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. Review of the Problems

This chapter is concerned with the mathematical problem of determining
the optimal track along which a rocket vehicle may be transferred from a
launching point on the surface of one planet of the solar system to o desti-
nation point on the surface of a second planet. The first planet will be
designated the departure planet ov D-planet and the second the arrival
planct or A-planet.

* Much of the material in this chapter was originally prepared as a report for the
Research Division of Radiation, Ine., Orlando, Tlorida, on Contract AF 33(616)-5092
from the Weapons Guidance Laboratory, Wright Air Development Center, Dayton,

Ohio.
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2 DEREK F. LAWDEN

Optimization of the rocket trajectory has to be performed in respeet Lo
lwo major variables, (a) the propellant consumption, and (b) the time of
transit. In general, it will be desirable to minimize both these factors by
appropriate choice of the trajectory. IHowever, these two requirements
prove to be in direct conflict and a compromise will have to be sought.
Until more powerful propellant combinations than are at present known
become available, it will be necessary to weight this compromise very
heavily in favor of a reduction in propellant consumption rather than in
the time of transit. In the early years of planctary exploration, remotely
controlled unmanned probes will presumably be employed and the time
of transit will, in any case, be a factor of small importance. For such jour-
neys, trajectories of least propellant expenditure will be followed. However,
the saving in food, water, oxygen and the other essential supplies for a
manned expedition following upon a reduction in the time of transit, may
be greater than the consequent propellant increase. An overall economy
will then have been effected. For such an expedition, a compromise trajec-
tory will therefore have to be found.

Having made a decision with regard to the interplanctary trajectory
to be followed, it will be necessary to consider the mode of entry into this
trajectory from the lnunching point on the D-planet (usually the earth).
It seems likely that the degree of control which will be exercised over the
vehicle's motion during the ascent will be insufficiently precise to justify
a direct transfer from the launcher into the interplanetary orbit. Instead,
it is to be expected that the vehicle will first he transferred into a satellite
orbit, as close as possible to a previously computed circular orbit, either in
its final form or in scetions to be assembled in space. Entry into the inter-
planetary orbit would then be made by the application of a carefully timed
and directed impulse from the motors and initiated from the ground control
station. In the case of a probe, this maneuver could only be performed
successfully provided remote control of the orientation of the rocket axis
was sufficiently precise to ensure that the thrust was properly directed.
However, this is very largely a servo-engineering problem and will not be
further considered in this Chapter. It scems feasible that suitably located
compressed air jets or internal flywheels could be used to control the
orientation of the rocket. Such devices would be linked to an element
sensitive to the rocket’s orientation and the combination formed into a
closed servo control loop.

During its motion along the interplanetary trajectory between the two
planets, it will be necessary to make sufficient observations of the rocket’s
position and velocity to establish the elements of its orbit. This, inevitably,
will differ from the previously computed optimal trajectory and it will be
necessary to apply a small correctional thrust as soon as possible after the
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divergence has been noticed. Again, a fine control over the rocket orienta-
tion will be neeessary if this, and later, correctional thrusts are to be
applied effectively. Also, a method of rapidly computing the magnitude
and direction of a correctional impulse must be found.

A precise computation of the trajectory of the rocket as it moves be-
tween the planetary terminals would be n laborious process involving a
step-hy-step numerical integration best performed by a large scale auto-
matie caleulator. However, for many purposes, it will be sufficient to divide
the transfer maneuver into three phases, (a) in proximity to the D-planet,
(b) in interplanctary space and (c) in proximity to the A-planct. During
cach of these phases, the attraction of a single body is dominant and the
influence of any other can be disregarded. Thus, during the first phase, by
referring the motion to a frame moving with the D-planet, the effect of the
sun’s attraction can be reduced to that of a small perturbing foree, due
only to the non-uniformity of the sun’s field in the neighborhood of the
planet. It will be shown in Section XIII that this force causes spatial and
velocity changes of magnitudes smaller than those to be expected as a
result of the inevitable launching errors and consequently there appears
to be little point in making any allowance for them. These errors ean be
corrected later on the trajectory, at the same time when the launching
errors are corrected by the application of a small thrust from the motors.
During the second phase, the vehicle will have receded to a great distance
from the D-planet and its motion will be governed almost entirely by the
attraction of the sun. The points which have been made in respect of the
first phase apply equally to the third phase. It is clear, therefore, that the
whole trajectory may be regarded as comprising a suceession of Keplerian
arcs and this approximation will be employed in much of the work de-
sceribed later.

