc,

Since the field is time invariant, a first integral of the equations
{5.300(5.32) is known to exist. This is given by eq (3.40). Sub-
stitating from eq (5.21) into eq {3.19), ¥ is found that

Pp=rd+rgirf kg (5.33)
By eq (5.24), this is equivalent to
Pp=rbly +kxgq) +rg, (5.34)

indicating that the components of § in the directions of the axes
of QX ¥z are given by

Pe= P00 — o)+ i 18 )+ fo, rw' + Pl (535
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Also '
peru, rv, rw}, {5.36
g=(~y/r%0,0), {5.3%
v= (5, 76, 0). ' (5.38)
Eq (3.40) now gives immediately

rréu - PRy 4 G2+ P20 +.{,;}“ = ¢onstant, (5.3

the constant right-hand member being zero when the transit
time is not predetermined. Employing eqs (5.3)-{5.5), this first
integral can be expressed in the form
desin f(l+ecosfi+o(lvecosfPf+ul+ef+3ecosfe=C
{5.40)

where C is a constant and

Fou B iy (5.41)
is the real anomaly.

In the case ¢ =0, the Keplerian arc is a circle of radius [ and
the equations (5.30)-(3.32) then become

B 20 =3, £5.42)
¥ 2 =0, €5.43)
wiw =0 (5.443

These are easily solved and, when the solution is substituted in
egs {5.28}, we obtain

A= g cos f+ B sin f42C, (5.45)

(5.46)

v E cos f+ Fsin f, (5.47)

where A, B, €, D, E, F are constants of infegration. The first

integral (5.40) proves, in this case, to be identical with eq (5.43)
after this has been integrated.

H the eccentricity is noa-vanishing, eq (538} is discarded in

favour of the first integral (5.40). Integrating eq (5.31), we
obtain

¥ = Ae2u, (5.48)

THE PRIMER IN AN INVERSE SQUARE LAW FIELD §5

where 4 is an arbitrary constant, v’ ¢cak now be eliminated from
the first integral to visld

usinf{ recosfi+ ule—cos f-2ecostf)=C— A(} +ecosf i
(549

After multiplying through by an integrating factor {1 +e¢ cos fy?
sin™2 f, this eguation can be integratad immediately, leading to
the result

u={1+ecos f) (4 cos f+ Be sin f+ CI), {5.50y
where

df

sin2fl +ecos Y

and A is an arbitrary constant, This integral can be evalated in
terms of known functions and the result will be found stated in
Lawden (1934), However, in this book, we shall invariably be
concerned with problems for which the time of transit is not
predetermined, but has to be chosen fo yield an optima! man-
ceuvre. For such problems, C=0 and X does not enter into the
caleulation, Substituting for # from eg {5.30) into eq (5.48) and
integrating, it will be found that

Iimsinfj {5.51}

s N D—Adsinf
fJ“(I--?“ECOSf}(“A sin f+ Bl = ECDSfB“F"{"“m'W“{“C}g),

(3.52)

where
cot f 1+¢c0s f,

P lrecos f3 esnf
and D is an arbitrary constant,

Fq (5.44) can be integrated for w without difficulty. The
result is

{3.53)

w=E cos f+ Fsin f, {5.54)
E and F being constants of integration.
It now follows that
A== A 08 f+ Be sin f+ Cl,, {5,55)
D

o — A sin f+ B(I +e cos 1+ 1+ecosf

+ Cl,,  (5.56)
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va (14 ¢ cos £ (E cos f4+ Fsin f), (5.5

a factor [ having been absorbed into the constants 4, B, C D E
and F, .
From eqg (5.19), it follows that

p={p"+k x pf. (5.58)

Hence, if p possesses componenis (£, 5, {) in the directions of
the axes of the frame OX Yz, then

Em (X =3, m={p’ + N, L=v8. (5.59

Substituting in these equations for & from eq (5.4) and for
(A, u, v) from elther egs (5.45)-(5.47) or egs (5.35-(5.57), the
form of the derivative of the primer can be established. If e=0,
i will be found that

142
=L s (A sin f= B cos f+3Cf~ D), (5.60)

172
n= =Lt cos £ Bsin £+ O, (5.61)

yie ,
§m~&3f.2 {F cos f- K sin f), (5.62)
whete @ is the radius of the orbit. If ¢3£0, then

£ YD (Asinfwl)

vz I+ecosf

- B+ cza), (5.63)

118
n=dey (- dle+cos f)+ Desinf+ Ceos f},  (5.64)

.},1,’2 .
{ =% {e+cos IF-Esin f}, (5.65)

- esin f~cos f I
B esinfllrecosfr €

where
coses f. {5.66)

5.2. The Arcs of Intermediate Thrast

The ff}rm' taken by the primer on a general intermediate thrust
arc lying in an inverse square law field of gravitational attraction
to a single centre is not yet (1962} known, However, the problem

s LA
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has been solved (Lawden, 1961, 1962) in the special case when
the arc is restricted to lie in a plane through the centre of
attraction and, in this section, we shali explain how this solution
may be derived.

Suppose that, at time v, the rocket R i3 at the point having
polar ¢o-ordinates {r, &) on the intermediate thrust arc and that,
at this instant, the direction of motor thrust makes an angle ¢
with the perpendicular {0 the radius vector drawn in the same

a

Direction
= gt thrust

Figure 5.2,

sense as the motion {Figure 5.2), Let o be the angle made by the
thrust direction with the line §=90; then

s for - b4 8, (5.673
We shall now resolve the equation of motion of the rocket and
the equation governing the primer in directions along and per-
pendicular to the thrust.

Let a, b be unit vectors in the direction of and perpendicular
to the thrust respectively and in the senses indicated in Figure 3.2
At time £, these vectors are rotating with angular velocity x,[: and
it therefore follows that

d=if b, b= ~f a. (5.68)

Let €u, w) be the components of the rocket velocity in the direc-
tion of and perpendicular to the thrust respectively, Then

¥=ua -+ wh (5.69)
and hence, differentiating and employing egs (5.68)
Ve (- wda+ (W + uhdb. (3.76)
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The equation of rocket motion (2.1} can now be resolved in the
directions of the vectors & and b to yield the squations

i w:,i}mfm;’-;f sin &, (5.70)

W :é <o b, (3723

FreemiM (5.73)
is the acceleration due 10 the motor.

We now transfer our attention 10 the eq {3.36) governing the
primer. Along an intermediate thrust arc, the primer is known
to be aligned with the thrust and to have a constant magnitude,
Thus, we can write

where

p=pa, (574

where p is copstant. Differentiating this eguation twice with
respect to ¢ and making use of eqgs (5.68), it follows that

= p(~ f%a + fb). (5.75)

The components of the left-hand member of eq (3.36) in the
directions of & and b are accordingly {—mg, py) respectively.
Referring 0 the result (5.135) of the last section, we se¢ that the
right-hand member of eq {3.36) has components

2y
;%-’p sits b, ~ %;:p cos ¢ (5.76;

in the radial and transverse directions respectively. Since this
member is a vector, we may further resolve these components in
the directions of a and b to obtain

"2 3 sinkg-1), 22 sin g cos 4, D

respectively, Eq (3.36) can now be resoived in the directions of a
and b to vield

'zmg’ga -3 sin® ), (5.78)

f= - %%’sin é cos $. (5.79)
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The radial and transverse components of v are {7, ré) respece
tively. Resolving these again in the directions of a and b, it
foliows that

ne=f sin ¢4 rf cos ¢, £5.80

wa= — F COS ¢+ rf sin B, (5.8

The seven eqs {5.67), (5.71), (3.72), (5.71, {5.79), (:’3’.79) and
(5.80) now serve to determine seven unknown functions of ¢,
viz. r, 8, u, w, ¢, , f, and hence the intermedtiate thrust arc.