It may happen that it is advantageous to introduce further phases into
the space-ship's motion, during which it passes close to an attracting body
other than one of the planets of departure and arrival. Thus, a rocket
whose destination is Mars, might purposely be Inunched into a trajectory
earrying it close to the moon with the object of acquiring momentum
without the expenditure of propellant by making use of this body's attrac-
tion. Again, the trajectory might be chosen to permit a close encounter
with one of the Martian moons, with the intention of conserving propellant
at the destination planet. Such mancuvers are called perturbation
maneuners.

Il. The Generalized Mayer Problem

As first pointed out by Cicala [1] and later amplified by Micle [2-4],
the problem of minimizing the propellant expenditure of a rocket can be
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arranged in the form of a calculus of variations problem of Mayer type
and hence solved by known techniques [5]. In this Section, the Mayer
problem will be stated in a generalized form, embracing within its scope
all later problems concerning the caleulation of optimal trajectories under
various conditions. The solution to this problem will be stated and will
then be employed as a basis for subsequent investigations.

The generalized Mayer problem may be stated thus:zi(t) (z = 1,2,...,n)
are n unknown functions of an independent variable ¢, which are to be
defined for values of ¢ extending over the range fy £ ¢t < t. These functions
have to satisfy the m first order differential equations

4’i(£!f0!tls"hx‘s j"f) =0 (J =1, 2: ey m < ﬂ), (1)

where the  (k = 1, 2, ..., ¢) are g parameters whose values are also un-
known. The values taken by the functions z;(t) at the end points of the
interval (&, &) will be denoted thus:

.T,"'(tﬂ) = T Ii(tl) = Ti1. (2)

These values are to satisfy the p equations

Villo, i, 0, 20) =0 (I=1,2,.,p S 2n+ 2). (3)

J is a given function of o, ly, T, Ta, 1.0
o} = J(‘o,tl,xﬂ]jmﬂ)' (4)

It is required to choose the functions z;, subject to the constraints (1) and
(3), the end points &, ti, and the values of the k¢, so that J is minimized.

To obtain a rigorous solution to this problem, it is necessary to state at
the outset the assumptions which may be made concerning the analytical
properties of the functions ¢;, etc., and to specify the set of functions w;
which are admissible for the purpose of minimizing J. However, apart
from the statement that the x; will always be supposed continuous and
their first derivatives, the #; continuous except at a finite number of
points, these assumptions will not be made explicit, since it is our object
to apply known results rather than to describe the most gencral circum-
stances in which they are valid. The reader interested in this aspect should
consult Bliss [5].

Let A1, Az, ..., A denote Lagrange multipliers depending upon ¢ and to
be determined subsequently. Let F be the function defined by the equation

F =)\ (5)

Here, as clsewhere in this chapter, the usual summation convention is
operativein respeet to repeated lower case literal subseripts. Let vy, va, ..y vy

e
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be constant multipliers, also to be determined later and let H be defined .

by the equation,
}I £z J + Vi #{(-. (G)

Then, the functions @y which winimize J necessarily satisfy the second
order differential equations

al" o ﬁ .(E - 'J
a:l'.' di 6‘9':.- a
at nll points where the #; are continuous. These are the Fuler equalions.

Also, at the end points ¢ = tp, t = {y, it is necessary that

ol | all “ R

(i =1,2;:...n), (7)

als T Pt 2 ) e dt = 0, (8)
g{;{ + %& da + . : %E dl =0, )
e~ (32 )= 0 (10
%4‘(%)1:[), (1

[ m=o (12)

wheret = 1,2,.,nand k = 1,2, ..., q.

Together with the m constraints (1), the n Luler equations, which are
of the second order, determine the m + n functions x;, A;, apart from
2(m + n) constants of integration. The (2n 4+ ¢ + 2) Eqs. (8)-(12), to-
gether with the p constraints (3) and the 2m equations obtained by setting
t =to, ! = &y in Figs. (1), determine the p constants v;, the end points {,,
l1, the paramelers . and the 2(m -+ n) constants of integration.

The derivatives &; may be discontinuous, but at each such discontinuity
the Weierstrass-Erdmann corner conditions must be satisfied. These require
that the following expressions shall be continuous at the discontinuity:

ar . ol
‘ 61'".,-, F — a_f"‘.
Writing
‘ K=F — i YR (13)
it may be shown that
dK _ , 39i »
dat =N (i)
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It follows that, if the ¢; are not explicitly dependent upon {,

K = constant. (13h)

This is a first integral of the Iuler equations. It is clear from the
Weierstrass-Iirdmann corner conditions that the constant right-hand
member of this equation is not affected by a discontinuity.

IIl. Optimal Ascent into a Circular Orbit

To illustrate the conditions upon an optimal trajectory listed in Section
11, the problem of transferring a rocket from a launching platform into a
circular orbit about the earth with minimum expenditure of propellant
will now be considered. It will be supposed that the vehicle is launched
with zero initial velocity and that the initial direction of projection is not
prescribed. The final velocity at the end of the powered trajectory is to be
horizontal and of given magnitude U (satellite velocity) and at this terminal
the rocket’s height is to be ¥ above the launching point. It will be supposed
that the propellant expenditure is a prescribed function of the time after
launching ¢, so that the component of acceleration f due to the motor
thrust is also a given function of t. It is required, therefore, to calculate
the thrust direction program yielding the prescribed final conditions in
the shortest possible time. IFor simplicity, aerodynamic forces, earth
curvature and rotation and variation of gravity with height will be neg-
lected. The effects of these factors can be expected to be small over the
powered arc, which is relatively short. ;

Taking axes Ox horizontally, Oy vertically through the launching point
0, it will be assumed that the rocket’s motion is confined to the plane Oxy.
Let (z, y) be the coordinates of the rocket at time ¢, (u,») its velocity
components in the directions of the axes, and 6 the angle made by the
direction of the motor thrust with the horizontal. Then the equations of
motion of the rocket can be expressed in the form

h=i—u=70,

h=yg—0v=0, (14)
¢ =1 — fcos @ = 0,

=0+ g—[sing =0,

g being the gravitational acceleration. In the particular problem being
considered, the constraints (1) take the form of Eqgs. (14) and govern the
five unknown functions x, y, u, v, 8 (the 2;). We shall suppose that launch-
ing takes place at the instant ¢ = 0. Then, the boundary conditions are
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Y= g = (), W= —1 =0,

Yo =0 = 0, Vo= — U =,

'}’82 g = () 1;/,;:1-’ =) (lr |
] . _))

Yy =1 =0,

Ve =1 = 0,

Iy
T'hese represent the end constraints (3) for the problem. Finally,

L=t (16)

l(i‘;t,ol}g; minimized by choice of the functions , Y, 1, v, 0 satisfying Iqs.

The Lagrange function takes the form

Fr=M@E =) + M@ = 0) + M@t — feos0) + M + g — fsing) (17)

and the Fuler equations (7) are accordingly

5\1=5\g=)\;+)\1=?\.+)\2=(), (IS}
J(Aasin 8 — Ny cos 0) = 0. (19)
It follows from these equations that
A= —a, A = —g¢, A= al + b, M=cl+d, (20)
. _ct+d
tan 0 = PR (21)

a, b, ¢, d being constants. We conclude, therefore, that the thrust direction
program must be such that the tangent of the thrust angle 8 is a bilinear
function of the time. Since this result has been obtained without reference
to the boundary conditions (15), it is implied that the thrust directior;
program will take this form for any mission to be accomplished in a uni-
form gravitational field and in the absence of aerodynamic forces. It is
therefore of very great generality. Lawden [6-8] and Fried and Richardson
[9] obtained this form of optimal thrust direction program when investi-
gating other rocket maneuvers in a uniform field.
The function /1 [Iiq. (6)] is now written down thus:

H =ty + wixo + vapo + vatts + vavo + il
(s — V) + va(ur — U) + vy, (22)
The conditions (8)-(12) then yield the equations
vs + vido + vagio + vatta + vty = 0,
I + velli + ity + vy = 0, (2“)

4 B AI,EI et 4 A?,I‘I = y3 — AS,I‘I =y — R,‘.ﬂ = U’

)\I.i = v + kglr = 1 + hﬂ.l = 1y + xi.l =0.
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Eliminating the v, the following conditions remain:
A= Aty + Mt + Md =1, (21)

both to be satisfied at ¢ = . The first of these conditions shows that a = 0
and henee that

_c d 95
tan 0 = b i+ N (25)

that is, tan @ is linear in ¢.