Since the field is time-invariant, & first integral of these equa-
tions can be written down immediately. Its form is given by
eg (3.40). Resolving along a and b, we have

p=(p, 0 g= ( - f; sin &, ;/z <08 <§>), {5.82)

p=(0, p ), v (it W),
Substitution in eq {3.40} now yields

. y
w iy € - sin é. (5.83)

Another first integral can be arrived at as follows: From
eqs (5.78) and.(5.79), we first obtain the equation

t,b.?‘ cos b~ t,b sin ¢ = }?::; cos . (5.84)
¥q (5.72) now implies that
Wb i~y g cos $-+rif sin $=0. (5.85)
"That this equation is eguivalent
—(%{w +risin =0, (5.86)
follows from eqs (5.67) and (5.80). An integration now provides
another first integral, viz.
Wt rd sin ¢=d, (5.87)

A being the integration constant. )
Eliminating ¢ between egs {5.83), (5.87) and then again
between eqs {5.78), (5.83}, i follows that

G
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WA ~ )= (Crﬂ;’ sin qb) sin ¢, (5.88)

2

w1 ~ 3 sin? 95)m£<(7rw2;; sin <,£>)

w and r can now be evaluated in terms of ¢ without further
integration.

Henceforward, in this section, it will prove convenient to
treat ¢ as the independent variable; primes will denote differ-
entiations with respect to this variable. From egs {5.67) and
(5.81}, it follows that

{5.89)

W= - %{r cos )+ r i sin . (5.90)
Whence, employing eg (5.87), we arrive af the result
A Zwmaq;{r cos $). {390

Fhis may be rewritten as

{4-2w)t'= (%;(r cos ¢}, (3.9
from which form, by an integration, ¢ may then be found in
terms of ¢,

Also, from eq {5.87), we derive the equation

o wm (A~ wi{r sin 3. {5.93)

An integration yields 4 as a function of ¢ and eq {5.67) then
leads immediately to an expression for § in terms of this para-
meter,

Finally, fand & can be calculated in terms of ¢ from eqgs (5.71)
and (5.80) respectively,

Although the calculations which have just been outlined can
be carried through in principle, the practical difficulties appear
to be Isurmountable in the general case, and we shall not
pursue the maitter further in this book. However, in the impor-
tant case when the transit time for the manouvre i not pre-
determined, € vanishes and the calculation is then greatly
simplified. Thus, from eqgs {5.88), (5.89), we then fBnd that

A T P T TR BRI TS,
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as®
13527

{3.54)

£5.95)

where a=9y] A% y=sin $, and the sign ambiguity will be resolved
later. Clearly, « is a positive quantity and possesses the physical
dimensions of length.

From eq (5.92), it now follows that

a¥ §5s% - )

},1,-'2" (3.96)

the signs following those in eq (5.95). Iniegrating this equation,

it will be found that

pt% 3o 3, 5 2 (2 yVi3e-4/2 1 ¢

ST R i TRl 5108 a3 TR IE TS
{5.97)

whete ¢=C08 ¢.

¥iq €5.93) gives
¢ =35 5 (5.98)

without ambiguity of sign, and hence
== constant ~ 54 — 3 cot ¢, €5.9%)
From eq {5.67), we deduce that
f=8,—4d~3 cot ¢, (5.100)

where f, is a constant. .

Eqgs (3.94), (5.100) coanstitute polar parametric equations f_‘or
the IT-arc. As ¢ increases from O to a=sin*(1/4/3} (o positive
acute), @ increases from - ¢ t0 {f;~da—3/2) and r increases
from 0 to w, all increases being monotonic. The corresponding
part of the IT-arc is & spiral unwinding from the pole O in an
anti-clockwise sense and receding to an infinite distance after an
infinite number of circuits of the pole have been made. If ¢ is
replaced by ¢, the expression for r is unchanged and the
expression for 8 is altered by the addition of a constant ferm
only. Tt follows that when ¢ takes values lying in the third nga&
rant, the corresponding arc differs from the one already described
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in respect of orientation alone. If ¢ is replaced by ~4 or w4,
the expression for r is again unaltered, but that for § now takes
the form

f=0,+4p+3 cot , {5.101)

where any constant term arising has been absorbed in 8, This
imples that when ¢ takes vajues lying in the second or fourth
quadrants, the resulting arc is & mirror bnage of the spiral
aiready described, i.e. a spirai which unwinds from the polein a
clockwise sense. Values of ¢ lving between the limits {a, v ~a) Or
(o — =, —a) are not permitied, since such values lead to negative
values for r, and r has everywhere been treated as an essentially
positive quantity, All values for ¢ have now received considera-
tion. From this point onwards, we shall restrict ¢ to lie in one
of the intervals (0, «) or {7 -a, w). This restriction does not
result in any loss of generality for, by changing the sign of the
motor acceleration f, a ¢wvalue can always be transferred from
the third and fourth quadrants into the first and second respec-
tively; it will be shown later that, in fact, this restriction results
in ftaking positive values only.

Since # has been assurned to increase with #, the spiral obtained
from $-values Iving in the first guadrant represents the track of a
rocket which is receding from the centre of attraction. The spiral
corresponding to ¢wvalues lying In the second guadrant i
traversed by a rocket which is approaching the centre of attrac-
tion. All intermediate thrust spirals are identical except for
orientation {determined by 8,), scale {determined by 4} and sense
of unwinding from the pole (determined by the range of ¢-values).

The sign ambiguities poticed above can now bhe resolved.
Differentiating eq (5,100}, we obtain

B =3e 2425, {5.102)
since s*< 1/3. Hence

¢ >0, (.103)

since we have assumed § to be positive everywhere. The in-
equality (5.103) is consistent with eq (5.96) only provided that
the positive sign is taken when s is negative (i.e. when ¢ lieg in the
second quadrant) and the negative sign is taken when s is positive
{i.e. when ¢ lies in the first quadrant). We conclude, therefore,
that the negative sign Is appropriate in egs (5.95)-(3.97) in the

THE PRIMER IN AN INVERSE SQUARE LAW FIELD 93

case when the rocket is receding from the pole and the positive
sigrs when the rocket is approaching the pole,
u can now be calculated from eg (5.80). The result is

L 3T
== (5) THES TR % (5109

the sign being selected according to the rule just enunciated.
f now foliows from eq (5.71) thus:

3
fz?’(; ;jz) Q77504605 (51085

There is ne sign ambiguity in this case and, as remarked above,
Fis accordingly positive for all 4 being considered. £q (5.73)
indicates that the characteristic velocity over any segment of the
spiral can be calcuiated from

% - R
Vujfd:w (E)1 QM‘;@W , (5.106)

taken between the appropriate limits, _
The net energy per unit mass E of the vehicle at any instant is
given by the equation

, id
E=}ut+w) L,

(5.107)

vy G-72s% & 16951 ~ 12648
a 2583 - 552
1n the case of a receding rocket, 23 s increases from 0 to 1/4/3, E
increases through negative values to zero and uitimately becomes
positive over the final segment of the spiral. This implies that
the rocket ultimately escapes from the centre of atiraction.
Finally, we will calculate the radial and {ransverse velocity
components of the vehicle. These are given by

C L [YVR (125
vrmr e (E) 32{552 3} COS‘?? (5.1{}8}

y\1%# 3 -45%) (1 ~35%
= (5) ‘S’3{553“3} . {5.109}
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Hence, if v is the angle between the direction of motion and the
perpendicslar to the radius vector,
vy 65(1 — 255 .

BEL Y S e B8 oo G038 1B, 5110

B G ay G ony v GO
Over those portions of the spiral where ¢ is small, we have
approximately

tan y=2s=2 sin ¢,

or y==2dbs (5.111)

ie. the direction of thrust bisects the angle between the perpen-
dicular o the radius vector and the direction of motion. This is
in conformity with a result relating to optimal escape from a
centre of attraction employing a given small magnitude of thrust
to be found in Lawden (1958).

5.3, The Arcs of Maximurm Thrust

Bearing in mind the complexity of the MT.arcs in a uniform
gravitational field (see section 4.1), it is to be expected that sol-
ving for the corresponding arcs in an inverse square law field wil
present great difficulty and, indeed, the solution may not be
expressible in ferms of known functions. To date (1962), no
such solution has been found. However, if such arcs can be
approximated by junction peints at which impulsive thrusts are
operative, the theory of section 3.2 is applicable and the lack of
a solution for MT-arcs presents no obstaclke to the caloulation
of optimal manceuvres in the neighbourhood of a centre of
attraction, This is very often the case in practice, but even where
such an approximation i not justified, an indication of the
correct maneeuvre can usually be found by making the approxi-
mation; then, since the precise details of an optimal manceuvre
are generaily not critical, a satisfactory thrust programme is
casily devised. We shall make use of this approximation, there-
fore, throughout the following chapter.
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Exercises

1. An optimal trajectory Hes in a plane through a centre of inverse
square law attraction. £ is a point on the trajeciory where an [Tearc
terminates and a Keplerian are commences. No impulsive thrust is
a}[l}pliﬁd at P, If gmp?, employing the result of Ex. 2, Chap. 3, show
thit

dig  3of

T -;_-i--s(a - 55%)
at 2. Deduce that p is a2 maximum at P. (Hint: In the result of Fx. 2,
take Oxi along OP) .

2. Show that at any point on the IT-spiral, the circular orbital
velocity ve is given by

vemr /2.1
a

5%
and deduce that egs (5.108), {5.109) may be writien
651 ~25%) cos &

{-3Hie @5t
_(3-4s%) (1 ~3¢2)1h

o g e Ve

3 -55%

Hence show that over the segment of the spiral where ¢ is small, the
rocket velocity is approximately v,

3. Prove that the characteristic velochty for transfer along a segment
of the IT-spiral from se=353 10 $wge, where s1<s2 and 52 is small, is
given approximately by

Caleulate the characteristic velocity for a Hohmann transfer {see
Figure 6.4) between the two terminal orbits to the same order of
approximation and verify that it is less than V.
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6
ORBITAL TRANSFER MANEUVRES

6.1, Introduction

In this chapter, we shall make use of resuits established in the
earlier chapters 1o solve a number of problems relating to the
optimal transfer of a rocket between orbils in an inverse square
law field. For simplicity, the motion will always be supposed
confined to a plane through the centre of attraction, and the time
of transit will be regarded as a variable whose value is also sub-
lect to optimization. The first assumption implies that we need
take account of the primer components lying in the plane of
motion alone, The second assumption reguires that the constant
C be put equal to zero in all the formuiae of the previous chapter.
As an additional simplification, all phases of maximum thrust
will be approximated by impuises.

6.2, Primer on a Circalar Orbit

On an NT-arc which Is a cireplar orbit, egs (5.43), (5.46) show
that

A= 4 cos f+ Bsin f=R sin (f+F), {613
p=2Bcos f-24 sin f+ D=2Rcos {f+fp+D, (62)

where R=4/(4%+ B% and tan fy==A4/B. By appropriate choice
of the polar reference line f=0, these eguations are reducible to
the form

A= R sin f, p=2R cos f4 D, (6.3)

The locus of the point PA, ¢} in the Ap-plane s accordingly an
ellipse with s minor axis parailel to the A-axis and of length 2R,
its major axis coincident with the p-axis and of length 4R, and
its centre at the point {0, D). This is the primer locus diagram
for a circular orbit and is shown in Figure 6.1, Examination of
this figure reveals that, for each circuit of the locus, the primer

RN L O b T
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magnitude p (=0OP) may pass through two maxima and two
minima or only one maximum and one minimum, depending

ellipse and p is a maximum when P is at cither extremity of
the major axis and is a minimum when P is at either extremity
of the minor axis. However, if O coincides with a [ocus, thenpisa
maximum at one extremity of the major axis and 2 minimum at

7

o

NS

the other extremity, and there are no other stationary points.
Proceeding analytically, from egs (6.3) it follows that

PR A% g pf = 3R%08Y 4R D cos f+ RP+ DA, 6.4
Thus 72 is stationary where /=0 and 7 and aiso where
3R cos f+2D=0, {6.5)

This latter equation possesses real solations only when | D
L 3R/2, A little consideration will show that, if | D] <3R/2,
p* (and hence p) has maxima where f=0 or » and minima where
f=ar+cos~t (2Df3R). ¥ Dz 3R/2, p* has a maximum at f=0
and a minimum at f=, If D ~3R/2, p* has a minimum at
F=0 and a maximum ai fe=or, In the special case when R=0,
the primer locus degenerates fo & point and p is constant over
the circular orbit.

Taking these results in conjunction with the conditions
{a)-{d} given on p. 63 it follows thay, if a circular orbit forms
part of an optimal trajectory, then the motor can ondy be opera-
tive at one or both of the points /=0 and fe= {uniess R=0,
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when any two points on the orbit can be junctions). Howaver,
in all cases, A=0 a1 2 junction and hence the thrust must be in
the direction of the perpendicular to the radius vector. But, at
1o point on an intermediate thrust spiral is the thrust in such a
direction and it follows, therefore, by condition (g}, that a circular
orbit can neither be entered from nor left into an Fi-are. Thus,
only impulsive thrusts tangential to the circular orbit are per-
missible.

At any junction p=P and is an absolute maximurn, Hence, if
the circular orbit has two junctions, then either R=0 and

= P, or the junctions are at the opposite ends of a diameter
where =0, 7 and D=0, R= 43P Thus

A=, pws 4P, or As= 23PSINf, pm £ P 0OS S {6.6)

In the first case, the thrust supports the motion at both junctions
or opposes it at both, depending upon the sign selected. In the
second case, the thrust supports the motion at one junction and
opposes it at the other. The first case will be proved inadmissible
in section 6.4.

If, however, the circular orbit is a terminal arc of the optimaj
trajectory, it will contain but one junction point at which p
takes its absolute maximum value P and this junction must be
at f=0 or f=u, This we can ensure by taking

Aw= 3P~ D} sits f, po= (P~ D) cos fx D, (6.7}

where 0 D P, Then, if the positive sign is accepted, the junction
is at f=0, whereas if the negative sign is taken, the unction is
at fw=m; the thrust supports the motion in the first case and
opposes it in the second. It will be observed that the two-junction
possibilities (6.6} are included in the formuiae £6.7) for the ex-
treme values of D, viz, 0 and P,

If an &opulse Is applied to a body moving in a circular orbit
and the direction of thrust is tangential to the orbit (but not
necessatily in the sense of the motion), the body will be trans-
ferred nto some conic orbit. Immediately after the application
of the impulse, the body will be moving at right-angles to the
radius from the centre of attraction and will accordingly be at
an apse on the conic orbit. Similarly, # follows that a circular
orbit ¢an only be entered from a conic orbit by aa impulsive
thrust applied at an apse.
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6.3. Primer on a Conic Orbit

We shali first consider the case where the conic orbit has been
entered or will be left at an apse, by emploving an impulsive
thrust in a direction perpendicuiar to the radius vector. This will
certainty be the case if the previous or subsequent arc is a circle.
Taking the polar equation of the conic o be

im 1+ecosf, 68

eqs {5.35), (3,56} show that the primer is given on the orbit by
the sguations

A= 4 cos f+ Be sin f, {6.9}

p=—Asin f+ Bl +ecos f) ’T:é“cé?“}“ (6,10}

direction of thrust is perpendicudar to the radius vector
Suppose fw=0 is & Junction; then, at this point, A=0and p= = P2
Hence, it is necessary that

A=0, (6.11}

Bt ey 4 D 2 P{ +2). {6.12)

(6.13}
D
p=B(1+ecosf)+ TToeosr” {6.14}
and it follows that

2
PE=At gt B2 €0 + 2BD + 2B + —%m (6.15)

where x=¢ cos /. Defining 8=~ B% (1 +¢® ~ 2BD, we have
a8 20t B8 6D

= YR . - .