Given f explicitly as a function of , 8 is determinable from lﬂ:‘l. (25)
and it follows that the Eqs. (14) can be integrated to yield equations of
the trajectory. The four constants of integration must be chosen so tlllnt
the four boundary conditions at ¢ = 0, viz. x = y = u = v = 0, are satis-
fied. There are three boundary conditions to be satisfied at t = {;. These
suffice to fix the unknown ratios ¢/b, d/b and the duration of the maneuver
t. The remaining condition (24) has no practical significance; it serves to
determine b, ¢, d, individually.

In the particular case when f is constant, if @ = —c/b and 6y, 6; are the
initinl and final values of the thrust angle respectively, it can be shown
that the three conditions just referred to may be written in the form

. tan 6y + sec fo)
al "rlng{tan 0, + sce 6]’

S _cos (6 — 6) (26)
g sin 3(6 + 6))

2a?Y + all = f(sin 0y — sin 0y)sce Oy sec 0y

Equations (26) can be solved numerically for «, 6o, 61 when g, U , Y are
given and the trajectory is then completely determined. If U = 5 miles/sec,
Y = 51 miles, it will be found that

a= 25X 10"? 6, = 30° 6, = 0°

Employing Eq. (25), it is immediately deducible from these results that
;= 231 sec.

IV. Optimal Rocket Trajectories in Vacuo

The general astronautical problem of optimizing a rocket t.raject.orly
with respect to the propellant expenditure, may be expressed mathemati-
cally thus: D and A are two given points in a given gravitational field; the
velocity of a rocket being specified at these points, it is required to connect
them by a curve along which the rocket can be navigated with minimum
expenditure of propellant. Thus D might be a given launching point on

. —
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the earth’s surface or o point on o eireular satellite orbit about this body;
in the first case the specified rocket velocity at D would he the velocity of |
the earth in its orbit compounded with a velocity due to its rotation; in '
the second case an additional velocity due to the motion in the satellite

orbit would also have to be taken into account. A might be a point on the

Martian surface or on n satellite orbit about this planct. The times of

departure and/or arrival may, or may not, be previously fixed. If any part

of the trajectory is immersed in a planetary atmosphere, aerodynamic

forces will operate upon the rocket and the acrodynamic characteristics

of the vehicle must be supposed known. In this Section we shall assume

that all such forces are negligible and that the only forces acting upon the

rocket are gravity and the motor thrust.

If Oxywavs is an inertial frame of reference consisting of three orthogonal
axes and if f; (1 = 1, 2, 3) denote the three components along these axes of
the gravitational attraction per unit mass at the point (2, xa, ;) at the
time ¢, we shall assume that the j; are known functions of t, to, ty, x, 2,
where &, is the instant of departure, ¢, is the instant of arrival and the
xe (k= 1,2, .., q) are parameters whose physical significance will change
from problem to problem. Thus

Jrl' = f"(’! o, ty, ki, X1, 2, '1'3)' (27}

The equations of motion of a rocket moving in the field ean be written

. NS .
¢ =10 — i pl; - fi=0, (28)
biga =& — 1y =), (29)
¢ =M+ 8 =0, (30)

where the vy are veloeity components, ¢ is the jet velocity, the I; are the
direction cosines of the thrust dircction, g is the rate of propellant expendi-
ture and 7 = 1, 2, 3. The identity

=N+ —1=0 (31)

must also be added to the constraints (28)-(30).

For any particular rocket, 8 will be positive and bounded and thus
0 = B = B. Following Miele [4], we shall make 8 a monotonic increasing
function of a parameter « (of no particular physical significance), such
that as « traverses the range (—e, »), 8 increases from 0 to B. The func-
tional relationship will be chosen so that d8/de = 0 for sufficiently large
positive or negative a. Thus, the vanishing of d8/de will imply that either
B = 0orpB = B,ic. that the motors are either shut down or are operating
at maximum thrust. During the mancuver, a will be some funetion of .
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The positions of D and A and the velocity of the rocket at these points
will be supposed specified, leading to boundary conditions in the form

Vi = a0 — d; = 0, (32)
Vs = zy — a; = 0, (33)
Vise = vio — Di = 0, (34)
Vigp=tva— A; =0, (35)

where 7 = 1, 2, 3, and d; and a; are the coordinates of the points of depar-
ture and arrival respectively and the D; and A are the components of the
rocket velocity at these points respectively. The instants of departure and
arrival may, or may not, be specified. If they are, then additional boundary
conditions exist, viz.

Viz=1lo — To =0, (36)
Yu=bL—T,=0. (37)

All the constraints have now been stated. There are eleven functions
of ¢ subject to these constraints but otherwise arbitrary, viz., the x;, the
vi, the l;, M, a. These will be chosen so as to minimize the characteristic
velocity of the maneuver, viz.

V = clog(Mo/M,). (38)

The Lagrange function F' takes the form

F =) (Be - ﬁﬁl.‘ = f.) + Nega(E: — 0) + MO+ B)
+ (4 L+ L2 — 1), (39)

the summation convention being operative. The eleven Fuler equations
are accordingly

A= —Ais, (40)
Niys = ‘?7\;';-%’ (41)
0 = —37 BN + 2Ml, | (42)
Xy = # B, (43)
0= (—J‘if SRS x?) gg, - (44)

where ¢ and j range over (1, 2, 3).
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from Igs. (10), (41) it follows that the N; satisly the three equations

24 ) }
Nio= N (;‘—‘{'J (13)

Relntive to rectangular Cartesinn frames, the f; are known to be the com-
ponents of a vector. It follows that, relative to such frames, af;/dx; are
the components of a second rank tensor and Eq. (45) is accordingly a
veetor equation. The quantities A; can therefore be treated as the compo-
nents of a vector, which will be referred to as the primer [10].
From the IBgs. (42) it follows that
2M

A = _6,6_ hsl,‘ (f. = l, 2, 3], (“‘l)

i.c. that the primer is always parallel to the thrust direction (unless g == 0,
when there is no thrust).
I'rom ligs. (4-1), it may be eonc'uded that

gther (90 - ; - L,
cither e 0 or A = T A (47)

In the second event, by consideration of . (43), it follows that

kf = % A]’,
or
L e =Ly (18)
h} 7 = M.: . n
Integration now yields the result
vonstant ‘
X S ——y .'
M M ()
and henee, from the second alternative (47),
Al = constant. (50)
But the A; are the direetion ratios of the thrust, so that
L= N/VAY + M+ AL (51)
It now follows from 15q. (50) that,
VM M A - constant, (52)

i.e. that the primer is of constant magnitude.
Now, as shown in reference [11], the Fgs. (45) possess no integral in
the form of I%q. (52). The first alternative (47) is accordingly forced, imply-
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ing that 8 = 0 or B, i.c. that the motors must either be shut down or
operating at maximum power.

If 8 = 0, the rocket coasts under gravity alone, the components of the
primer are determined by the Iqs. (45), A7 = constant, A\s = 0 and the [
are indeterminate.

If 8 = B, the thrust and primer are aligned and henee 1. (51) is valid.
From Eq. (46), it may accordingly be deduced that

B Ny
s %ﬁ VA F M+ A (53)

and from Eq. (43) that

cB

= BT )

A
Since the optimal trajectory comprises arcs of two types, (a) null-
thrust arcs and (b) maximum thrust ares, it is necessary to consider the
Weierstrass-Erdmann corner conditions to be satisfied at the instants the
motor is energised or closed down. It will be found that the conditions for
the continuity of the 8F/ai; are that the \; (i = 1, 2, 3, 4, 5, 6, 7) should be
continuous at such an instant. Since A, = —\,, ete, this implies that the
primer and its first derivative are continuous. There is no condition on As.
F — i;dF /di; is continuous if

— A (ff Bl; + f,) — Nigati + M8

is continuous. Since the f; and v; are necessarily continuous and the \; have
been proved continuous, this last condition requires only the continuity of

TR (55)

Consider an instant at which the motors are brought into operation at
maximum thrust. Immediately prior to the instant, 8 = 0. Hence, immedi-
ately afterwards it is necessary that

&
L SN
T BNl — MB =0,
i.c. that
) PSS I I\Cf VA F A? F AL (50)

However, if the motors are brought into operation at the instant of
departure, corner conditions are not appropriate and condition (56) is not
applicable.