dx 7 d+x0% dx® (Lexp

Henee, ift D is non-vanishing, £ has a minimurm where x=x,=
(D*/B%Y3 -1 and its graph must take the form sketched in
Figure 6.2. FThere are now two cases to consider: First, if the conic
is an ellipse so that e<Ci, x will vary over the range (—¢, ¢) on

{6.16)
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the orbit. Then, if x, Hes inside this interval, it is evident from
Figure 6.2 that p* (and hence also p) will assume its maximum
vaiues at the apses f=0 and » and its minimum values at the two
points where ¢ cos f= x,. If x, lies outside the interval, p? wil} be
a maximum zt one apse and a minimum at the other and will
possess no other stationary points on the orbit. Secondly, if the
CORic is a parabola or a hyperbola so that ¢2 1, x will vary over
the range (1, ¢} but will never attain the value — 1. Then, if X
lies inside this interval, p* will be a maximum at f=0 and a

Figure 6.2,

minimam at the two points where ¢ cos fo=x,. If x, lies outside
the interval, then p* will be a minimum at the apse f=0 and will
possess no other stationary points. In either case, phs oo as
-1 and condition {c), p. 63, cannot be satisfied.

H D=0, eqs (6.13), (6.14) show immediately that the primer
locus is a circle with centre at the point {0, B) and radius I'B {e
p has a maximum at f=0 and a minimum at f=m, Thus, in ail
cases, there can be but one junction point and this at the apse
S=0, This case D=0 is the only possible one, therefore, if the
conic is a parabols or a hyperbola. Then, there can be but one
junction point, the apse, and the arc must be 2 terminal one for
the optimal trajectory. Putting D=0 in eqs (6.12)-(6.14), we
obtain for the primer components the equations

12Tt T R LT L PO PV s T T R
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Pe F
=g e 8 s g wle (1 . 6.17
A ﬂl_["esmf, B “1+e(2 ¢cos f) {617y
But, if {vy, vg) are the radial and transverse components of the
velocity v in the orbit, egs {5.3)-(5.3) show that

v,-me\/?sinf, vewrémﬂ(i+ecosf}. (6.18)

Comparing eqs (6.17), {6.18), i is ¢lear that

,—*—w‘\/?v. {6.19)
1+enNf v

Apart from a numerical factor, this is the particular solution for
the primer obtained at eq {3.59).

Returning to the elliptical case with D noawvanishing, unless
x, lies in the interval (- ¢, ¢), there can be but one junction point
on the orbit and the ellipse must then be a terminal arc. If
D=0, the same conclusion follows in all circumstances. If x,
lies within this interval, both apses can be junction points and
then it is also necessary that p=PF at fe=m. This condition leads
to the equation

B(l ~ &+ D= £ P(] —e), (6.20)
If positive signs are chosen in both the egs (6.12), (6.20), so that

the impulse is assumed to support the motion at both apses, it
wil be found on solving for B and b that

B P, Den §P(1 w5, {6.21)

If negative signs are chosen in both cases, so that both impuises
oppose the motion, the signs of B and D are reversed. In these
two cases, it is found that x,={i—eH*3-1 and it is easily
verified that x, does lie in the interval (~¢, ¢). Thus

A= g $Pe sin f, 6.22

1~e®
p=x %P(l+e o8 h‘W)' 6.23;

¥ the positive sign is chosen in eq (6.12) and the negative sign in

R RS A A i mmmrian s A oy

T




162 OPTIMAL TRAJECTORIES FOR SPACE NAVIGATION

€q (6.203, so that the impulse supports the motion at the nearer
apse and opposes it at the further apse, then

Be=Plle, 1w — P{] ~¢¥)f2e. {6.24

xgu= (1 6M)23 -1 as before. The signs of B and D are reversed
if the negative sign is taken in eq (6.12) and the positive in eq
{6.20}, Thus

Aw 3P sin f, (6.25)
1-et

lvecosf /'

5 {6.26)

Since A=0 at f=m in all cases, the impulse is again tangential
to the orbit at the second apse.

it is clear, therefore, that neither the sub-arc preceding the
conic orbit nor the sub-arc following it can be an arc of inter-
mediate thrast, for the direction of thrust is never perpendicalar
to the radius vector on such an arc. Both these sub-ares must,
therefore, be conic orbits tangential at their apses to the conic
orbit under consideration. The following conclusion can accord-
ingly be drawn in respect of an optimal trajectory: If one of the
constituent arcs of nul} thrust is a conic orbit which is entered
or left by means of an impulsive thrust applied at an apse in a
direction tangential to the orbit, then all the sub-azcs are arcs of
mull thrust and the junction points are always at apses. In
particuiar, this will be the case if one subsarc is a circle.

In the general case when the components of the primer are
given on the conic orbit by eqs (5.55), (5.56), (with C=0), it is
convenient to resolve the primer again in directions along and
perpendicular to the major axis of the conic. Thus, if Ao o)
are the respective components of p in these directions, then

Apg= A COS f b §in for 4 — O sin f {6.2T)
#o= A S0 f+p cos fo= Be + Q cos £, {6.28)

w —‘:(Z—f—e cog f—

where
D Adsinf
1+ecos

Defining » o be the perpendicular distance of a point on the
conic orbit from its major axis, we have

Qo Bt €6.29)

DA b L o h e A R A AR A s L BT LM e Rt e TR SN

ORBITAL TRANSFER MANGEUVRES 3
y=rsgin £, {630}

Taking this equation in conjunction with eq (6.8), it is evident
that eq (6.29) is equivalent to the equation

QwB%?rw%{y‘ (631)
Egs (6.27), (6.28), show that the point P(A, 1.} is at a distance
¢ from the point (4, Be) in the Ajuy-plane as indicated in Fizure
6.3. As fvaries, the locus of this point can be determined from
eq (6.31}) and this is the primer locus diagram. The precise form

£y

1
PlAg,peed |

Figure 6.3.

of the locus will depend uypon the values of the comstants
B, Bfl, 4/l and ¢, but the plots in particular cases suggest that p
either possesses two maxima snd two minima or only one
maximum and one minimum, as was proved to be the case
when 4=0.

6.4, The Derivative of the Primer

At a junction p is continuous. Before proceeding to apply the

resuits we have obtained thus far, it will accordingly be con-

venient to calculate the components of this derivative at possible

junctions for the cases considered in the last two sections,
Thus, corresponding fo eqs (6.7) for the primer components

on a circle of radius a, eqs {5.60), {5.61) show that

2 phi2 .
&= =55 (4P - D) cos f 2D, 9= w-agswf%(l’w Dysinf. (6.32)
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If there are two junctions, the thrust supporting the motion at
oneg and opposing it at the other, then D=0 and the thrust

find .
£= —y1 P20, 4 =0, ©.33)
whilst at fesar
Emnytit Pi2g8H p={, (6.34)

If the thrust supports or opposes the motion at both junctions,
then D=F and hence

E= gyl PlgB% pue, {635

over the whole orbit, the negative sign being taken in the case
when the thrusts support the motion and the positive sign other-
wise.

If there is but one junction point on the circle and the thrust
supports the motion at this point, then the positive sign is to be
taken in egs (6.32). The junction is then at /=0 and there

E= — 1 (P4 D)[2aPR, 3=, (636)

If the thrust opposes the motion at the junction, the negative

sign is taken. The junction is then where f=w and at this point

§=yt® (P+ D) 2455, =, .37

Referring to egs £5.63}, (3.64), it is found that at the apse
JF=0 on a conic orbit, if a tangential thrust is applied there,

},1;'2
f= T (1+0) [D+B(+e)], 7=0. (6.38)

I the,apse fe= Is & junction at which the thrust is tangential
to the orbit, then at this point

12
= m’z’ﬁg{z ~&) [D+B(1 -], 7=0. 6.39

I both these apses are junctions and the thrust supports. the
motion at both points, eqs (6.22), (6.23) are valid (with positive
signs). It follows that at f=0

1z
14

~ e+ eFQ2-e, 7=0, (6.40)

and at f=xv

1. WTENE Dt B P LT R BTN PR S gy iy
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Poyrit \
§= - —pmii-ef 2+ y=0. (641)

“The sign of ¢ is reversed in both cases if the thrust opposes the
maotion at both junctions.

If the thrust supports the motion at /=0 and opposes it at
F=m, eqs {6.25), {6.26) are valid {with positive signs). Thus, at

P2 .
b=l s el 7=0, (6.42)

and at fear

Pﬁ/ijﬁ .
= - n=0. (6.43)

The sign of ¢ is reversed in both cases if the thrust opposes the
motion at f=0 and supports it at f=m.

Finally, on a hyperbolic or parabolic orbit where an npulse is
applied tangentially at the apse, 2qs (6.17) are valid. Hence, from
eqs (6.38), it follows that at this junction point

yii2
§=3q,t1+aP, 7 (6.44)
the negative sign being taken if the thrust supports the motion
and the positive sign otherwise.

Employing some of the resuits obtained in this section, it can
now be proved that a circular orbit having two junctions, at
which the thrusts both support or both oppose the motion, cannot
enter into an optimal trajectory.

For suppose the two thrusts support the motion and consider
the junction at which the circular orbit is entered. The null
thrust arc preceding the circular orbit must then be an ellipse,
tangential at its further apse to the circle. This apse is a junction
on the ellipse and egs (6.39) give the components of p at this
point. The corresponding components at this junction on the
circle are given by egs (6.35) (taking the negative signy. For con-
tinliity, it is necessary that

P (T) -6y 1D+ B -2 (6.45)
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The distance of the further apse on the cllipse from the centre of
attraction is //(t - ¢} and hence

b
Ti-e

Eq (6.45) can now be wrilten
PO P = D B(Y - 2. {6.47)

Also, at the apse, A=0, p=P and therefore, from eq (6.14), ¥
follows that

£6.46)

Pl —&)e= D+ B{i — )% {6.48)
Solving eqs (6.47), (6.48) for # and D, we find that
B (] eyt - 11P, gDl wg {1~ )B%P. (649
Thus x,; {p. 99) is given by

2 \1]8
x{,m(ﬁa) — = e {6.50)

and, for this value, f= will be a minkmum of p. Condition {0)
p. 63 must accordingly be viclated on the ellipse and the tra-
jectory being considered cannot be optimal,

The case when both the thrusts applied on the circle oppose
the motion, is similarly proved {0 be non-optimal.

We conclude, therefore, that if a null thrust arc belonging fo
an optimal trajectory js circular and is not a terminal arc, then
the two junctions lying on it are at opposite ends of 4 diameter
and the thrusts at these points are in opposite senses with respect
fo the motion, Thus, if & circular orbit forms part of an optimal
frajectory, either as a terminal or an interior sub-arc, ail other
aull thrust arcs will be conics with their axes aligoed.

6.8, 'Fransfer Between Two Clreular Orbits

The manceuvre by which a rocket can be fransferred with
minimim propellent expenditzre from one circular orbit about
a centre of attraction into another copianar and concentric with
the first, was studied by Hobmann (1925), Since the terminal
orbits are circles, it follows from the results of the previous
sections of this chapter that the transfer orbits must be ellipses
with their major axes aligned and tangential o one another and
to the circles at their apses,
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We will first consider the case where there is but one transfer
orbit. This must be an ellipse tangential at its apses to the two
circular orbits as indicated in Figure 6.4, The circular orbits will
be assumed described by the rocket in the same sense and the
transfer will be supposed to take place from the smaller circle to
the larger, This is the mode of transfer discovered by Hohmann,
There are two junction points, the apses 4 and B on the ellipse,
and at both these points impulses are applied in the direction
of motion.

i

Figure 6.4.

Since the impulses at 4 and B support the motion, eq (6.36}
give the components of § at these points on the circles and eqgs
{6.40), {6.41) give the same components at these poinis on the
transfer eliipse. Taking P=1 {eq (3.69}), for continuity of p at 4
it is necessary that

a %
D»Hm(»»l») (1 +ef 2-e). &.50)

But, from the geometry of Figure 6.4, # is clear that
Od=a=[(1+e} {6.50)
D 1=(t +epE? (2 -e), (6.5%)
Similarly, if the outer circle is of radius &, egs {(6.36}, {6.41}
show that B is continuous st B provided that

D't 1= (i)m(z -2+,

Hence

i
w={] — e} 2 (2 + ), - {654
where DY is the value of D appropriate to the outer circle.
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Egs (6.53), (6.54) determine the constants D and 1. But, as
pz:oved in section 6.2, each of these constants must take values
lying in the intervat {0, 1] if the transfer i to be optimal. It
follows that e must satisfy the inequalities

1 (12 -8)g2, {6.55)
1501~ 22 re)g 2, €6,56)

The graph of the function
ye (14 )32 — x), {6.57)

is shown in Figure 6.5. Consideration of this figure indicates that
¥ Hes in the range 1, 2] provided x lies in the Interval f—xy, Xa].

L R

i fct%ows imfmediately that the inequalities (6.55), (6.56) are
satisfied provided e lies inside the interval [0, 2y, where g, is the
smaller of x; and x,. Now — Xy, x, are roots of the equation

X3 3x% 4 Jum {6.58)

By numerical calculation, we find that =879 |, xp=
1-347 ... approximately. Thus

O<eg 08794, {6.59)

_Nmy, if o is the semi-major axis of the transfer ellipse, it is
eviderit from Figure 6.4 that

¢ TR L N RN R R SRRt T
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a=0A=a{l—¢e), b=0B=all +¢). (6.60)
Solving these eguations for a and ¢, we obtain

_ _pi .
a—'é'(ﬂ“é“b), e—m, {6.62}
where p=>5/a. The condition (6.59) can now be reinterpreted as
a condition upon p, viz.
1< p< 156, (6.62)

Thus, i the ratio of the radii of the circudar orbits exceeds 156,
then Hohmann transfer is certainly not optimal,

This result was first discovered by Hoelker and Silber {1859},
who also showed that a three-impulse transfer can always be
found which is more economical in propelient. The threg-impulse
transfer proceeds as follows (Figure 6.6). By the first impulse

[

2

Figurs 6.6,

applied at the junction 4 in a tangential direction, the rocket is
placed in an elliptical orbi whose maior axis is greater than
that of the Hohmann transfer elfipse. At the further apse B on
this orbit, the second tangential impulse is applied to place the
vehicle in a second ellipse tangential at its nearer apse C to the
larger circle. The third impulse 13 applied at C 50 as to oppose
the motion and transfer the rocket into s final circudar orbit, The
greater the distance OB, the more economical is the manceuvre;
in the limit, B is at infinity, the transfer ellipses become parabolas
and the impulse at B i of zero magnitude, However, if p> 1546,
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any three-impuise transfer of this type for which B lies outside
the larger circle is superior to the Hohmann-type transfer. The
Hohmann mancuvre can be regarded as a special case of the
three-impulse mancuvre when B lies on the larger circle and
the impulse applied at C vanishes. Thus, if B Hes just outside
the larger circle, the three-impulse manmuvre can be thought of as
Being derived from the Hohmann manceuvre by a small variation
of its thrust programme. This explains why the Hohmann transfer
is found to be non-optimal in these circumstances,

If p<15+6, u small variation of the Hohmann programume of
the type just considered, leads to an increase in propellent
expenditire, as we expect. However, Hoelker and Silber show
that if 11-9<p<C15-6, then provided OB is sufficiently large, the
three-inpulse mancuvre can still be more economical than the
Hohmann manceuvre. The variation in the Hohmann thrust
programme necessary to convert it inte the more economical
three-impuise manpeeuvre is now a large one, however, and for
this reason, the Hohmann manceuvre continues to be optimal
with respect to small variations, the only variations covered by
our theory.