B p—
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Similarly, Iiq. (56) is to be true at any instant when the motors are
closed down, provided this is not the instant of arrival.

Over any portion of the optimal trajectory which lies in a time-invariant
gravitational field, the first integral (13b) of the Euler equations is avail-
able. This takes the form

N (Al 1) = Mo M8 b Ml 1 1 = 1)

' = constant. (57)
Making use of the constraints (28)-(31) and the Kuler equations (40), (41),
this can be written

Mfi — Ay + B8 (j} Al — M) = constant. (58)

Condition (56) being satisflied upon entry into or exit from a phase of
maximum thrust, it follows that the quantity

B (i‘i{- » - x,)

is continuous through the value zeio at such instants. A;, A;, v; and f; are
also continuous. The constant appearing in the right-hand member of Iq.
(58) accordingly takes the same value over the whole of the optimal
trajectory.

Consider now the constraints (32)-(37) imposed upon the conditions
at the end points. The function IT is first formed thus:

H = Cl()gj:_;l: ”'l" lr'f(ﬂ'.‘u - t‘l.‘) + P.'+3(fl'.‘] — ﬂ.‘) + I?‘,‘+g(i'J,'n — .D,)
+ vipe(va — A 4 via(lo — To) + vu(ts — Th), (69)

where »3 = 0 if the time of departure is not specified and vy = 0 if the
time of arrival is not specified. Conditions (8)-(12) can now be written
down, as shown:

. N C 4 Y 6)’,- .
Vg + Vil + Vigelio —}‘ ﬂ_fn J])(o o . )\,- 'aTn dt = 0, (('I”]
: : C 4 . alrl .
Y + Vipalil + Vipglin — E ﬁ!i = ‘L A.“(,}Tl f". = (}, {l]l)
vi — Nigan = 0 vire — ANiog = (), (62)
via+ Nigaa =0 vive + Aia = (), (63)
c B _c _ .
T Ma=0 —gE 4 M= 0, (61)
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[} af,
i— = 0. (i)
[. Ngodt=0 (65)

If the times of departure and arrival are specified, conditions (60)-(64)
serve only to determine the »; and do not provide additional information
concerning the optimal trajectory. If, however, the time of departure is to
be chosen so that the propellant expenditure is minimized, then v; = 0
and, by eliminating »;, v:1s between Egs. (60) and (62), a nontrivial end
condition upon the optimal trajectory is found. This is

i
Abi + Nigats + ﬁ M= f A %'E di . (66)
L]

at the point of departure. Similarly, if the instant of arrival is not given,
the following condition is to be satisfied upon arrival:

1] .
N + Nossic + 37 M = *[ a2, (67)
- w0l
In view of Egs. (30), (40), these conditions can be written
. c boaf; ;
}i!}. - k‘-v,' _ ﬂfﬁ = L A.’ 6!0 dt ({18)
upon departure and
g R o g [Py B i
Nt — Ay Mﬁ = ﬁ Ai o, di (6Y9)

upon arrival.

A7 is constant along an arc of null-thrust and is determined by Iiq. (54)
over an arc of maximum thrust. Equations (64) show that at the end
points A; must satisfy the condition

N o= c/M. (70)

The q Egs. (65) serve to determine the optimal values of the x;.

This completes the set of conditions necessarily satisfied by an optimal
trajectory. The simpler form to which these conditions reduce in a case of
prime importance for the subsequent theory will be investigated in the
next Section.

V. The Case of Impulsive Thrusts

In very many of the problems which will be investigated later, although
B is finite, the thrust duration necessary to effect the required veloeity
changes will be small by comparison with the times spent coasting along
the null-thrust arcs (a few minutes by comparison with hundreds of days).
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I will aceordingly he possible, with very greal accuracy, to regard the
thrust as impulsive and to negleet the rocket motion during a phase of
maximum thrust, i.e. the optimal trajectory will be taken to comprise
null-thrust ares meeting at junction points at which the impulses are
applied.