¥ p>>15-6 therefore, no optimal mancuvre exists. If the
transfer is accomplished employing three impulses, by letling OB
increase indefinitely, the propellent expenditure can be made to
decrease and approach s lower limit Nevertheless, this lower
Iimit is never actually attained for sny finite valoe of OB and
hence does not correspond to a practicable manouvee.

6.6, Ogptimal Escape Maneuvees

If a rocket has acquired suficient velocity to escape from a
gravitational field and is moving along its final NT-arc, it has
been proved in section 3.3 (eq (3.59)) that, on this arc, the primer
is given by the equation

p=v. (6.63)

In particular, if the ficld is one cheying an inverse square law,
then this equation is valid along the hyperbolic or parabolic
escape arc. Now, by the conditions listed on p. 63, at any
junction peint on this are or at a point where it meets an F¥arc,
§ must vanish. Hence, at such a point, ¥ must aiso vanish. But,
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¥ vanishes at the apse on the gscape are and at no other point.
At this apse, v {and therefore p) is perpendicular to the radias
vactor and it follows that this cannot be a point on an iT-arc.
Thus the apse is & junciion point at which an impulse is applied
in a direction tangential to the trajectory. We can now con-
chade, as in section 6.3 (. 102), that the optimal escape trajectory
includes no IT-arcs and comprises oply conic orbits with their
axes aligned and tangential to one another at their apses.

Consider now the one-impulse mode of escape from 2 circular
orbit already discussed in section 3.3, It was proved in this
section that, if an impuisive thrust is applied o a rocket moving
in a circular orbit in the direction of its motion so that the
vehicle is transferred into a hyperbolic orbit and escapes from
the centre of attraction, then ali conditions for an optimal
manceuvre are satisfied over the hyperbolic orbit. On this arc of
null thrust, the primer and its derivative are given by eqs (3,53},
It remains o decide whether the conditions for an optimal
manceuvre are aiso satisfied over the initial circular orbit.

On the circular orbit, the primer components will be given by
eqs (6.7) and, since the thrust supports the motion, the positive
sign before D must be tuken and f= 0 is the unction. The com-
ponents of B at the junction are then found from eqs (6.36). If ¥
is the velocity of the vehicle immediately after the impulse, then
eqs {3.55) show that p, p are continuous across the junction
provided

PV, L (P4 Dy (6.64)
Y 11 Bt o’ ’
where a is the orbital radius. Thus, if Fy=y*#/a*/2 s the vehicle
velocity in the circular orbit, then

D=2V, V. (6.65)

But, for optimal conditions, it is necessary that 0 D P(=V)
and hence
V& Vg2V, {6.56)

The first of these inequalities is obvipusly satisfied. The signific-
ance of the second inequality is best understood as follows.

Let ¥, be the velocity at infinity on the hyperbolic orbit, i.e.
the ulgmate velocity of escape from the cemire of attraction
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Since thg total energy of the rocket remains constant over the
hyperbolic orbit, we can write down the eqguation

éysmgﬂ%yi ) {6.67)

or Vi =yt -2y (6.68)
It is now clear that the rocket can only escape from the feld,

provided V' > 2V, =V, V,is termed the escape velocity at the
circular orbit, ' Vg2V, then eq (6.68) shows that

Vol V, (6.69)

Thl%s, the escape manceuvre we have been considering cannot be
optimal if the ultimate velocity with which the vehicle recedes
fgom the ¢entre of attraction exceeds the escape velocity at the
czm'zlar orbit. This result is due to Lawden (1953},

H VeV, it is shown in Lawden (1953} that escape can be
effected more economically by means of 4 two-impulse man-
CCUVTE, A thrust opposing the motion is first applied to the vehicle,
tran_sferrmg it into an elliptical orbit tangential to the circudar
orbit at its further apse. When the rocket arrives at the apse
on thig ¢ilipse nearer to the centre of atfraction, the second
1mpu131v§ thrust operafes in the direction of motion to mcrease
the W_:locziy to the value necessary to achieve escape with ultimate
velocity V. The closer the second junction point is 1o the
centre of :azzraetion, the more economical is the manceuvre;
kowever, since this junction can never coincide with the centre of

attraction, optimal conditions are not attainable and no optimal
Maneuvre exists.

6.7. Optimat Transfer Maneuvre in the General Case

If the axes of twe coplanar orbits are not aligned, optimat
transfer_ between them cannot take place via a series of ellipses
tangen;zal 1o one another at their apses, and the theory of the
foreguing sections is not applicable. It appears that FT-arcs can
no longer be exchuded from the optimal trajectory and, indeed, i
seems possible that more than one sucharc could be present. Also,
it s(!wuié be remembered, the conditions we have found for an
optimal frajectory serve only fo identify manceuvres which are
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optimal relative to smeil variations of the thrust programme.
This imples that a number of such optimal trajectories may be
avaiable in any particular case and we have no criterion, other
than that of a direct comparison of the characteristic velocities
corresponding 10 each, for deciding which represents the absolute
optimal mode of transfer. Thus, if two terminal orbits infersect,
sransfer between them can be achieved by the application of 4
single impulse at a point of intersection. This impulse is com-
pletely caleulabie when the orbital elements are known, and
hence the primer wili also be known at the point of intersection.
By substituting this information inte eqs {5.55), (5.56) at the
point of intersection on the two orbits, four conditions are
obtained. Also, by writing down equations stating that P is con-
tinuous at the junction, two more conditions become available.
These six conditions serve to determine the values of the con-
stants 4, B, D on the two orbits and then the primer is specified
everywhere. Provided the magnitude of the primer is now found
never to exceed unity, this mode of transfor constitutes a relative
optimum. However, modes employing two or more impuises and
satisfving all the conditions may also be found and these, also,
will represent relative optima. It is clear that the theory, m iis
present state, requires that we should first choose the order in
which the various thrust phases shall succeed one another, and
our conditions will then select the relative optima from the class
of afl programmes for which the thrust sequence follows the
chosen pattern. No criteria are known by which the absolute
optimal pattern can be ascertained beforehand.

Analysis of the special case when the gravitational field is
aniform which has been carried cut in section 4.1, encourages us
to conjecture that any phase of intermediate thrust can always
be replaced, without increase of propellent expendifure, by two
phases of impulsive thrust separated by a auli thrust phase.
However, numerical computations suggest that there exist pairs
of arbits between which transfer can be effected via a single 17-
arc and for which the best two-impulse transfer involves 4 greater
expenditure of propellent. It appears probable, therefore, that an
Ffarc or arcs will, in general, be present in an optimal tra-
jectory. In this connection, the reader is referred to section X of
Lawden {1962, Chap. 3, where it is proved that the magnitude
of the primer is always 2 maximum, as required, at any junction

{
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between an 1T-arc and an N'T-arc. Howevez, it is to be expected
that the Jacobi-type condition (section 1.11) which we have not
studied in this book, wiil require that any IT-arc present in an
optimal trajectory shall not be too long. This would explain
why the transfer between two nearly circular orbits via an
IT-arc, discussed i section X1, Lawden (1962}, Chap. 3, is less
economical that a two-Impulse mode of transfer, for the former
mode of transfer involves a large number of turns of the inter-
mediate thrust spiral.

Since we have, as yet, no means of deciding the pattern of the
thrust phases for an absolute optimal transfer between two
coplanar orbits, we shall, in the final sections of this chapter,
study relative optimal transfers conforming to the two simplest
possible patterns, viz. transfers via one or two impulses, there
being no phase of intermediate thrst.

6.8. One-Impuise Transfers

Any elliptical orbit in a given plane through the centre of attrac-
tion can be completely specified in terms of three elements, viz,
}, the semi-fatus rectum, e, the eccentricity and &, the Jongitude
of the pericentre measured from the reference ¥ne §=0. Con-
sider the two orbits having elements (I, ¢/, @, ¥, e, &), which
we shall assume to intersect at a point P. A suitable impaulse
appled at P wil effect transfer from the first orbit to the second
and, as explained in the previous section, this impulse will also
determine the primer at all points on both orbits, In this section,
equations will be found from which the primer can be con-
veniently calculated along the two orbits. ¥ the magnitude of the
primer is then found to be nowhere in excess of urnity, the transfer
wiil be known to be relatively optimal.