On account of the relatively short duration of a thrust phase, the com-
ponents of the primer and their first derivatives as determined by Eqs. (45)
will remain very nearly constant over this period and we shall neglect any
variation in these quantities over such a phase. But it has been proved
that these quantities are all continuous upon entry into and exit from such
# phase. It follows that they are continuous across a junction point from
the end of one null-thrust are to the commencement of the next. This is
the first set of simplified conditions.

Suppose that a phase of maximum thrust commences at t = h and
terminates at £ = k. Then, integrating 1. (54) over the interval (b, F),
it will be found thatl during this phase A; inereases hy

I: S ——
AN = —c¢ / ﬂ_’—? VA 4 At 4 N2
In M
C iz} = ik -
= A= VAT At 4 A —-c/ di 7l
{‘” ! 1J Jh FUAYS THIE S VLIS S Ve ’ { )

where an integration by parts has been earried out to yield the . (71).
But, since condition (56) is to be satisfiecd at each end of the interval (h, k)
(provided neither is an end point of the trajectory), it follows from Iq.

(71) that
"k )\.}\_
]l = (). 72

j,, MV + N+ :\,ﬁf V&l

Neglecting the variation in the A¢, A; during this phase, condition (72)
becomes

Ak kdt
(AN T AR 7:;
\/)\12 + Aiz + Anz h M ( )
The integral is elearly nonzero and thus it follows that
Ak =0, (74)

at a junction point.

The above argument is invalidated if the point at which the impulse is
‘applied is a terminal of the trajectory and condition (74) is not necessarily
satisfied at such a point.

If an impulsive thrust is applied at the point of departure, during this
short phase the variation of \; is governed by Iq. (54). Neglecting the
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variation in the components of the primer during this phase, I3q. (51) can
e integrated over the duration of the thrust to yield

AN = VM 4 AP 4 N2 A(c/M). (75)

But, at the commencement of the phase, ); is given by Iiq. (70) and at its
termination by Eq. (56). It follows that at the commencement of the phase

Va4 M+ N =1 (76)

Since the components of the primer are direction ratios for the thrust when
the motors are operating, this implies that they are, in fact, direction
cosines. -

If the motors are not operated at the point of departure, A; remains
constant at the value given by Eq. (70) until the first junction point is
reached when condition (56) is applicable. This implies that Eq. (76) is
valid at this junction and the primer components are direction cosines for
the impulsive thrust there. At the termination of the first impulsive thrust,
Eq. (76) is still valid since the primer components will not have altered
appreciably since its inception. But condition (56) is to be satisfied when
the motors are closed down. Hence A; = ¢/M at this instant and the above
argument can be repeated to show that Eq. (76) is true at the second
junction point. Further repetition of this line of argument proves that the
result (76) is true at all junction points and condition (70) is then auto-
matically satisfied at the point of arrival.

1t follows from the first set of constraints (28) that

iy " Y .
hﬂ-! o ﬂ{ﬁhlrt-'-klf‘ Afﬂ"-hlf?) (77)

since, on a null-thrust are, 8 = 0 and, at a junction point, A; = l.. Condi-

tion (68) can thereforc be written
[} ,
Nifi — Ay = Xi%di (78)
fo ot

and is to be satisfied at the point of departure if ty is not specified. Similarly,
it may be shown from Eq. (69) that

3 " 76
Aife — Ay = *’]; Mahdt (70
at the point of arrival if {; is not given.

Over null-thrust arcs passing through a time-invariant gravitational
field, the first integral of the Euler equations (58) is available and takes
the form '

Nifi — Aw; = constant, (80)

the constant being the same on any two arcs not separated by a phase

e i e i

e ———n e e e i e . e e
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during which the rocket is acted upon by a time-variable field. If the field
components f; are independent of t, and ¢, as well as being time-invariant,
conditions (78), (79) show that the constant right-hand member of Iiq.
(80) is zero.

To summarize, if the thrust phases are effectively impulsive, the com-
ponents of the primer must satisfy Iiqs. (45) and, at each junction point,

(i) A, A; must be continuous,
(i) A =0, (81)
(iii) A; must be direction cosines for the thrust.
These conditions imply that, at a junction point, the primer and its
derivative are continuous and that these vectors are orthogonal.

If an impulsive thrust is applied at a terminal, condition (ii) is not
cifective at that point.

In addition, if the times of departure and/or arrival are not predeter-
mined, conditions (78) and (79) must be satisfied at the appropriate
terminal.

If the gravitational field is time-invariant, Iiq. (80) is valid over all
null-thrust ares. Condition (ii) then follows from the circumstance that
the right-hand member of this equation assumes the same constant value
over two adjacent arcs. For, \;, X;, f; being continuous at a junction point,
it follows that, if v;~, v;* are the velocity components immediately prior
and immediately subsequent to the impulsive thrust applied at such a
point, then

N = At
But

vt — oo b = A

Hence condition (ii) follows.
The conditions of this Section will be found derived by an alternative
method in reference [12].

VI. The Primer on a Keplerian Arc

Over the greater part of an interplanetary trajectory, the attraction of
a single body will be paramount. Under these conditions, an are of null-
thrust is a conic with the center of attraction at its focus. Before the theory
of the previous Section can be applied to the problem of determining an
optimal interplanetary trajectory, it is accordingly necessary to calculate
the form taken by the primer along such an are.

Let rectangular axes Oxyz form a nonrotating reference frame and be
chosen such that 0 is the center ol attraction and Oxy is the plane of the
conic orbit. Let (r, 8) be polar coordinates of a point P on the conic orbit
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measured as indicated in Fig. 1. The axes will be assumed chosen so that 8
increases as P advances along the orbit. 0XY2z constitutes a secondary
frame of reference, which rotates about 0z with angular velocity ¢ such

z
Y
Q y
-] v
r
” >y

X P -

A

X

Fic. 1. Frames of relerence.

that P remains on 0X during its motion. At any point (r, Y, 2) in the
secondary frame, the gravitational attraction has components
yr o 24
= (1t 4 Y 4 2732 = (r2 + V2 4 22)32

% y
ﬁ(,.z + Y2 4 22)¥
along the axes of the frame, y being a constant for the field. Differcntiatfng
these components partially with respect to r, Y,z and then putting
Y = z = 0, it will_be found that at_P

-t Ho.p .5

(82)

h =

ar 1 Yy dz

9 _ oy ¥, Mo 83)
ar 9 ay = dz (
oh - o _ oh _ v,

=2 a7 =0 a2z 7

It follows that, if (A, p, ») are the components of the primer at P relative
to the secondary frame (see Fig. 1), the corresponding components of the
right-hand member of Eq. (45) relative to this frame are

E

A T s e . ..
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=Y s Y
U (8h

respeclively.

The left-hand member of q. (45) will be written D?p, where p is the
primer vector and D denotes the rate of change operator relative to a non-
rotating frame (c.g. Oxyz). In this Section, dots will be employed to denote
rates of change relative to the rotating frame 0X V2. "Then, if j is the unit
veetor in the direction 0z,

D’p = p+ 26§ X p 4 8 X p+ 6-pj — p). (85)
Introducing a vector q such that,
p = 1q, (86)

the identity (85) takes the form
D’p = 1§ + 2¢q + (i — r8)q + (6 + 2i8)j X q

+ 2r6j X q + r&j-qj. (87)
limploying the polar equations of motion of the point P, viz.

F—rd = —y/r? rd 4 2i6 = 0, (88)
Tiq. (87) reduces to the form
Dp = 1§ + 2iq + 2rdj X q + 16 -qj — ':— a. (89)

If primes denote differentiations with respeet to 8 and relative to the
rotating frame, then

q = 6q’, (90)
4 =0'q" + dq, on
and hence the identity (89) is equivalent to

Dp

r6°q” + (rd + 2i0)q’ + 210 X q' + réj-qj — ;—f;q,
= r#@” + 2 X q' +j-a) - Sa (92)
It is known that, for motion along a Keplerian are

r0 = Vol (93)

where 1 is the semilatus rectum of the orbit. It follows that the identity
(92) ean finally be written in the form

mp::—fﬁ.(q +2% X q +1-q1—?§q)- (8

If q has components (i, v, ) in the dircctions 0X, 0V, 0z respectively,
then by Eqs. (86),