Let {, ) be the polar co-ordinates of P and Jet f°, f be the
real anomalies of the point on the two orbits. Then we have the
equations

24

¢ cos f’mmf;- -1, (6.70)

{6.71)

6.72)
£6.73)
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determining r, 8, fand /. Let ¢ be the angle made by the im-
pulsive thrust 7" with the perpendicular to the radius vector OF,
drawn in the sense of the orbital motions {Figure 6.7). The
component ¥ of the rocket’s velocity at  in a direction per-
pendicular to the thrust is unaffected by the impulse and is
therefore the same for both orbits. If (vy, vy} are theradial and
transverse components of the rocket’s velocity at P in the orbit
{Z, ¢, @), then

W pgsinl b~ v,CO8 &, {6.74)

Employing eqgs (6.18), this equation ¢an be written in the form

{6.75)

Figure 6.7.

Similarly, by consideration of the other orbit, we obtain the
equation

#’sin f’m»%;» tan ¢ — W\/—i}* sec . (6.76)

Eqs €6.75), {6.76) serve to determine W and .

Equations can now be written down expressing that p is a
unit vector in the direction of the impulse at P and that p is
continuous at this point. Referring to egs {5.55), {5.56}, {5.63)
and (5.64), it will be seen that the required conditions are as
foliows: '

s PHETTHE A L ey




116 OPTIMAL TRAJECTORIES FOR SPACE NAVIGATION

Alcos f/4 Blesin e 4 cos 4+ Be sin f=sin ¢, |
- A'sin f o+ B {1 +e’cosf’)u‘.~'z} —A'sin
D-dsinf -
TTocos fo o s

. A’Siﬁ f!_,_ D’ A Sin f‘“‘ B
s L e P e
(i+e’cosf’ B) z (1’“’me B)’
P81 — 4’ +cos [+ D'e'sin f7}
=132 — A(e+ cos f)+ De sin f}.

= 4 8in f+ Bl +ecos )+

These provide sufficient equations for calculating the constants
A B D A, B, D.

Solving the egs {6.77) for A and employing eqs (6.70}, (6.71),
(6.75} and {676} in the reduction, it wili be found that

Y g Wl sint
e/\/T A=W o Sin . {6,783
By the second of egs {6.77), we have
Besin f=sin¢d~4 cos £ (6.79)

Substituting for 4 from eq (6.78) and making use of egs {6.71),
{6.7%), it can now be shown that

or {1 7
Py e -;wl Z-I*Wﬁ;ﬁ'f—é“ﬁiﬁ?g COS(I&"}"

{ . Wwpiz
(;‘- sin ¢ — i ) tan ¢. (6.80)

Writing the fourth of eqs (6.77) in the form

B+ D=(1-+ecos f) cos -+ (2+e cos f) (4 sin f~ Be cos 1)
(6.81)
and substituting in the right-hand member of this equation for

B from eq (6.79), by emploving eqs (6.71), {6.75) and {6.78),
it follows that

NN/ TAY
By D — { 1 %"mﬁ'&"(; Es Z)Siﬁ é)}cﬂs (ﬁ. (6.82)
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The constanis A, B, D may now be coaveniently calculated
from egs (6.78}, (6.80) and (6.82). When this has been done, the
primer is fully deterrnined on the orbit (/, ¢, &) Replacing
A, B, D, | e in eqgs (6.78), {(6.80), (6.82) by the corresponding
quantities with primes, equations from which &, B, LY can be
calculated are immediately obtained and the primer is thea
known over the second orbit also.

To determine the characteristic velocity for the ranceuvre, it
is only necessary to calenlate the components of the velocities
at P of the vehicle in the two orbits; the difference is then the
velocity increment caused by the impulse, Let I/ be the com-
ponent of the orbital velocity in the direction of T for the case
of the orbit (/, ¢, ©). Then, referring to Figure 6.7, it is clear that

vy U cos ¢+ W sin ¢. {6.83)
Hence

Ue= i%’ﬁsec - W tan &. (6.84)

Similarly, for the same component U’ in the orbit (7, ¢’ &), we
find that

U ’zu\-/»%{f--msec & — W tan &, {6.85)

Subtracting the last two eguations, we obtain for the character-
istic velocity

112
Vo U U= Lo (02 - P00 . (6.86)

6.9. Two-Tmnpdse Transfers

Let (, ey, &y, (s, ¢g @o) be the orbital elements of two co-
planar osbits to be described by a rocket in the same sense,
Assuming that transfer between these orbits is effected by the
application of two impuises, let (/, e, @) be the elements of the

_ orbit along which the tramsfer takes place. The transfer orbit

intersects the terminal orbits at two junctions Py, where i=1 01 2,
depending upon whether the junction lies on the first or the
second terminal orbit. The polar co-ordinates of F; will be
denoted by (r;, ), ¢ will denote the angle made by the impulse
at P; with the perpendicular to the radius vector through the

ik LTI
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point and W the component of velocity in a direction perpendicy-
far to the impulse.

Then, the values of the constants 4, B, I} on the transfer orbit
must be the same whether calculated from data relating to P,
or from data relating to P,. Thus, from egs $6.78), (6.80), (6.81},
three conditions to be satisfied by the transfer orbit may be
derived. These three conditions will be sufficient to determine the
three ¢lements of this orbit. Before writing down these con-
ditions, it is convenient to introduce new quantities p, g, &, 2
defined by the following equations

p=1/l, g=e/l, (6.87)
sp=1/rg, Zy= Wil %sin ). {6.88}

The three conditions may then be expressed thus:
€2y —51/2y) sin ¢y = (25— 84/ 2} sin ¢y, (6.89)

(51— p) (1 p* (7.} cos ¢y & (s~ Z;p ) sin &, tan ¢,
={sy Py (1 + p2 22 3 08 by + (55~ Zop ) sint ¢hg tan s, {6.90)

5P :
(1 4 TZ.’.I",PW) cos élz(l E - )COS ';52. (6,91}

An alernative derivation of these conditions can be made
{l.awden, 1962) by expressing the characteristic velocity ¥ of the
transfer manceuvre as a function of the elements (7, e, &) and
writing down the conditions that ¥ should be stationary with
respect to all small variations in these elements.

To complete the set of eguations determining the optimal
transfer orbit, it is necessary to write down equations relating the
quantities s;, 8, Zi, ¢ to the orbital elernents. Referring to the
polar eq (6.8) for an orbit, four conditions ihat the junctions
(r1, 853 should lie on their respective orbits can st be written
down in the form

10088 ~ Gy 51— py, {6.92)
g cos{f; ~ @) w5y~ p, 693
g cos(fg~ @} =5y p, (6.94)
g5008{8; ~ Bo) = 5 — Py (6.95)

Then, at each junction, two equations of the type (6.75) are
available. These can be written
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gysin(fy — dy= (s, ~p1'°2)) tan &, (6.96)
g sinff, — &} = (5, — p232y) tan ¢y, (6.57}
g sin(fy— @) =(s4--p1 22, tan &, (6,983

{6.99)

There are now eleven equations, viz. {6.89)-(6.99), from which
the eleven unknown quantities 5y, 5a, 9y, 85, 20, Zo, b1, b0, 5, 9, &
may be evaluated.

Sclution of this set of equations has been performed (Lawden,
1962, Phmmer, 1960 and Smith, 1959} for the cases when (i) the
axes of the terminal orbits are aligned and (i) the terminal
orbits are identical apart from their orientations. In owr final
section, we shall obtain an approximate solution for the case
when the terminal orbits are both of small eccentricity.

8.16. Transfer between Terminal Orbits of Small Eccentricity
Let{p. gy, iy} {Pg, s, digh e being a small guantity, be elements
of two almost circular coplanar orbits about the same centre of
force. We shall assume that each of the eleven guantities involved
in the optimal two-impulse transfer and which are governed by
eqs {6.893-(6.99), are regular functions of € for sufficiently small
values of this quantity and cen accordingly be expanded as
power sertes in e, It will here be convenient to denote these
eleven unknowns by the symbols §, &, . . ., &, so that the power
series expansions can be written

(6.100)

ot a o
Fomsprasbetyy b,
G bed bekh 4L L,

We shall proceed to caleulate these expansions as far as terms
of the first order in e. The resuits to be found were first obtained
by Smith (1959}, (N.B. Primes in eg 6.100} indicate the order,
with respect to ¢, of the varicus terms and are not intended to
signify differentiations as formerly.) :

Replacing ¢y, g5 in eqs {6.89)-(6.99) by gy, egy respectively
and substituting the power series expansions (6.100), by eguating
terms of zero order from the two members of each egquation, the
following equations are derived:

(Zi-sy/2Z) sin dy=(Zy~ 522 sinds, (6101

CRRPR . 1Y, %
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(5¢ = Py (1 + pL1Z) cos ¢+ (5~ Z,p1 %) sin &y tan ¢y
w= (§p— 2} (15 p12)Z,) €OS by + (55~ Z5p %) $in &, tan ¢, (6.102)

S Fa+ P
5 {610

(1+ e Z,zplr"z)cos%’ {6.103)
(6.104)
g cos(f ~ &)y=s53 P, {6.103)
g cos(y~ @) =551, (6.106)
G=s50— Py (6.107;
0=(s;~Zp}"*) tan ¢y, (6.108)
g sin(By ~ @}y ={sy ~ Zp* ") tan ¢y, (6.10%
g sinffy,— @) ={55—Zop*'D tan by, (6.110)
0= (34~ Zop 2 *) tan ¢y, (6.111)
It is clear that these equations are Identical with eqs (6.89)-(6.99)
after ¢, and g, have been put equal to zero. Their solution
accordingly corresponds to the optimal two-impulse transfer
between two circalar orbits, viz. the Hohmann mode of transfer.
B we assume that transfer is fo tzke place from the smaller

orbit to the larger, then we koow that for a Hohmann man-
CEuVIe

py=dy=0, § ~@&=0, Oy~ @ =m,
} {6,112}
17, Sg= Dy
Egs (6.104)-{6.111) are now all satisfled provided we take
p=Xpb o), q=Hp - o) (6.113)

¥ a, a, are the radii of the circular orbits, then py= 1/ay,
Py=1Ja, and, by eqs {6.113), the semi-latus rectum and eccen-
tricity of the transfer orbit are given, to zero order in e, by

1 2a0y

Fm e wm aray (6.114)

?
7 ag“!"ﬂl
These results aiso follow from the geometry of Figure 6.4.

(6115
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& is, as yet, indeterminate, the orientation of the Bohmann
transfer ellipse being arbitrary.

Eq (6.101) is satisfied, since &, =¢y=0. Eqs (6.102), (6.103)
reduce to

Wof 11
24/2+(py »«:-'pgl-f-(? + ;7?") =0, {6.116)
1 z

3py+p.  PyE 3l
Lo . 137
Z 5 {6.117}

It follows that
Hp. +Pa
Zy l/.m{’w%mp_}-] 2
P+ 3ps
We now turn to a consideration of the terms of the first order
in e It is found from egs (6.89)-(6.99) that, after some sub-
stitution of the values just obtained for the zero order terms, the
first order equations take the form:

(Zy~ i 2y =Ly~ P2l 2, (6.119)
Pz )
2422, Zi

_ .:}/ Hpy+pa)
3py+py

(6.118)

B

(s, (L +PYZD+(y wp)(

’ 127,
S .t ) (6.120)
iz, Zy

sy +p’ zZ
gt = (fy + P} ( + )
Zyphie ! Zipiz 22, p57%

={sy ) {1+ pH¥ 2+ (ps —p}<

Spp (6.121)

(6.122)
{6.123)
(6.124}
{6.115;
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BSin@ ~ By (py = Zy oy Iy 6.126)
78~ &Y= (py - Z, Py, (6.127)
gy = &) e (py = Zpp* Dby, (6.128)

— oS ~ B =Py Zo pa “Wbre (6.129)
Dividing eq (6.129) by eq {6.126), we obtain

_gwsin(@ -3 (pa-Zup} s
asin—ay)  (py~Z,pi4,

(6.130)

Eliminating the ratio ¢7,/¢’, by the use of eg (6.119) and sub-
stituting for Z,, Z, from eq {6.118), this equation can be written

in the form
_sin (B—da) @ P2
5 an(m) (6.131)

where, in its simplest form,
O 3x /AL e xR
PO=y Nz

Eq {6.131) now determines & and, solving for tan <, it is found
that

{6.13)

_Qsind, +sind,

fan @& s
O cos Dy + COS Gy

{6.133)

o=Np (p 2) (6.134)

ga £i

¥ P(x) is graphed against x, it will appear that, very approxi-
mately

Plxye x, £6.135)
¥t follows, therefore, to the same degree of approximation that
Py G

w e (6150
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ey, ¢, being the eccentricities of the terminal orbits, Eq (6.133)
can therefore be written approximately thus:
€811 By + 51 @y
€008 @) + 6,008 Gy

tan &= (6.137)

B is now clear that, if' ¢3¢, then @&=a¢, approsimately,
whereas, if ¢;>»ey, then d=d, This means that the axis of the
rransfer ellipse tends to align itself with the axis of the terminal
orbit having the greater eccentricity. This is the Rale of Aftraction
of Eccentricities. In particudar, if one terminal is a circle, then the
axis of the transfer ellipse is aligned with that of the elliptical
terminal; this we have already shown o be the case in the earlier
sections of this chapter.

Having caleulated &, the first order terms in the expansions
are easily calculated from egs (6.119)-(6.129). However, &
remains indetermninate at this stage and, if required, can only
be found by a consideration of second order terms.

It may be shown (Smith, 1959) that the first order solution for
the transfer orbit which has been determined by this method is
identical, to the same order of approximation, with the optimal
eflipse tangential to both terminals. This cotangential ellipse was
the subject of an investigation in Lawden (1952}, However, in
general, such an ellipse does not constitute the optimal transfer
orbit, aithough it is usually near-optimal (Bender, 1962).
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Exercises

1. p=58/a(>=1}is the ratio of the radit of two coplanar circular orbits
and transfer between them is to be effected according to the Hoelker-
Siiber three-impuise mode, If ¢ {5} is the distance from the centre of
attraction of the jnction which does not lie on either circle, show that
the characteristic velocity for the manceuvre is given by

o JrT N Upx—1) Lie 1fE . 102 :l

V“/\/;Lxm(px Fijen VISR AE -t E -1

where x=c¢fh, Prove that the signs of d¥7dx and the expression
Io+ i +8p(p+ 1x — p%p ~ 9hx?

are identical for x21 and deduce that ¥ is monotonically decreasing
for all x if p=15-6. Deduce that. for such values of p, the three-impulse
mode is more economical than the Hobmann meode for all x21.
Sketch the graph of ¥ againgt x when p<<15-6 and show that, if
#>11-94, the three-immpulse mode is the more economical for sufficiently
large values of x.

2. A rocket is moving in & circnlar orbit of radins ¢ with velocity ve
and is to escape to infinity with remaining velocity v. Show that the
characteristic velogity for the two-mpulse manceuvre described at
the end of section 6.6. is given by
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where p=vf{+/2v;) and x=ale’, &’ {<a) being the distance of the
second junction point from the cenire of attraction. Deduce that, if
p>=1, V decreases monotonically as x increases, and henge that the
iwo-impulse manomvre is more economical than escape via a single
tangential impulse, for alif x>1.
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